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EDITOR'S INTRODUCTION 

"VHEN I WAS A young student in Californi a, Lou Harrison suggested that I 

send one of my first pieces, Piano Srudy #s (for JPR) to a Dr. Chalmers, who 

might publish it in his journal XmharmoniJum. Flattered and fascinated, I 

did, and John did, and thw began what is now my twenty year friendship 

with this polyglot fungus researcher tuning guru science fi ction devotee 

and genen l everything expert. 

Lou first showed me the box of papers, al ready called DiviJionJ of the 

Tttracbord, in 1975. I liked the idea of this grand, obsessive project. and felt 
that it needed to be available in a way that was, likeJohn himself, out ofthe 

ordinary. When lady Diamond, Alexis Alrich, and I founded Frog Peak 

Music (A Composers' Collective) in t he early 80S. Divisions (along with 

Tenney's then unpublished Metil + Haiku) was in my mind as one of the 

publish ing collective's main reasons for exi sting, and fo r calling itself a 

publisher of "speculative theory." 

The publiCiioon of this boole. has been a long and arduous process. Re­

vised manuscripts traveled with me from Ca lifornia toJava and Sumatra 

Uohn requested we bring him a sample of the local fu ngi), and fina lly tooor 

new home in New Hampshire. The process of writing, editing, and pub­

lishing it has I:2ken nearly fifteen years, and spanned various writing tech­

nologies. (When John first started using a word processor, and for the first 

time his many correspondents could actually read his long complicated 

letters, my wife and I were a bit sad-we had enjoyed reading his com­

pletely illegible writing aloud as a kind of sound poetry). 



Mar people have contributed to the publication of this book, all vol­

II.1!eIring their wluable time. David Doty (editor of III , The]ournal of tbe 
]III.tion Network) and Daniel]. Wolf (who took over publication of 

XNmcmikon for several issues in the J980s) both made a tremendous 

tct.:iI contribution to style and content. Jarrad Powell, Joel Man­

litft..'II, David Rothenberg (especially for chapter five) andJody Diamon~ 

_nJu.able suggestions. Lauren Pntt, who is to copy editingwhat]ohn 

oem is to tettachords. saw countless elTors that were not there until 

thc~ted them out. Carter Scholz, the one person I know who can give 

JomOliliners a run for his money in the area of polymathematics, began 

IS~book's designer, and by virtue of his immeasurable contributions, 

_its co-editor . 

.WIn Chalmers's Divisirms of the Tetracbord is a fanatic work. It is not a 

bxtthlt everyone will read or understand. It is a book that needs to ... 
tulY POLANSKY 

lebinon, New Hampshire 1991 



FOREWORD 

NEARLY TWENTY Yf.A,R$ "Golohn Chalmers and I had a number of very 

fruidUl conversations, Well acqua inted with the work of Harry Partch and 

also of younger musical theoreticians, Erv WIlson among them, John 

brought an immense amount of historica l 2nd scientific knowledge to our 

happy meetings. In turn, William Colvig and I brought the substance of 

professional musical life and the building of musical instruments. 

At that time I had rhapsodic plans for a "Mode Room," possibly for 

UNESCO, in which would be assembled some great world-book of notated 

modes, their preferred tunings and both ethn ic and geographic provenance, 

along with such history of them as we might have. I had supposed a roomful 

of drllwers, each holding an octave metallophone of a mode. and some­

where a harp or psaltery of some fu rther OCtaves' compass on which one 

might try out wider musical beauties of the mode under Study. I even wrote 

out such a proposal in Esperanto and distributed it in 3n international 

ethnomusicology conference in Tokyo in 1961. 

However, a little later Mr. Colvig began to build extremely accurate 

monochords on which we could study anything at all, and we rushed, in a 

kind of ecstasy, to try everyth ing at once. Bill and I designed and built I 

"transfer ha rp,n wirestrung and with two runing systems, both gross and 

fine. Although innocently and quickly designed and built, its fonn, we 

discovered, is that of what the Chinese call a "standing harp·- the plate is 

parallel to the strings. We already owned a Lyon and Healey troubador 

harp, and, with these and with the addition of one or two other incidenttl 



instruments, a bowed psaltery, drones, and small percussion, Riehard Dee 

and I in one npturous weekend tuned and recorded improvisations in a fair 

number of modes from planetary history, espedaUy from the classical civ­

ilizations and Islam. 

A little later, our friend Larry London, a professional clarinetist with 

wide intellectual interests and a composer of wide-ranging inquiry, made 

two improved versions of our original "transfer harp" and he actually 

revived what literature tells us is the way Irish bards played their own 

wirestrung harps, stopping off strings as you go. He has composed and 

plays a beautiful repenory of pieces and suites (each in a single mode) 

for his harps. I continue to want to hear him in some handsome small 

marble hall that reminds of Alexandria, Athens, or Rome. 

Thus, the "Mode Room," about which I am still asked, Nrned into 

anyone's room, with a good monoehord and some kind of transfer in­

strument. But the gTeat book of modes? 

Knowing that the tetraehord is the module with which several major civ­

ilizations assemble modes,John and I had begun to wonder about how many 

usable tetrachords there might be. We decided that the ratio 81/80 is the 

"dip-over" point and the limit of musical use, although not of theoretical 

use. This is the interval that everyone conscant1yshifts around when singing 

or playing major and minor diatonic modes, for it is the difference between 

a major major second (sI/S) and a minor major second (10/9) and the dis­

tribution of these two kinds of seconds determines the modal characters. 

Thus our choice. 

John inuned.iately began a program, and began to list results. I think that 

he used a computer and he soon had quite a list. From his wide reading he 

also gave attributions as historically documented formations turned up. It 

was enthralling, and this was indeed the "Great Book" - to my mind the 

mOSt important work of musical theory since Europe's Renaissance, and 

probably since the Roman Empire. 

But it has taken many years to mature. Not only is John a busy scientist 

and teacher, but he has wished ro bring advanced mathematical thought 

to the work and enjoys lattice thinking and speculation, often fruitful. 
He tried a few written introductions which I in turn tried to make in­

telligible to advanced. musicians, who, I thought, might see in his work 

a marvelous extension of humanist enquiry. Always he found my effort 

lacking to his needs. He often employed a style of scientese as opaque 



to me as his handwriting is illegible. About the latter there is near uni· 

versa l agreement-John himself jestingly joins in this. 
In the last very few years aU of us have finally had translations intO 

English of Boethius, Ptolemy, and others-all for the first time in our 

language. For decades before this John worked from the Greek and other 
languages. This, tOO, was formidable. 

Few studies have stimulated me as has John Chalmers's Divisions of rht 

Tttrllchord. It is a great work by any standards, and I rejoice. 

Lou HARRISON 



PREFACE 

T HIS BOOK IS WRITTEN to lISsist the discovery of new musical resources, not 

to reconstruct the lost musical culture of ancient Greece. I began writing 

it as an annotated c3ulog of retrachords while I was a post-doctora l fellow 

in the Department of Genetics at the University of California, Berkeley in 

the early 19705. Much eulier, I had become fascinared with runing theory 

whi le in high school as a consequence of an unimelligible and incorrect 

expi3nation of the I I-tOne equal temperament in a music appreciuion 

class. My curiosity was aroused and I went to the library to read more about 

the subject. There I discovered Helmholtz's On the Snuariom o/Tont with 
A. j. Ellis's annOtations and :Ippendices, which included discussions of 

nOO- 11-toOe equal rempenlmentS and long lists of just intervals and his­

torical scales. Later , the same teacher played the 1936 Hawna recording 

of Julian Carri llo's Prtludi~ (l CoUin lO our class, ostensibly to demonstrate 

the sorry condition of modern music, but I found the piece to be one of 

almost supernatural beauty, and virtually the only interesting music pre­

sented the entire semester. 

During the next summer vacation, I milde a crude monochord calibrated 

to 19-1One equal temperament, and later some pan pipes in the 5- and 9-

tone equal systems. Otherwise, my interest in microtonal music remained 

more or less donnant for lack of stimulation until as a sophomore a[ Stan­

ford I attended its overseas campus in Stuttgart. Music appreciation bap­

pened to be one of the required courses and Stockhausen was invited to 

address the class and play tapes of "elektronisc.he Musik," an art-fonn to­

tally unknown to me at the time. This experience rekindled my interest in 



2 

music theory and upon my rerum to California, I tried to sign up for 

courses in experimental music. This proved impossible to do, but I did find 

Harry Panch's book and 11 recording of the complete Oedipus in the Music 

Library. Thus I began to study microtonal tuning systems. My roonunates 

were astonished when I drove nails into my desk, strung guitar strings be­

tween them, and cut up 11 broom handle (or bridges, but they put up with 

the resulting sounds more or less gracefully. 

During my first year of graduate school in biology at UCSD, I came 

across the article byTillman Schafer and Jim Piehl on J9-tone instruments 

(Schafer and Piehl 1947). Through Schafer. who stiU lived in San Diego at 

that time, I met Ivor Darreg lind Ervin Wilson. Later Harry Partch joined 

the UCSD music facu lty and taught a class which I audited in 1¢7-68. 

About this time also, I began collaborating with Ervin Wtl$On on the gen­

eration of equlIl temperament and just intonation tables at the UCSD 

computer center (Chalmers 197+ 198;). 

After finishing my Ph.D., I received a post-doctonl fellowship from the 

National Instirutes of Health to do research at the University of Wash­

ington in Seattle and from there I moved to Berkeley to the Deparonent 

of Genetics to continue attempting to study cytoplasmic or non-Mendelian 

genetics in the mold Nnmsporo millO. A visit by John Grayson provided an 

opportunity to drive down to Aptos and meet Lou Harrison. I mentioned 

to Lou that I had begun a list of tetrachords in an old laboracory notebook 

and he asked me for 111 copy. 

I photocopied the pages for him and mailed them immediate ly. Lou 

urged me to expand my notes into a book lIIbout retrachords. but alas. a 

number of moves and the demands of a career as both an industrial and 

academic biologist competed with the task. While working for Merck 

Sharp &. Dohme in New Jersey before moving to Houston in the mid-

19700. I wrote a first and rather tentative draft. I also managed to find the 

time to edit and publish Xtnhormunikrm. An InJoTmlll]ounJiJJ oJE:rpmmmtnl 
Mu.sU. while certain hannonic ideas gestated, but I had to suspend pub­

lica.tion in 1979. iUppily. it was resurrected in 1986 by Danid Wolf and I 

resumed the editorship late in 1989. 

In the winter of 1980, I was invited to the Vt.!la Serbelloni on Lake Como 

by the Rockefeller Foundation to worle on the book and I completed an­

other draft there. Finally, through the efforts ofLmy Polansky and David 

Rosenboom. I was able to spend the swruner of 1986 at Mills College 

DV 



-
working on the manuscript. 

It was at Mills 2150 that I discovered that the Macintosh computer has 

four voices with excellent pitch resolution and is easily programmed in 

BASIC to produce sound. This unexpected opportunity allowed me to 

generue and hear a large number of the tctTlchords and to test some of 

my theories, resulting in II significant increase in the size of the Catalog and 

much of the mated:al in chapter 7. 

After returning to H ouston to work for a while as a consultant for a 

biotechnology firm, I moved back to Berkeley in the fall of I987 so that I 

could devote the necessary time to completing the book. With time out to 

do some consulting, learn the HMSL music composition and performing 

language developed at Mills College, and work as a fungal geneticist once 

again at the University of California, the book was finally completed. 

A few words on the organ ization of trus work are appropriate. The first 

three chapters are concerned with tetrachordal theory from both classical 

Graeco-Roman and to a lesser extent medieval Islamic perspectives. The 

fonner body of theory and speculation have been discussed in txtmfO by 

numerous autho ri ties since the revival of scholarship in the West, but the 

laner has nOt, as yet, received the attention it deserves from experimentally 

minded music theoristS. 

After considerable thought. I have decided to retain the Greek nomen­

clature, though nO[ the Greek notation. Most importantly, it is used in all 

the primary and secondary sources I have consulted; readers desiring to do 

further research on tetrachords will have become familiar with the standard 

vocabulary as a result o f exposure to it in this book. Secondly, the Greek 

names of the modes differ from the ecclesiastial ones used in most coun­

terpoint classes. To avoid confusion, it is helpful to employ a consistent and 

unambiguous system, which the Greek tenrunology provides. 

Since many of the musial concepts are novel and the English equiv­

alents of a number o f the terms have very different meanings in traditional 

music theory. the Greek terminology is used throughout. For example. in 

Greek theory, the adjective mhllTmrmk refers to a type of tettachord con­

taining a step the size of a major third, with or without the well-mown 

microtones. In the liturgical music theory of the Greek Orthodox church. 

also called Byzantine (Savas 1¢5; Athanasopoul05 1950), it refers to va­

rieties of diatonic and ch romatic tunings, wh ile in tradi tional European 

theory, it refers to two differently written notes with the same pitch. M ere 



.--------------------------
modern tenns are familiar and unambiguous, and for concepts not part of 

ancient Greek music theory, I have used the appropriate contemponry 

technical vocabulary. 

Finally,! thi.nlc.the Greeknames add a certain mystique or glamour to the 

subject. I find thesenseofhistoriCliI continuity across two and a half millen­

nia exhiliarating-four or more millennia if the Babylonian data on the di­
atonic scale are correct (Duchesne-Guillemin 1963; Kilmer 1960). Harry 

Partch must have feksimilarlywhen he began to construct the musical system 

he called mtmophony {partch [19491 1974). Science, including experimental 
musicology, is a cumulative enterprise; it is essential to know where we have 

been, as weset outon new paths. Revolutions do not occur in vacuo. 

The contents of the historical chapters Conn the background (or the new 

material introduced in chapters 4 through 7. It is in these chapters that 

nearly all claims for originality and applicability to contemponry com­

position reside. In particular. chapters 5. 6. and 7 are intended to be of 

assistance to composers searching for new 11fIlu,u musica. 

Chapter 8 deals with the heterodox. though fascinating. speculations of 

Kath1een Schlesinger and some extrapolations from her work. While I do 

not believe that her theories are descriptive of Greek music: at any period, 

they may serve as the basis for a coherent approach to scale construction 

independent of their hiStorical validity. 

While not intended as a comprehensive treatise o n musical scale con­

souction, fo r which sevenl additional volumes at least as large as this would 

be required, this work. may serve as a layman's guide to the tetrachord and 

to scales built from tetrlchordal modules. With this in mind, a glossary has 

been provided which consists of technical terms in English pertaining to 

intonation theory and Greek nomenclature as far as it is relevant to the 

material and concepts presented in the text. Tenns explained in the glos­

sary are italicized at their first appear2nce in the text. 

The catalogs of tetrachords in chapter 9 are both the origin of the book 

and its justification-the firSt eight chapters could be considered as an ex­

tended commentary on these lists. 

-
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I The tetrachord in experimental music 

WHY, IN THE LAST quaner of the twentieth ccnrury. would someone 

write II lengthy treatise on II musical topic usually considered of interest 

only to students of classical Greek civilization? Furthermore, why might a 

reader expect: to gain any information of relevance to contemporary musi~ 

cal composition from such a treatise? I hope to show th2t the subject of this 

book. is of interest to composers of new music. 

The f~inuliar runing system of Western European music has ~en 

inherited, with minor modifications, from the Babylonians (Duchesne­

Guillemin 196)). The tendency within the context of West em European 

"art music" to use interv3ls outside this system has been called microtontdilJ, 
expmmtrltlzl intonation (polansky 19871), or :unhantJoniu (a term proposed 

by Ivor Darreg). Interest in and the use of microtonaliry, defined by saJar 

and harmonic resources other than the traditional Il-tone equal tempera· 

ment, has recurred throughout history, notably in the Renaissance 

(Vicentino 1555) and most recently in the late nineteenth and early twen­

tieth century, The converse of this definition is that music which can be 

performed in Jl·tone equal temperament without significant loss of its 

identity is not truly mi(Tottmll/, Moreover, the musics of many of the other 

cul,tures of the world are microtonal (in relation to n -tone equal tem­

perament) and European composers have frequently borrowed musical 

materials from other culrures and historical periods, such as the Ottoman 

Empire and ancient Greece, 

We owe our traditions of musical science to ancient Greece, and the 

theoretical concepts and materials of ancient Greek music are basic to an 

I TH!. T!.TR"'C HOID I N IXPIRIMINT"'L MUS I C 
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underst2nding of microtonal music. Greek musiC1i theory used the tttrtJ­

chord as a building blocL:. or module from which scales and ryrtemJ could be 
constructed. A current revival of interest in mic:rotonality, fueled by new 

musical developments Ind technological improvements in computers and 

synthesioters., makes the andent tetrachord increasingly gemu.nc to con­

temporary composition. 

Contemporary microtooality 

Although ll-tone equal temperament became the standard tuning of 

Western music by the mid-nineteenth century (Helmholtz. (187711954), 

a.ltemuive tuning systr.m.s continued to find partisans. Of these systems, 

perbaps the most important was that of Bosanquet (Helmholtz. (t8771 

1954; Bounquet 1876), who perfected the generalized keyboard upon 

which the fingering for musical patterns is invariant under transposition. 

He also championed the 53- tone equlIIl temperament. Of ninet.eenth­

century theorists, Helmholtz and his translator and annotator A. J. Ellis 

(Helmholtz [18771 J954) are outstanding for their attempts to revive the 

use of JUSt intonation. 
The early twentieth century saw a renewed interest in qUlltUT-tmu (14-

tone equal temperament) and other equal divisions of the OCtave. The 

Mexican composer Juliin Carrillo led a crusade for the equal divisions 

which preserved the whole r07lt (zero mruiulo 6 divisions) through 96-tone 

temperament or sixteenths of tones. Other microtonal, mostly quarter­

tone, composers of note were A10is Hiha (Czechoslovalcia), Ivan Wyseh­
negradsky (France), and Mildred Couper (USA). The Soviet Union had 

nwnerous microtonal composers and theorists, including Georgy Rimslcy­
Korsakov, Leonid Sabaneev, Arseny Avraamov, E.K. Rounov, A.S. Obo­
lovets, and P.N. Renchitsky, before Salin restrained revolutionary creativ­

ity under the doctrine of Socialist Realism (Carpenter 198).]oseph Yasser 

(USA) urged the adoption of 19-tone equal temperament and Adriaan 

Foldrer (Holland) revived the theories of his countryman, Christian 

Huygens, and promoted 3 I -tone equal temperament. M ore recently, 

Martin Vogel in Bonn and FraM Richter Herf in Salzburg have been active 

in various microtonal systems. the latter especially in 72 -tone equal 

tempenment. 
No discussion o f alternative tunings is complete without mentioning 

Harry Partch, an American original who singlehandedly made enended 
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jwt intonlltion and home-built instruments not only acceptable, but vir­

tually mandatory for musical ~enters at some sbge in their careers. 

Composers influenced by him include Lou Harrison, Benlahnston, James 

Tenney, 1nd younger composers such as Larry Polansky, Cns Forster, 

Dean Drummond, Jonathan Gluier, and the members of the Just intona­

tion Network:. 

Ivar Darreg is an American composer worJcing in California. He has 

been very actively involved with alternative tunings and new instru~ent 

design (or more than five decades. Darrcg has employed both non-la-tone 

equal temperaments and various {anns of just intonation in his music. 

theoretical writings, and instruments. More recently, he has begun to use 

MIDI synthesiters and has explored all the equal temperaments up to 53 

tones per octavl! in 11 series of improvisations in collaboration with Brian 

McLaren. 

Ervin Wilson is one o f the most prolific and innovative inventors of new 

musiC21 materials extant and has been a major influence on me as well as a 

source for many tetra chords and theoretical ideas. He holds patents on two 

o riginal generalized keyboard designs. Wilson has collaborated with Kraig 

Grady and other experimenta.l musicians in the Los Angeles area. He also 

assisted Harry Partch with the second edition of Gnwu Df a Musi& by 

drawing some of the diagrams in the booK. 

Some other North American microton al composers are Eu2 Sims, Easley 

Blackwood, Joel Mandelbawn, Brian McLaren, Arturo Salinas, Harold 

Seletsky, Paul Rapopon, William Schonstledt, and Douglas Walw. 

While sti ll very much a rninoriry faction of the contemporary music 

communiry, microtonality is rapidly growing. Festivals dedicated to 

microtonal music have been held in recent years in Salzburg under the 

direction of Franz Richter Herl;' in New York Ciry, produced by Johnny 

Reinhard; and in San Antonio, Tens, organized by George Cisneros. 

Partch, Darreg, Wilson, Ham.son, Forster, and William Colvig, among 

o thers. have designed and constructed new acoustic instruments for 
microtonal perform2Ilce. Tunable electronic synthesizers are nowava..ilable 

commercially and provide an an alternative to custom -built acoustic or 

electroacoustic equipment. A great deal of software, such as HMSL from 

Frog Peak Mwic,}ICak by Robert Rich and Carter Scholz, and Antelope 

Engineering's TuneUp, has been developed to control synthesizers micro­

tonally via MIDI. 



» 

~.n ,.u.KYP4n UClf.U'IOS 

,h 

l" 
PAUNEIE ~ ,~ 

l~l. 71u utTJJcbtml. 

NUE 

<" 

," 
~ 

Good references for additionaJ infOrmation on the history of nUcrotonai 

systems are Helmhola. ({I8n) 1954), Barbour (1951), Partch ([19491 
1974), and Mandelbaum (1961). Small press publications are a rich source 

and several journals devoted to music in alternative runings have been 

publisbed. The major ones Ire Xmhllrml)rfilrm, ItltmJs/, Piuh, and ric: The 

JouinAI of UU Just. I,rrl1f1J1tiDfl Nttwtn'lt. Finally, Mwklll Six~Six BuJJain, Leo-
1f4,.d4: The Inknl/ltUJruzl]wrnaJ of Arts, &inta, lind Technology, Expm",mUlJ 

Mu.riad Inrtrrmtmu, and Mu.ricworb have also contained articles about 

insttumena in non-traditional tuning SYStems. 

The tct:racbord in microtonal muaic 

Tetrachords arc modules from which morc complex scalar and harmonic 

strucrures may be built. These structures range from the simple beputonic 

scales known to the classical civiliz.ations of the eaStern Mediterranean to 

experimenttl gamuts wilh many tones. Furthennore, the ttaditional sales 

of much of the world's music. including tlutofEurope, th e Near East, the 

Catholic and Onhodox churches, Iran, and India , are Still based on 

telr.lchords. Tetrachords are thus basic to an undersUinding of much of the 

world's music. 

The tettachord is the interval of a pe7'fett fourth, the diatw llnm of the 

Greeks, divided into three subintervals by the interposition of twO addi­

tional notes. 

The four notes, or strings, of the tetnchord were named hyptJre, parh­

yptzre, IithanOl, and mat in ascending order from III to 4/3 in the first tet­

rachord of the cenlr.ll octave of the Greater P"itd Syue!'!, the region of the 
scale of mOSt concern to theoriSts. Ascending through the second tetra­

chord, they were called jNJramtse, tritt, paranett, and nett. (Chapter 6 dis­

cusses Greek sales and nomenclature.) 

Depending upon the spacing of these interposed tones, three primary 

genera may be distinguished: the dillWnit, composed of tmu and $mfitonu; 

the chro'flflltic, of semitones and a minor thirdi and the l1Ihllnnonit, with a 

mtljor third and twO quarter-tones. Nuances or mrlJljj (often ttanslated 

"shades'1 of these primary forms are further characterized by the exact 
tuning of these intervals. 

These four tones apparently sufficed for the recitation of Gteek epic 

poetry, but soon afterwards another tettachord was added to create a hep­

tachord. As a feeling for the octave developed, the gamut was completed, 
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and from this gamut V2riOUS sections were later identified and given ancient 

tribal names (Dorian, Phrygian, et cetera). These orttnJe spedu became the 

moilu, twoofwhich, the Lydian and Hypodorian, in the diatonic genus fonn 

the basis for the European tonal idiom. Although a fonnal nomenclature 

based on the position of the strings later developed, the four tetrachordal 

tones remained the basis for the Greek solfege: the syllables TE. Tro, 'tr) , tel, 

(pronounced approximately teh, toe, uy, and tah in English) were sung in 

descending order to the notes of every genus and shade. 

The detailed history of the Greek tetrachordal scales is somewhat more 

complex than the sketchy outline given above. According to literary tes­

timony supported at least in part by archaeology. the diatonic scale and its 

tuning by a cycle of pnfect fifth], fourths, and octaves was brought from 

Egypt (or the Near East) by Pythagoras. In fact the entire 1 %-tone chromatu 
scale in this tuning is thought to have been known to the Babylonians by 

the second millelUlium BC~ and was lIpparently derived from earlier 

Sumerian precursors (Duchesne-Guillemin 1963, 1969; Kilmer 1960). 

HlIving arrived in Greece, this scale and its associated tuning doctrines 

were mingled with local musical traditions, most probably pentatonic, to 

produce a plethora ofscll ie-fonns, melody-types and styles (see chapter 6). 

From a major-third pentatonic, the enharmonic genus can be derived by 

splitting the sernitone (Winnington-Ingram 1918; Sachs 1943). The 

chromatic genera, whose use in tragedy dates from the late fifth century, 

may be relicts of various neutral lind minor-third penta tonics, or con· 

versely, descended from the eulier enharmonic by a process of "sweet­

ening" whereby the pitch of the third tone was nised from a probable 

1561243 to produce the more or less consonant intervals 5/4, 6/5, 7/6 and 

possibly 11 /9 (Winnington-Ingram 1918). 

The resulting scales were rationalized by the numba theory of 

Pythagoras (Crocker 1963, 1964, 1966) and later by the geometry of 

Euclid (Crocker 1966; Winnington-Ingrllm 19]2, 1936) to create the body 

of theory called harmonia, which gradually took on existence as an inde­

pendent intellectual endeavor divorced from musical practice. The acous­

tic means are now available, lind the preV3iling artistic ideology is 

sympathetic enough to end this separation between theory and practice. 
Many composers have made direct use of tetrachordal scales in recent 

compositions. Harry Partch used the pentatonic fonn of the enhllnnonk 

(l 6115 . 5/4 . 918. 16115 . 5/4) in the first of his Two StudiuonAndent Greek 
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Sales (1946) and the micratanal form in the second (in Archytu's tuning, 

18117 . 36/35 . 5'4)' Partch also employed this latter scale in The Drt.l1mrr 
thilt Rnnains, and in verse fifteen of P~Js. His 61m score WillM01lg (1958) 

employs Ptolemy's equable diatonic (diatfmrm homabm). Iver Darreg's On 
the &hllT7lfQ7lj, TetTQchord from his collection Excumrm into the Enhll1"1'lW1lic, 

was composed in 1965 and published in Xenharmonilum 3 in 1975. Lou 

Harrison bas used vuious tettachords as motives in his "free style" piece 

A PhraJt 1m- Arion's Leap (Xenhilnnonilton 3. 1975)' An earlier piece, Suitt 

(1949) was based on tctrachords in Il-tone equal temperament. Larry 

London published his Eight Piuu for Harp in Ditrmt Dialm;, in Xen­
hSrmQnikon 6 (1977) and his FC/u,. Piecu in DidymlJ.S's Chromatit in Xen­

hl1f71UmiluffI 7+8 (1979). In 1984. he wrote a Suitt for Harp whose four 

movements used Archytas's enharmonic and a chromatic genus of J .M. 

Barbour. Gino Robair Forlin's song in Spanish and Zapotec, l.m TortuglU' 
(1988), is based on the tetnchord 16115 . 15h4 · 7/6. There are of course 

many other recent pieces less explicitly tetrachordal whose pitch structures 

couJd be analyzed in tetrachordal terms, but doing so would be a major 

project outside the scope of this book. Similarly, there is a vast amount of 

music from Islamic cu1rures, Hindustani, and Eastern Orthodox tnditions 

which is also constructed from tetnchordal scales. These will not be dis­

cussed except brie8y in tenns of their component tetra chords. 

A psychological motivation for the consideration of tetra chords is pro­

vided by the classic srudy of George A. Miller, who suggested that musical 

sc:ales, in common with o ther perceprual sets, should have five to nine ele­

ments for intuitive comprehension (Miller 1956). Scales with cardina lities 

in this unge are easily generated from tetrachords (chapter 6) and the 

persistence of tetrachordal scales alongside the development of triad-based 

harmony may reflect this property. 

Tetrachords and their scale-like complexes and aggregates have an 

intellecrual t3scination all their own, a wealth of structure whose seductive 

intricacy I hope to convey in this book. 

is CHAPTER I 



2 Pythagoras, Ptolemy, and the 
arithmetic tradition 

GREEk MUSICAL TRADITION begins in the sixth century BCE with the 

semi-legendary Pythagon.s, who is credited with discovering that the fre­

quency o f I vibn.ting string is inversely proportional to its length. Trus 

discovery gave the Greeks I means to describe musicl intervals by numbers, 

and to bring to acoustics the full power of their arithmetical science. While 

Pythagoras's own writings on music are lost, his tuning doctrines were 

preserved by later writers such as Plato, in the Timaeur, and Ptolemy, in the 

Hanmmics. The scale derived from the Timatus is the 50-called Pythagorean 

tuning of Western European theory, but it is m OSt likely of Babylonian or­

igin. Evidence is found not only in cuneifonn inscriptions giving the tuning 

order, but apparently also as music in a diatonic majo,-mode (Duchesne­

Guillemin 1963. 1969; Kilmer 1960; Kilmer t:t at 1976). This sca1t: may bt: 
tunt:d as a St:rie.s of pt:rfect fifths (or fourths) and octavt:S, having tht: ratios 

III 9/881/644/3 3h l7116 l43 /118 lll, though tbt: Babylonians did not 

t:xpre.ss musical intt: rvals numt:rically. 

The next important theorist in tht: Greek arithmetic tradition is Ar­

chytas, a Pythagorean from tht: Grt:ek colony ofTart:ntum in Italy. He lived 

about 390 BCE and was a nota bit: mathematician as well. He explained the 

use of the arithmetic, geometric, and hannonic means as the basis of mu­

sical tuning (Makeig 1980) and he named the harmoni(melm. In addition to 

his musical activities, he wu renowned for having discovered a three­

dimensional construction for the extraction of the cube root of two. 

Archytas is the first theorist to give ratios for all three genera. His tun­

ings are noteworthy for employing ratios involving the numbers 5 and 7 
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1-1. Pro/mry'sUUkg ofbinrilll tttrnbwdr, 

fi'"oM tht Harmonics {WlIllis 1681}. n, gmIU 

16151 . 12hl . II". (j1+ '1+ J86 (mu) isllln.,.­
trilnmd t4 Prof"",. WIIJJis up tbll!tbisgmru ism 

.JJ of the mlnUSl.'riPU, lnll is liktly to bt II J.ttr IIMi­
tion. 1!, mTttmmu of Av;mlN tmJ Brytnnj()S milt 
".6/.f if thl mill/1m ~/()di( mtN'fJ11i ruppcro this 

ViN. 

instead of being limited to the z and 3 of the o rthodo%. Pythagoreans, for 

using the ratio 18117 as the first interval (hypate to parhypate) in all three 

genen, and fo r employing the consonant major third, 5/4, nther than the 
harsher dittme 81/ 640 15 the upper interval of the enharmonic genus. These 

tunings art: shown in 1-1. 

Other characteristics of Archytas's tunings are the smaller second in­

teJ'Vll;I of the enhumonic (36/35 is less than 18127) and the complex second 

interva l of his chromatic genus. 

Archyus's enhannonic is the most consonant tuning fo r the genus, es­

peciallywhen its first interval, 28117, is combined with a tone 918 below the 

tonic to produce an interval of 716. ThiJ note, called hyptrhypate, is found 

not only in the harmonia; of Aristides Quintilianus (chapter 6), but also in 

the extant mwical notsoon fragment from the first ItIUimJJn of Euripides's 

Ortnu. It also occurs below a cMomaticpyknan in the second Delphic hymn 

(Winnington-Ingram 1936). This usage strongly suggests that the second 

note of the enharmonic and chromatic genera was not a grace note as has 

been suggest.t:d, but an independent degree of the scale (ibid.). Bacchies, II 

much later writer, calls the interval fonned by the slcip from hyperhypate 

to the second degree an ,/tbole (Steinmayer 1985), further affirming the 

historical correctness o f Archytl5's tunings. 

The complexity of .Archybs's chro matic genus demands an explanatio~ 

as P tolemy's soh chromatic (clmmul maklltrm) 18127' 15h 4 ' 6/5 would 

seem to be more consonant. Evidently the chromatic pyknon still spanned 

the 9/8 at the beginning of the fourth century, and the 31117 was felt to be 

1811, . 36/lS ' S/4 
ISIl,· 24311 11 ' 3112, 
1812, · 8/,. 9/8 

6} +49+ 386 
63 + 111 + 194 
63 +2]1 + 10 4 

D.A.TOSnUNU', GIN!.L\ 

40/]9 ' ]9/]8. 1911 S 
10119 ' 19/1S , 61S 
IS61143 ' 9/8. 9/8 

]1 /31 ' 31/30 ' S/1 
1611S ' ISh4 · 6/S 
1611 S . 1019 . 9/8 
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44+4S+409 
89+91+3 16 

90 + 104 + 10 4 

DIDYM.OS" GUQIlA 

55 + S7+ 386 
112+71 +]16 

111 + 181 + 104 

IN~ONIC 

CHaOMATlC 
DIATONIC 

lNHAaMON IC 

cHaoMATlc 
DiATONIC 

INHAUtONIC 

CHaOIroUTlC 

DIATONIC 



1- J. Ptolrmy'sl7Wn tunings. 

the proper tuning for the interval between the upper twO tones. This m2y 

be in pan because 32h7 makes a 4 /3 with the tiiJjunaiw font immediately 

following, but also beause the melodic contrast between the 3Ih7 at the 

top of the tetra chord and the 7/6 with the hyperhypate below is not IS great 

as the contrast between lower 7/6 2nd the upper 6/5 of Pto l~y's tuning. 

Archyus'sdiatonic is also found among Ptolemy's own tunings (1-1) and 

appears in the lyra and tithllTlZ $C2les that Ptolemy claimed were in common 

pnctice in Alexandria in the second century CEo According to Wmning­

ton-Ingram (1932), itis even grudgingly admitted by Aristoxenos and thus 

would appear to have been the principal diatonic tuning from the fourth 

century BCE through the second CE, a period of some six centuries. 

Archytas's genera represent a considerable departure from the austerity 

of the older Pythagore2n forms: 
ENHARM ON IC: z;61243' BI/64 

CHRO MATIC: 256/243' nB7ho.tB . 3z127 

D IATONIC: 256/143'9"8' 9/8 

The enh2nnonic genus is shown as a trichln"ti because the wrung of the 

enharmonic genus before Archyus is not precisely known. The semi tone 

was initially undivided and may not have had a consistent division until the 
stylistic changes recorded in his tunings occurred. In other words, the m­
composite Jitone, not the incidental microtones. is the defining characteristic 

of the enhannonic genus. 

The chromatic tuning is acrually that of the much later writer G.tu­

dentius (Barbera 197B), but it is the most plausible of the Pythagorean 

chromatic tunings. 

T he diatonic genus is the tuning associated with Pythagoras by all the 
authors from ancient times to the present (Winnington-Ingram 1932)' 

46/4 5 ' 1411 3' 5/4 ) 8+75 +)86 UIltAaMONIC 

18117' 15/14 ' 61S 6) +119+ 316 SOrT CHaOMATIC 

n /ll . 12 /11 . 116 B I +ISI+~67 INTENSE CHaOIotATIC 

11/10 ' 1019.8/7 8S + 181 + 131 SOrT DIATONIC 

18/17.8/7 ' 9/B 6) +1 ] 1+ 10 4 DI"TQNON TONWON 

15611 43' 918. 9/8 90 + 104+ 104 D U TONON DITOS lAlON 

161tS ' 918. 10/9 11 1+104+ 182 INTENU D IATONIC 

111t 1 · 111I0· 10/9 ISJ + 165 + 18J !QIJ" IL'It D UTONIC 
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Ptolemy 2nd his predecessors in Alexandria 

In addition to preserving Archytas's ronings, Ptolemy (ca. 160 eE) also 

transmitted the runings of Eratosthenes and Didymos, two of hi s pre· 

decessors at the library of Alexandria (1-1). Eratosthenes's (third century 

BCE) enharmonic 2nd chromatic genera appear to have been designed as 

simplificatio ns o f the Pythagorean prototypes. The use of 401)9 and : 0119 

for the lowest interval presages the remarkable Tanhur of Baghdad of 

A1-Farabi with its mbhl1nnonic division by the modal dttennimmt 40 (Ellis 

188Si D'Erlanger 1935) and some of Kathleen Schlesinger's speculations 

in The GTtlk AuJm-( 1939). 

Didymos's enharmonic seems to be mere formalism; th e enharmonic 

genus was extinct in music as opposed to theory by his time (tirst century 

BCE). His 1:1 b'neardivwon of the pyknon introduces the prime number ) 1 

into the musiC21 relationships and deleteS the prime number 7, a ch ange 

which is not an improvement hannonically, though it would be of less 

signifiC2nce in a primarily melodic music, His chromatic, on the other 

hand, is the most consonant non-septimtJ/ tuning ~nd suggests further de­

velopment of the musical styles which used the chromatic genus. Didymos's 

diatonic is a permutation of Ptolemy's intense diatonic (diatono n syn­

tonon). It seems to be transitional between the Pythagorean V-limit) and 

ttrt;lln tunings. 

P tolemy's own runinb's s tand in marked contrast to those of his pre­

decessors. In place of the more or less equal divisions of the pyknon in the 

gener:a of the earlier theorists, Ptolemy employs a roughly 1: 1 melodic pro­

portion. H e also makes greateruse of sufJ"Pllrticull1ror epimore ratios than his 

fo rerunners; of his list, only the traditional Pythagorean diatonon ditoni~ion 

contains epimeret, which are f2tios of the fonn (n + m)1 n where m > 1 . 

T he emphasis on superparticular f2ti os was a genenl characteristic of 

Greek musica.l theory (Crocker 196); 1964). Only epimores were accepted 

even as successive consonances, and only the first epimores (l it, )Il, and 

4/3 ) were permitted as simultaneous combinations. 

There is some empirial validity to these doctrines: there is no question 

rnat the first epimores are consonant and thllt this qu~lity extends to the 

next group, 5/4 and 6/5, else tmitm hllrTnmy would be impossible. Con­

sonance of the septimal epimo re 716 is a matter of contention. To my ear, 

it is consonant, as are the epimeres 7/4 and 715 and the inversions of the 

epimores 5/4 and 615 (8/5 and 513). Moreover, Ptolemy noticed that OCtave 
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~·3. Hoft!llllln S listofwmpltttlyn4ptTpaI1icu/lI1" 

divisiolZl. This tahl! hilI bun "lCfmlp(}Std afttr 

HojnMnn fi"'" Vogtl (1975). Su Ma;n CIJt4iogjar 
forrhtr iIT/rn71fIJfi{1n.(sJ bo,la/.tO bun IJltribuud /0 

Ttl/tini, but probablysbould hI a-rdittd to 

Plld'Y1ntl-u, a rhiltttnth-mINII) Byul1Itint (lmbrJr. 

L 2 s61155 . ,,116. S/4 NEW ENHARMONIC 

,. 136/135' 18/17' S/4 NEW ENHARMONIC ,. 9619S' 19/t8. 514 WILSON'S ENHARMONIC 

4· 76/75' :o1J9 ' 5/4 A!lT110R'S ENHARMON IC ,. 64"63 . 11110' 514 SERRE'S ENltARMONlC 

compounds of consonances (which are not themselves epimores) were au­

rally consonant. It is clear, therefore, that it is not JUSt the fann of the ratio, 

but at least twO factors, the size of the intetval and the magnitude of the 

defining integers, thatdetennines relative consonance. Nevertheless, there 

does seem to be some special quali ty of epimore ratios. I recall a visit to Lou 

Harrison during which he began to tune a harp to the tetrachordal scale 

III 271256/54/3 312 8t/So 915 2/1 . He immediately became aware of the 

non-superparticular nao 2711 5 by perceiving the lack of resonance in the 

instrument. 

A complete list of all possible tetrachordal divisions containing only 

superparticular ratios has been compiled by r. E. H ofmann (Vogel 1975). 

Although the majority of these tetrachords had been discovered by earlier 

theorists, there were some previously unknown divisions containing very 

small intervals. The complete set is given in 2~3 and individual entries also 

appear in the .Miscellaneous listing of the Catalog. 

The equable diatonic has puu.led scholars (or yea rs as it appears to be 
an academic exercise in musical arithmetic. Ptolemy's own remarks rebut 

this interpretation as he describes the scale as sounding rather strange or 

foreign and rustic (!;evlloot£pov JI.€V 1tOO' Keu ayP01KO't£POV, Winnington~ 

Ingram 1932). Even a cursory look at ancient and modern Islamic scales 

from the Near East suggests that, on the contrary, Ptolemy may have heard 

a similar scale and very cleverly rationaliz.ed it according to the tenets of 

G reek theory. Such scales with 3/4-tone intervals may be related to 

'4· 28117 ' ISII4' 6/S PTOLEMY'S SOIT CHROMATIC 

, ,. 16/iS' lSh4' 61S DlDYMOS'S CHROMATIC 

,6. 10119' 19118 . 615 ERAT03THENES'S CHROMATIC 

'7· 64"63 . 9/8 . 716 BAR90Ull 

, 8. 361:35 . lOis> • 7/6 AVICENNA 

6. 56155' 11hl . 5/4 PSEUDO-PTOLEMAIC ENltARMONIC '9· u/lI . 12/1I . 716 PTOLEMY'S INTENSE CHROMATIC 

7· 46/45' 141'23' 5/4 PTOLEMY'S ENHARMONIC >0. 16/1S' 15114' 7/6 AL-FARAlI I 

8. 40/39' 16hS ' 514 AVICENNA'S ENHARMONIC n. 49"48 . 8/7 ' 8/7 AL-FARAB I 

9· 18/17' 36/35 ' 514 ARCHYTAS'S ENHARMONIC n. z81l7 . 8/7' 9"8 ARCHYTAS'S DIATON'IC 

". p /31 . 311]0' 5/4 DIDYMOS'S ENHARMONIC , ,. 1 1110' IO/9 . 8/7 PTOLEMY'S SOFT DIATONIC 

n. 100/99' I IlIa· 615 NEW CHROMATIC '4· 1¥13 ' 13/H. 8/7 AVICENNA 

n. SSIS4' lz/ll . 6/5 IIARBOifJI ". IMS ' 19118 ' IO/9 PTOLEMY'S INTENSE DIATON IC 

". 4°1]9 , 131I1 ,61S BARBOUR ,6. u/lI . 11/10 . 10/9 PTOLEMY'S I!OUAIILI!. DIATONIC 
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1-+ Growof tht mhflmlfmK pyIm. by kaupyhaD­

tis. In printipk, lilt pymofit divisions am ht groN"­

sud by~UpnxUI, IIlthoughvtryhigb muJtlplim 

1IIIIJ bt nltesSIlry in /lImt ~U. The ants shqum IIrt 
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Aristoxenos's hemiouc chromatic 3nd may descend from neutral third 

pentatonics such as Wmnington-Ingram's reconstruction of the spondtioll 

or libation mode (W'mnington-Ingram 1918 and chapter 6), if Sachs's ideas 

on the origin of the genera have any validity (Sachs 1943). In any case, the 

scale is a beauti ful sequence of intervals and has been used successfully by 

both Harry Partch (W;'ltucmg. Daphne oftht Dunes) and Lou Harrison . the 

latter in an improvisation in the e:my 19705. 

Ptolemy returned to the use of the number seven in his chromatic and 

soft diatonic genua and introduced ntios of eleven in his intense chromatic 

and equable diatonic. These tetrachords appear to be in agreement with the 

musical reality of the en . as most of the scales described as contemporary 

tunings for the lyra and kithara have septimal interva ls (6-4)' 

Pto lemy's intense diatonic is the basis for Western European just in­

tonation. The Lydian or C mode of the scale produced by this genus is the 

European major scale. but the minor mode is generated by the intervallic 

retrograde of this tetrachord, 10/9 . 9/8 . 16/ t S. This scale is not identical 

to the H)'POdorian or A mode of 1 1-tone equally tempered, meantone, and 

Pythagorean intonations. (For further discussion of this topic, see chapters 

6 and 7.) 

The numerical technique employed by Eratosthenes, Didymos. and 

Ptolemy to define the majority of their tetrachords is called iintllr division 

and may be identified with the process known in Greek as luztapy/mosis. 
Katapylmosis consists of the division, o r nther the filling-in, of a musical 

interval by multiplying its numerator and denominator by a set of integers 

of increasing magnitude. The resulting series of integers between the ex­

treme tenos generates a new set o f intervals of increasingly smaller span as 

the multiplier grows larger. These intervals fonn a series of microtones 

which are then recombined to produce the desired melodic division, usually 

composed of epimore ratios. The process may be seen in 1-4 where it is 

applied to the enhannonic pymoticinterval16: 1 S. By extension, the pyknon 

may also be tenned the katapylmosis (Emmanuel 191 1). It consists of three 

notes, the barypylmm, or lowest no te, the mesopy/mm, or middle note, and 

the oxypylmrm, or highest. 

The hannoniai of Kathleen Schles.inger are the result of applying bt­
apyknosis to the entire octave, l : I, and then to certain of the ensuing in­

tervals. In chapter 4 it is applied to the fourth to genente indexed genera. 

The divisions of Eratosthenes and Didymos comprise mainly 1:1 divi-

lZ CHArT!.. 1 



= 

1-5' holmy ~ inre:rprttlu~n of A,.irro;t:fflDS's 

gtntrlz. 

!NHARMOf'JIC 

40/):9 ' 39138 . Igl!S 44 + 4S + 409 

SOFT CHROMATIC 

30119 ' J9hS· 56145 59 + 60 .;. 379 

HtMIOLlC CHROMA1'C 

INTINSE CHROMATiC 

:0119' 191tS· 6/5 89 + 94 + 316 

SOFT DIATONI C 

10119 ' ]8i3S . 7/6 89 + 14% + 16, 

I!'<TENU OlJ,Ttl NIC 

lOIr9· 19h"'7IiS 89+ 191 + 11 7 

sians of the pyknon while those of Ptolemy favor the 1:2 proportion, al­

though in some instances the sub--intervals must be reordered so thac the 

melodic proportions are the canonical order; small, medium and J ar~. This 

principle was also enunciated by Aristoxenos, but viOlated by Archytas, 

Didymos, and Ptolemy h.imselfin his diatonic runings. 

A more direct method of calculating the divisions is to use the following 

formulae (Winnington-Ingram 19P; Barbera 1978) where xly is the in­
terval to be linearly divided: 

III u:/ (x +y). (x+y)l1y_xly, 

112 p -/(1X + y). (2.1' + Y)/)J-x / y, 
1h 3.1' /(.1' + 1Y)' (x + 1y) /)J-xly. 

Finer divisions m$y be defined analogouslYi if alb is the desired pro­

portion and xly the interval, then (a+b)·xl(bx+ay)·(h.r+ay) /(a+h) ·y_x/y. 

The final set of tetrachords given by Ptolemy are his interpretations of 

the genera of Aristoxenos (1-5). Unfortunately, he Seems to have com­

pletely misunderstood AristOxenos's geomeaic approach and tnnslated his 

"parts" into aliquot parts of a string of 1 1 0 units. Two of the resulting tet­

rachords are identical to Eratosthenes's enhannonic and chromatic genera, 

but the others are rather far from Aristoxenos's intent. The Ptolemaic 

version of the hemiolic chromatic is actually a good approximation to 

Aristoxenos 's soft chromatic. Aristoxenos's theories will be discussed in 

detail in chapter 3. 

The late Roman writers 

After Ptolemy's recension of classical runing lore, a few minor writers such 

as Gaudentius (fourth century eE) continued to provide tuning information 

in numbers rather than the fractional tones of the Aristoxenian school. 

Gaudentius's diatonic has the fami liar ditone or Pythagorean tuning, as 

does his intense chromatic (chroma syntonon), 2561243 • 118712048 . 3212 7 

(Barbera 1978). 

The last classical scholar in the ancient arithmetic tradition was the 

philosopher Boethius (sixth century CE) who added some novel tetnchords 

and also hopelessly muddled the nomenclature of the modes for succeeding 

generations of Europeans. Boethius's tuning for the tetrachords in the three 

principal genen are below: 

ENHARMONIC: SI z/499 . 499/486.81/154 

CHROMATIC: lS6h43' 81/76. 19116 

OIATONIC: 256/243' 9/8· 9/8 
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T hese unusual tunings are best thought of as a simplification of the 

Pythagorean fonns, as the lim.ma (lS61z43 ) is the enhannonic pylmon and 

the lowest interval of both the chromatic and diatonic genera . T he en­

hannonic uses the 1:1 division fannula to divide the 1561143 , and the 

19!t6 is virtually the same size as the Pythagorean minor third, 3211,. 

The medieval Islamic theorists 

With the exception of Byzantine writers such as Pachymeres, who for the 

most part repeated classical doctrines, the next group of creative authors are 

the medieval Islamic writers, Al-Faf2bi (950 CE), I bn Sina or Avicenna 

(1037 CE) and Safiyu-d-Din (U76 cr.). These theorists attempted to 

rationali:te the very diverse musics of the Islamic cultural area within the 

Greek theoretical mmework. 

In addition to an extended Pythagorean cycle of seventeen tones, genera 

of divided fifths and a forty- fo ld division of the the string (fanbur of 

Baghdad) in Al-Farabi, several new theoretical techniques are found. 

Al-Farabi analogiz.es from the 1561143' 9/8. 9/8 of the Pythagorean tuning 

and proposes reduplicated genera such as 49/48 . 8/7.817 and 17h 5 . 1019 . 

1019. Avicenna lists other reduplicated tetrachords with intervals of ap­

proximately 3/4 of a tone and smaller (see the Catalog fo r these genera). 

The resemblance of these to Ptolemy'S equable diatonic seems more than 

fortui tous and further supports the notion that three-quarter-tone intervals 

were in actual use in Near Eastern music by Roman times (second century 

CE). These tetra chords may also bear a genetic relationship to neutral-third 

pentatonics and to Aristoxenos's hemiolic chromatic and soft diatonic 

genera as well as Ptolemy'S intense chromatic. 

Surprisingly, I have been unable to trace the apparendy missing redupli­

cated genus, I tlto· I tlto· 400/363 (165 + t65 + 168 cents) that is a virtually 

equally-tempered division of the 4/3 . Lou Harrison has pointed out that 

tetrachords such as this and the equable diatonic yield scales which approx­

imate the 7-tone equal temperament, an idealization of tuning systems 

which are widely distributed in sub-Saharan Africa and Southeast Asia. 

Other theoretical advances of the Islamic theorists include the use of 

various arrangements of the inteI'Vllis of the teu-achords. Safiyu-d-Din 

listed aU six permutations of the tetnchords in his compendious tables, 

although his work. was probably based on Aristoxenos's discussion of the 

permutations of the tetnchords that occur in the different octave species. 
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At least for expository purposes, the Islamic theorists favored ammgements 

with the pyknon uppennost and with the whole tone, when present, at the 

bottom. Th is format may be related to the technique of measurement 

tenned m~rl, from the Arabic aJ~mithaJ, in which the shorter of two smog 
lengths is taken as the unit, yielding numbers in the reverse o rder o f the 

Greek theorists (ApeI 1955. 441- 441.). 
The so-called neo-dJro77tlltic tetrachord (Gevaen 1875) with the aug­

mented second in the central position is quite pro minent and is also fOWld 

in some of the later Greek musical fragments and in Byzantine chant 

(Winnington-Ingram 1936) as thepa/ace mode. It is found in the Hungarian 
minor and Gypsy scales, buc. alas. it has become a common musical clich~ 

the wsnake-charmer's scale" of the backgrou nd music for exotic Orienbl 

settings on television and in the movies. 

The preseot 

After the medieval Islamic writers, there are relativel y few theorists 

expressing any great interest in tetra chords until the nineteenth and 

twentieth centuries. Notable among the persons attracted to this branch 

of music theory were Helmholtz ((18771 1954) and Vogel (1963, 1967, 

1975) in Germany; A. J. Ellis (1885), Wilfrid Perrett (1916, 1918, 193 I , 

1934), R. P. Winnington-Ingram (1918,1932 ) and Kathleen Schlesinger 

(1933) in Britain; Thorvald Komerup (1934) in Denmark; and H arry 
Partch (1949) and Ervin Wilson in the United States. The contributions 

of these scholars and discoverers are listed in the Catalog along with those 

of many other workers in the arithmetic tradition. 

After two and a half millennia, the fascination of the tetrachord has still 

not vanished . Chapter 4 will deal with the extension of arithmetical tech­

niques to the problem of creating or discovering new tetrachordal genera. 
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3 Aristoxenos and the geometrization of 

musical space 

AltISTOX£NOS WAS nOM the Greek colony of Tarentum in Italy, the home 

of the famous musician and mathematici an Archytas. In the early part of 

his life, he was associated with the Pythagoreans, but in his later years he 
moved to Athens where he studied under Aristode and absorbed the new 

logic and geometry then being developed (Barbera 1980; Crocker 1966; 

Litchfi eld 1988). He was the son of the noted musician Spintharos, who 

taught him the conservative musical tradition still practiced in the Greek. 

colonies, jf not in Athens itself (Barbera 1978). 

The geometty of music 

The new musical theory that Aristoxenos created about )20 BCE differed 

radically from that afthe Pythagorean arithmeticians. Instead of measuring 

intervals with discrete ratios, Aristoxenos used continuously variable 
quantities. Musical notes had nng~and toleranc~ and were modeled as loci 

in a continuous linear space. Rather than ascribing the consonance of the 
octave, fifth , and founh to the superparticular narure of their ra tios, he took 

their magnitude and consonance as given . Since these intervals could be 
slightly mistuned and still perceived as categorically invariant, he decided 

that even the principal consonances of the scale had a narrow, but still 

accep~ble range of variation. Thus, the ancient and bitter controVersy over 

the allegedly unscientific and erroneous natureofhis demonstration that the 

perfect fourth consists of two and one half tones is really inconsequential. 

Aristoxenos defined the whole tone as the difference between the twO 

fundamental intervals of the fourth and the fifth , the only consonances 

smaller than the octave. The octave was found to consist of a fourth and a 
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fifth , two fourths plus a tone, or six tOnes. The intervals smaller than the 

founh could have any magnirude in principle since they were dissonances 

and not precisely definable by the unaided ear, but certain sizes were 

traditional and distinguished the genera Icnown to every musician. These 

conventional intervals could be measured in tenns of fractional tones by the 

ear alone because musical function, not numerical precis ion, was the 

criterion. The tetrachords that Aristoxenos claimed were weU-lmown are 

shown in 3-1. 
Aristoxenos described his genen in units of twelfths of a tone (Macran 

19° 1). but later theorists. notably Cleonides, translated these units into a 

cipher consisting of 30 parts (moria ) to the fourth (Barbera 1978). The 

enhannonic genus consisted of a pylmon divided into twO 3-part micro­

tones or difItfand a ditone of 14 parts tDcomplete the perfect fourth. Next 

co~ three shades of the chromatic with dieses of 4. 4.5, and 6 parts and 

upper intervaIsof 11, 11, and J 8 parts respectively. The set was fini shed with 

two diatonic runings, a soft diatonic (6 -+ 9 + IS parts), and the intense 

diatonic (6 + J 1 + 11 parts). The fonner resembles a chromatic genus, but the 

latter is similar to our modem conception of the diatonic and probably 
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represents the Pythagorean form. Two such 30·part tetrachords and a 

whole tone o f twelve parts completed an octave of 71 parts. 

Several properties of the Aristoxenian tetrachords li re immediately 

apparent. The enharmonic and three chromatic genera have smaU intervals 

with similar sizes, IS if the boundary between the enhannonic and chro­

matic genus was not yet fixed . The two chromatics between the syntonic 

chromatic and the enharmonic may represent developments of neu­

tral-third pentatonics mentioned in chapter 2. 

The pylmon is always divided equally except in the two diatonic genera 

whose firS[ intervals (half lones) are the same as that of the synto nic 

chromatic. Thus Aristoxenos is saying that the first interval must be less 

than or equal to the second, in agreement with Pto lemy'S views nearly five 

hundred years later. 

The tetrachords of3 -2 are even more interesting. The first, an approved 

but unnamed chromatic genus, not only has the 1:2 division of the pylmon, 

but mo re importandy, is extremely close to Archytas's ch romatic tuning 

(Winnington-Ingram 1932)' T he diatonic with soft chromatic diesis is a 

very good approximation to Archyus's d iatoni c as well (ibid.). On ly 

Archytas's enharmonic is missing, though Aristoxenos seems to allude to it 

in his polemics ag-ainst raising the second string and thus narrowing the 

largest interval (ibid.). These facts clea rly show thatAristoxenos understood 

the music of his time. 

The last two tetrachords in 3-1 were considered unmusical because the 

second interval is larger than the first. Winnington-Ingram (1932) has 

suggested that Aristoxenos could have denoted Archytas's enharmonic 

tuningas4+ 3 -+- 13 parts (67 -+- 50+ 383), a tuning which suffers from the same 

defect as the two rejected ones. A gene ral prejudice against intervals 

containing an odd number of parts may have caused Aristoxenos to disallow 

tetrachords such as 5 + It + 14, 5 -+- 9 -+- J6 (ibid.), and 5 -+- 6 ... 19 (Macnn 

19° 1). 

The alleged discovery of equal tempen.ment 

Because a literal interpretation of Aristoxenos's parts implies equal tem­

peraments of either 71 or 144 tones pe r octave t o accommodate the 

hemiolic chromatic and related genera, many writers have credited him 

with the discovery of the rnditional western European [2 -tone intonation. 

This conclusion would appear to be an exaggention, at the least. There is 
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no evidence whatsoever in any of Aristo:xenos's surviving writings o r from 

any of the later authors in his tradition that equal temperament was in­

tended (Litchfield 1988). 

Greek: mathemarici ans would have had no difficulty computing the string 

lengths for tempered sales, especially since only two computations for each 

tetra chord would be necessary, and only a few more for the complete octave 

scale. Methods for the extraction of the square and c:ube roots of two were 

long mown, and Archytas, the subject of a biography by Aristoxenos, was 

renowned for having discovered a three-dimensional construction for the 
c:ube root of two, a necessary step for dividing the oct2ve into the 12 , 24 J6, 
72, or 144 geometric means as required by Aristoxenos's tetrachords (Heath 

[191 rJ 1981, I :1,¢-149). Although irrationals were a source of great worry 

to Pythagorean mathematicians, by Ptolemy'S time various mechanical 

instruments such as the l1moJohium had been invented for extracting roots 

and constructing geometric means (ibid., 1:104). Yet neither Ptolemy nor 

any other writer mentions equal temperament. 

Ptolemy, in fact, utterly missed Aristoxenos's point and misinterpreted 

these abstract, logarithnric parts as aliquot segments of a real string of 110 

units with 60 units at the oc:uve. 80 at the fifth, and 90 at the fourth. His 

upper tetrachord had only twenty pam, necessitating the use of com­

plicated fractional string lengths to express the actually simple relations in 

the upper tetrachords of the octne scales. 

There are two obvious explanations for this situation. First, Aristoxenos 

was opposed to numeration, holding that the trained ear of the musician 

was sufficiently accurate. Second, Greek. music was mostly monophonic, 

with heterophonic rather than harmonic textures. Although modulations 

and chromaticism did exist, they would not have demanded the parauctical 

pitches of a tempered gamut (polansky 1987a). There was no pressing need 

for equal temperament, and if it was discovered, the fact was not recorded 

(for a contrary view, see McClain 1978). 

Late r writers and Greek notation 

Although most of the later theorists continued the geometric: approach 

!::lIken by Aristoxenos, they added little to our knowledge of Greek music 

theory with few exceptions. Cleonides introduced the cipher of thirty parts 

to the fourth. Bacchios gave the names of some intefV1lls of three and five 

dieses which were alleged to be fearures of the ancient style, and Aristides 

:to CHAPTER 3 
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Quintilianus olTered a purported list of the ancient hllnnoniai mentioned 

by Plato in the TimAtur. 

One exception was Alypius, a late author who provided invaluable 

infonnation on Greek musical no tation. His tables of keys or tOrlO; were 

deciphered independendy in the middle of the nineteenth century by 

Bellennann (1847) and Fortlage (1841), and made it possible for the few 

extant fragments of Greek music to be transcribed into modem notation 

and understood. Unfortunately, Greek nOtlition lacked both the numerical 

precision of the tuning theories, and the clarity of the system of gener2 and 

modes (chapter 6). Additionally, there are unresolved questions concerning 

the choice of alternative, but theoretically equivalent, spellings of cenain 

passages. Contemplation of these problems led Klithleen Schlesinger to the 

heterodox theories propounded in The Greelt Autos. 

Others have simply noted that the notllotion and its nomenclature seem 

to have evolved away from the music they served until it became an 

academic subject far removed from musical needs (Henderson 1951). For 

these reasons , little will be said about notation; knowledge of it is not 

necessary to understand Greek music theory nor to apply Greek theory to 

present-day composition . 

Medieval Islamic meoristll 

As the Roman empire decayed, the locus of musical science moved from 

Alexandr ia to Byzantiwn and to the new civilization ofIslam. Aristoxenos's 

geometric tradition was appropriated by both the Greek Orthodox church to 

describe irs li turgical modes. Aristoxenian doctrines were also included in the 

Islamic treatises, although arithmetic techniques were gener2lly employed. 

The tetrachords of)-) were used by Al-Farabi to express ) / 4-tonescales 

similar to Ptolemy'S equable diatonic in Aristoxenian tenns. If one subtracts 

10 + 10 + 10 parts from Ptolemy's string of 120 units, one obtlloins the series 

tl O ItO 10090, which are precisely the string lengths for the equable 

diatonic (lllI I . IllIo · 1019). It would appear that the nearly equal 

tetrachord 111t0' I litO . 400/)6) was not intended. 

The tetrachord 11+9+9 yields the permutation 110 1089990, or 

10/9 ' 11ltl . I IlI a. This latter tuning is similar to others of Al-Farabi and 

Avicenna consisting of a tone followed by two ) /4-tone intervals. Other 

tetra chords of this type are listed in the Catalog. 
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Eastern Orthodoz: liturgiclll music 

The intonation of the liturgical music of the By:tantine and Slavonic 

Orthodox churches is • complez: problem Ind different contemponry 

IUthOrities ofter quite different tunings for the \'lIrious scales and modes 

(ecbo;). One of the complications is that until reccndy a system of 18 partS 

to the fourth, implying a 68-note oct2VC (18 + 12 + 18 • 68 paru), was in use 

along with the Aristoxeruan 3°+ n + 30 parts (Iiby 1938). 

Another problem is that the nomenclature underwent a change; the term 

enhannonic was a.pplied to both a nco-chromatic and a. dia.toruc genus, and 

chroma.tic was associated with the nco-chromatic forms. Finally, many of 

the modes are composed of twO types of tetr.lchord, and both chroma.ticism 

and modulation ue commonly employed in melodies. 

G iven these complexities, only the component tetnJchords extra.cted 

from the sales a.re listed in 3-+ The fonna.t of this uble differs from that 

of )-1 through ) -) in that the diagrams ha.ve been omitted a.nd partially 

repla.ced by the ratios of plausible arithmetic forms. The four tetrachords 

from Tiby which utilize a. system of 18 parts to the fourth a.re removed to 

the Tempered sec:tion of the Cata.log. 

, ... us CEI'ITS UTiOS GENUS 

... THAN",SO'OU!.OS ( 19So) 

9 + IS ~ 6 I SO+150 + 1OO CHllOM ... TIC 

6+1S+6 100 + ]00 + 100 CHROM ... TIC 

6+U+11 100+ 100 ~ 100 DIATONIC 

Il~u+6 100+100+ 100 ENH",IMON IC 

","V ... S ( 19 65) 

8~14+S I)] ~ 13] + I)] CHROM ... TIC 

JO+S+u 167 ~ I)] +100 DIATONIC 

S+U+I0 In ~ loo ~ 167 B""VI DI ... TONIC 

ll~ IJ +6 100 ~ 100 + 100 tNHABMONIC 

S~[6~6 1]3 + 167 + 100 B"'RYS ENHARMONIC 

6~10+4 100 +3]3~67 ,,,,uCt MOD E (W£N"'NO) 

UNAKI$ ( 1971) 

7~ 1 6+7 u7+ 166 + U 7 1611S ' 716. lS/14 SOFT CHROM"'TIC 

S+ 19+ 6 83+]17+ 100 1S61143 .6/5 ' I)S l uS INTENU CHROM ... TIC 

11+11~7 100 + IS] ~ 117 9/ S. 10 /9 ' 1611 5 Dl"'TONIC 

6~u+u loo+l00~loo 156114] ' 918 ' 91S ENHARMONIC 

:n CH .... TER 3 

• 
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The tetrachords of Athanasopoulos (1950) 2ft dearly Aristoxenian in 

origin and inspiration, despite being reordered. One of his chronutics is 

Aristoxenos's soft diatonic and the other is Aristoxenos's intense chromatic. 

The rest of his tetra chords are permutations of Aristoxenos's intense 

d iatonic. 

Savas's genera (SaV3S 1965) may reflect an Ar1bic or Persian influence, 

as diatonics with interv10ls between 1)3 and 167 oents are reminiscent of 

Al-Fuabi's and AviceIUla's tunings (chapter 2 and the Catalog). They may 

plausibly represent 111I I and I Illo so that his diatonic tunings are in­
tended to approximate a reordered Ptolemy's equable diatonic. His 

chromatic resembles 1411).8/7 ' 13tu and his Barys enhannonic, 15114 ' 

7/6. I6h 5. Savas's ordinary enhannonic may stand for either Ptolemy'S 

intense diatonic (10/9' 9/8 . r6h5) o r the Pythagorean version (156h 43 . 

9/8 . 9/8). The palace mode could be I 5h 4 . 6/5 . 2Sh 7 (Ptol~y's intense 

chromatic). The above discussion assumes that some fonn of just in­

tonation is intended. 

The runings of the experimental composer lannis Xenakis (J97 t ) are 

clearly designed to show the continuity of the Greek Orthodox liturgical 

tradition with that of Ptolemy and the other ancient arithmeticians, though 

they are expressed in Aristoxenian terms. This continuity is debatable; 

interna l evidence suggests that the plainchant of the Roman Catholic 

church is der ived from Jewish caneillation rather than Graeco-Roman 

secular music (Idelsohn 192 I). It is hard to see how the music of the Eastern 

church could have had an entirely different origin, given its lOCation and 

common early history. A case for evolution fro m a common substratum of 

Near Eastern music informed by classiCliI Greek theory and inHuenced by 

the Hellenized Persians and Arabs could be made and this might give the 

appearance of direct descent. 

The robUSOle5S of the geometric approach of Aristoxenos is sti ll evident 

today after 1300 years. The musicologist J ames Murray Barbour, a strong 

advocate of equal temperament, proposed 1 + 14 + 14 and 8 + 8 • 14 as 

Aristoxenian representltionsof49/48. 8/7 ,S/7and 14ft3' 13h1' S/7 in his 

1953 book on the history of musica\scales, Tunmgllnd Temptrlmlmt. With 

Xenakis's endorsement, Aristoxenian principles have become part of the 

world of international, or transnational, contemporary experimental music. 

In the next chapter the power of the Aristoxenian approach to generate new 

musical materials will be demonsttated. 

1) ARLSTOX! N OS AND THt G£ONITRIZATON OF MUSICAL SJ'A C£ 
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4 The construction of new genera 

TH IS CHAPTER IS concerned with the construction of new genera in addi­

tion to t hose collated from the texts of the numerous classical. medieval, 

and recent writers. The new tetnchords are a very heterogeneous group, 

since they were generated by the author ovec a period of years using a 

number of d ifferent processes as new methods were learned or discovered. 

Including historical tettachords, the tabulated genen in the ca talogs 

number 713, of which 476 belong in the Main Catalog, ,6 in the re­

duplicated section, 10 1 under miscellaneous, 98 in the tempered ust, and 

}l in the semi-tempered category. 

T he genera in the Main Catalog arc classified acco rding to the sizt: of 

their largest or ,bllrl1mrirric imt1"'W#1 (CI) in decreasing order from 13110 

(454 cents) to 10/9 (181 cents). There are 73 CIs acquired from diverse 

historica l and theoretical sources (4-1). Sources are documented in the 

catalogs. The theoretical procedures (or obtaining the new genera are de­

scribed in this chapter and the next. 

N ew genera derived by linear division 

The first of the new genera are those whose CIs are relatively simple 

non-superparticular ratios such as 11/9. 1411 I, and 16113. These ratios 

were drawn initially from sources such as Harry Partch's 43-tone, II -limit 

just intonation ga mut, but it was discovered later that some of these CIs are 

to be fou nd in historical sources as well. The second group is composed of 

intervals such as 37/]0, which were used sporadically by historical writers. 

To these ntios may be added their 4.1]'5 and 3/1'$ complements, e.g. 17111 

15 T H E CONSTRU CT I ON 0' NEW GENt "'" 



4-1. Cbmmtristir mttTWls(Cls) ,jnrr11 grnrtYI ;"just ;ntorwt;un. The CI if tht I4rgm m­
ttMJll/oftbe utnclxwtJ II1IIi tbt py!ntJn or 1I/1J!ntJn is tbt dijfirt1Jlt bttwtt1l tht CI nul tht 
fotmh. &aust "..",of tbt"fUT/) grntrd6Vt histM'irll/Jy .blown CIs. IIlJ ,jtht CIs ~ tht 
Mllm c.ulDg Mr wwJ hi this wit. 'IlIt CIs of the nt/llpliuted, mimJJ.mtoUl. trmptrtd, 

nul Sf'mi-ttmptrr4 lim lin mit inrludtd in this whit. 

HTP'!UNKAUIONIC G!N!Lt. "0 )4/11 l81t, )99 + 99 

710t _~b_icis";giNJJJfr- '" 1I3/90 no/It) 394+ 104 

WihOl'l mJrrjm t# Im".. .. flu CI iJ 1"-'" '" "+,,, 111t6 )9) + 105 

thm ~11 tma. 7Nf"Our;ypiul~m"lIffit "J ,/4 t61t5 386+ In 

","" is WIlnm ~ 16/H . H/H . 9'7. S« d.,ltr 1 "4 SI91/6561 118712048 )81-+ 114 

fouumjiGriort ~Ju-s. u, S6l.U 151t4 ]79+ 119 

" P'YXNOI'f CltorTS ,,6 41/3) 44141 )76 + In 

., 13lto 4"39 451-+44 CHaOMATIC QINEU ., ]5/17 )6/]5 449 +49 nt CJufrln mr-.rit ,mtr'l ""ll ft- J H U 

.J 21/1 7 Wll 446 + 51 JjO""U. 

·4 u8/99 ]]/]1 44j + S3 
" )6129 19111 37i + u4 ., ph4 ]l1J1 44) + 55 

" 16/u 141t) 370 + u8 
.6 40/]1 ]l/30 441 + 57 CJ 1I1I7 68/63 366 + 1]1 ., 58/45 )oh9 439 + 59 C4 100/8 1 I1ltS 365 + I)] 
•• 91, 18h, 435 +6] c, ]7/]0 40/31 ]6) + 1)5 ., lo.V81 11126 4)) +65 c6 16ft) 13 /u 359+ 1]9 .'0 SO/]9 16115 4)0+68 

11/11 88181 
]11t5 15124 

c, 355 + 143 .n 411 + 11 cB 11/9 II/II 341+ 151 
I.NftA .. CONIC QI.NILt. 

'" )9/ ]1 u8/I11 141 + 156 
1H a IIIfdll m"""..u It'll".. ,."u fr- J7J "0 18113 13/11 ]41+1 51 
lD~l1m1tJ. en 111I4 56/51 ]]6 + 161 .. 1]1r8 14h] 414+73 en 40/)3 111r0 333 + 165 

" ." .. 13/u 411 +11 0.3 19114 ]1119 318 + 110 

'3 SO/1' t60ltSJ 411 +11 C'4 6/, 1019 )16+181 .. 14/'11 n /ll 1-18 + 81 0.5 15/11 18115 )01 + 196 

" 8016] 1 litO 414 +84 0.6 19lr6 64'57 198 + 101 .. )]116 104/'99 413+ 85 0., 3111, ,/8 194 + 104 

" 191r5 10119 409 + 89 0.' 451]8 15111 35 19) + 105 .. 81/64 156114] 
""" + 90 

0., I]lrl 44/]9 189 + 109 

" 14119 19118 404 + 94 0.0 ))118 111/99 184+ 114 

.6 CH A.TIR 4 

en 10111 l11t5 181 +117 

en 1711 ) 91/8r 278 + no 

"J "I" 15612 15 175+ 12 ) 

c'4 ,/6 '" 167+ 2)1 

"" 1)6111 1 ]9/ )4 161+1)8 

c,6 ]6/31 ) 1117 159+ 1)9 

c,' Sol" 1)/10 256 + 141 
c,. 111t9 ]8/]] 1 54+ 141-

'" 51 /45 ISh] 150 + 148 

DIATONIC CENERA 

11u CJu/tlnJ¥tlmicgtJl#f'I Nrlgtftvm 1111 t~ 

J66Uf1I$. Ito rj,tli6umiclntrr.,. nman d«.s "ot 

am. 

D' ISh3 51/1-5 148 + 150 

D' ]Sh] Hft 9 141 + 156 

D3 l]ho 80/69 141 + 156 

D4 ph, )6/]1 1]9+ 159 
05 )9/)4 1]6ft1 1 1]8+161 

D6 '" ,16 1]1+ 167 

D, 156/uS 15164 11) + 175 
d. 15/11 88/75 211 + 111 

D, 9v81 1711 ) 110+ 118 

0'0 ]6/61 67151 u8 + ISO 

Dn 11115 101r, 117 + 181 

Dn 111/99 ]]h8 114 + 184 

D'J 44/39 1]/11 log + 189 

D', Ip/l)5 45/ )8 105 + 19) 

D'5 ,/8 ]1117 101- + 191-
D,6 1601r43 14]hlO 191- + ]01-

0', 1019 61, tSl + 316 
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4"1.lndtxtdgmtl.". Thttt171U4tmdJ whkh 

rtprutnl the 111 find 411 oftbt ji'IJIIl IttTIuhord (II', 

multiplied by tht indo:. Thtltjthand mso! 
tttrlldJDTds tlrt tbost grntl"4tt4 by It/wing lind 

r«omhming the IUlwsivt i1ltD1JilU rrmltingfrom 
tht IIdditio'l1111 tvms IIfur ~ mIlJtipli.Qtion. Tht 
righthu'I1d stU of tttrOr;hortiJ havt hun ,~dJlUlJ to 

/owen ttrmJ md tmin'tdwith fht Clllppmnon. 

MULTIPL1U : " T ERMS: 16 15 '4 I] 11 

16115"5"4.14/12 16hS'IS!J4,,16 
16115. 15/13' 1)/n 16115' Ij/n. ISh) 

16h4 ' 141Ij ,lj/ll 14'13"3/11.81, 

MULTIPLIER: 5 TERMS; 10 1918 17 16 IS 

10/19' 19118. 18IIS 20119' 19li8 .61S 

10li9' 19ft, . 1711 5 

10119' 19116. 16IIS 
10118· 18h,. 17II S 
l a/IS · 18116· 16hS 

1011"17116 '16115 

1011 9 ' 19"7' 17hS 
lolI9' 1611 5' IglI6 
ISh, ' I0/9 ' 17lt S 
16115 ' 10/9'9/8 

1,116. 16115 '10"7 

MULT I PLllR: 6 TERMS; 141Ju 1 1101 918 

lill) . 1)/11' nitS 
14h3 ' 1]/11 ' liltS 
J.y13' 1311 0 'lollS 
141l3' 13119' 191tS· 
14/ H , 1111 I ' J ,ItS 
J¥J1 ' Hllo' lOll 8 
l .yU ' 11119 ' 19118 
14111 '1Iho'10hB 

14/1l . lIh9 ·19h8 

14ho. l oh9 ' 19ltS 

14h3' 13/11' 1119 
14113 . 13/11' 716 

1411 3'[0/9'13110 

141l3 ' t9118 ' 13119 
Hilt · nltt '7/6 

11111 ' ll ltO' 10/9 

19h8. ult I . HII9 

llho· 10/9 ' 8/7 

19 /18 . lllt9 ' 8/7 

10119' 19h8. 615 

is the 312's complement of 11 /9 and 51145 the .v3's complement of 15h 3, 

Various genera were then constructed by dividing the pykna or apykna by 
linear division into twO or three parts to produce I: I, I :2, and 2: I divisions. 

Both the I :l and 1 : I divisions were made to locate genera composed mainly 

of superparticular ratios. Even Ptolemy occasionally bad to reorder the 

intervals resulting from triple division before recombining two of them to 

produce the two intel"V2ls of the pyknon (1-2 and 1-4). More complex di­

visions were found either by inspection or by lcatapyknosis with larger 

multipliers. 

Indexed genera 

One useful technique, originated by Ervin Wilson, is a variation of the 

katapyknotic process, In 4-1 this technique is applied to the 4/] rather than 

to the pyknon (as it was in 2-4). The ] It and 4/3 of the undivided tetracbord 

are expressed as 3 and 4, and are multiplied by a succession of nwnbers of 

increasing magnitude. The new tenns resulting from such a multiplication 

and all the intermediate numbers define a set of successive intervals which 

may be sequentially recombined to yield the three intervals of tetrachords. 

I have termed the multiplier, the index, and the resulting genera indexed 

gmtra, The intermediate tenns are a sequence of arithmetic means between 

the extremes. 

The major shortcoming of this procedure is that the number of genera 

grows rapidly with the indeL There are 120 genera ofinda 17, and not all 

of these are worth cataloguing, since other genera of similar melodic con­

tours and simpler ratios are already mown and tabulated. The technique is 

sti ll of interest, however, to generate sets of tetra chords with common 

numerical relations for algoriclunic composition. 

Pentachordal families 

Archytu's genera were devised 50 that they made the interval 716 between 

their common firSt intel"V2I, 281:7, and the nOte a 918 below the first note 

of the tetrachord (Erickson 1965i Wlnnington-Ingnm 1931; see also 6- 1), 

Other first intervals (x) may be chosen so that in combination with the 

9/8 they generate harmonically and melodically interesting intervals. 

These intel"V2ls may be termed pmlacbordJzJ inrtrl.lal.t (PI) as they are part of 

a pentachordal, rather than a tetrachordal tonal sequence. Three such 

groups or families oftetrachords are given in 4-] along with their initial and 

penuchordal intervals. 

Z7 THI CONS TRUCTION O . NI!.W GENEtA 
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4-3' PmtMhorJaJ inttnJII/uuui ftmdliu. nUt 

tttrll,hardJ art dtJitud by two /'II,..mtltn: the 
pmtllcbortUJ ;"unJll4 gul, lind rht tblffilnerl.nic 

il1U11JIII, 'QIbicb attmtJmes tb'g,rllu. An miti4/ 
;l1urvtll:l ruuJu in II prnfIKbarditl mttnl,,1 (PI) of 

gtl8. ThUt pmtuchor.wJfomiliturt tbt moJt 

impwumt tritrilulit gmer. of th"pter 7. Th, initj"k 
.,., tlu first. mterwJs of thl ttCTIIdJorJs. 

OISJUNCTI~ TONII 

The :8117 family is an expansion of Archytas's set of gentrt.. The 40/39 

family fits quite well into 14-tone equal tempenmtnt because of the rea­

sonably close approxim.ation of many of the ntios of I ] to quarter-tont 

intervals. The I SII 3 is another plausible tuning for the interval of nve 

djeses which WIS reputed to be a feature of the oldest scales (chapter 6; 

Bacch.ios, 310 Ct in Steirunayer 1985)' The r6hS family contlins the most 

consonant tunings of the chromatic and diatonic genen. 

The pentachordal intervals of 4-3 are the mtd;antr("thirds,,) of the triads 
which generate the tritriJzt/j(sc aies of chapter 7. where. they are discussed in 

greuer detail. In general, all tetrachords containing a medial 9/8 may 

function as generators of tritriadic sc:aJes. 

INITI AL " INITIAL " INITIAL " 
1611S 61, 1019 ,I, 8/) 91) 

~ ~""OT"""'C """"". 18117 )/6 n /n 17/ u 88/81 1119 

-- --~ 1}1I1 39/31 u8/117 1611] 11/u ]]h8 

ISII3 p /4S I}IIo 
8/9 ," , 1 "3 ]11 -ph 31/1 111 

111/99 14/'11 40/ 39 

"'39 n126 104/99 \ /' 
nNTACIIOIDAL INTltaVAL' 

40"39' 391]8 '191IS 
401]9 ' 16hS ' sl4 

IRATOSTHINU 

AvtCINNA 

CHIlOloUT I C 

¥>'39 ' 13h1 ' 61S 
40139 ' ]913S ' 7/6 
401}9' nllo, 13/H 

DIATONIC 

-40139 ' 51/45 '918 

".0139 ' 91180 ' 8/, 

68163 17114 

IS6/143 ]'h7 
I]611 17 1711 ] 
So/68 ]0123 
91/8 1 13118 

r "18h"PI .. -;l6 
lNHAI.MONIC 

18h7 ' ]613S ' V4 
cuaOMATIC 

64157 
9/8 
)/6 

S6/4S 
18+,171 

18117'1431124 ' Pl17 AI.CHYTA$ 

18/17 ' 1 S/1-4 ' 615 ,TOLEMY 

18/17' '7h6 , 16h l MAIN CATALOG 

DI AT ONIC 

18117 ' 8/7 ' 918 

18/17' 39/3S ' ISh 3 

AIlCHYTAS 

MA IN CATALOG 

18 CHA'TaR-4 

1] / 11 s6 ls1 lIh7 

1+,19 19/18 19/ 16 

81/64 pIp ]9/ ]4 

I 1h6 64/6] 8/) 

l]laO 1412 3 1712 ] 
S7/46 ,.1" 1]119 

r " I6Ils,PI .. 61S 
CHI. OMAT IC 

161IS "V1-4 ,61S DlantOS 

16IIS ' IslI4' 7/6 ,u·rAJl.U1 

16IIS ' 10119 ' 19116 J:OIlNEIlUP 

D IATONIC 

I6hS '9/8, 1019 PTOLIl-lr 

16IIS ' Iy n ' I Sh ] MAIN CATALOG 

, 



4-4' Mwu:fomtulatllnd tquivalml txpr'tmo'flS 

fi'l111l Htath 1911, 1:8$-87, a:aplfor the 
Iogarithm-k, ratio, and root mtan square 11ftan.!. 

NumlKr 1 2 is tht frll11ft'Wt/I'/(oftht 1(II1e whm a .. 11 
11Mb _ 6, The ttlnlc/xJnbgmtrllud by nu,nm- 11 

art txtrmttlytiott numn*alJy / 0 theet/unln'­

logm'itbmicmtan trtrachonb of tht oth" kinds. 
Thty alto rutmhk the mlxtmrratiu to the geU11lerrit 

mtans, 

I, ARITHMETI C 

(a- b)I(b-c) _ala_b/h .. dc IIH.2b 

J . GEO MET RI C 

(lI -b)I(b-() -a/h.blc a( .. /,2 

3. HARM ON IC 

(a-b)I(b-c) _ale, /10 tJ Ie .. 1/h boo ud(a H) 

4- SUICONTRARY TO IIARMONIC 

(a-c)I(b- c) . da (a2+c2)I(a+e) .. b 

S. fiRST SUBCON'I'ItARY T O C EOMET'l le 

(a-b)/Q1-c) - c/b II-btc -Cllb 

6. SECOND SUBCON'rRA IY TO CEOMETRIC 

(II- b)/(h-c) -hlll e .. ath-a2Ih 

], UNNAM ED 

(lI - c)I(b-c) .. ale Cl.lac-ab 

8. UNNAMED 

(lI -c)l(a.b)...,lc til +c2 .a(b te) 

9. UNNA MED 

(lI-c)IQ1-c) .. bk y.cl .. e(lItb) 

Mean temchords 

The mathematician and musician Archytas may have been the first to rec­

ognize the importance of the arithmetic, hannonic, and geometric means 

to music. He was credited with renaming the mean fonnerly called the 

"subcontrary'" as the harmonic mean because it produced more pleasing 

melodic divisions than the arithmetic mean (Heath [I911J 198t; Erickson 

1965)' His own tunings were constructed by the application of only the 

hannonic and arithmetic meall$, but there were actually nine other means 

known to Greek mathematicians and which might be used to construct 

tetrachords(Heath ['911j 198,). 

To this set of twelve may be added the root mean square or quadratk mell1l 
and four o f my own invention whose definitions are given along with the 

historical ones in 4-4. The logar ithmic mean divides an interVal m[o twO 

parts, the ratio of whose widths is the inverse of the ratio of the ext:remes 

of the interval . For example, me logarithmic mean divides the 21r into two 

10. UNNAMED ( SAME AS FI BON ACC I SIRlES) 

(a- c)l(a-b) .. blc a-btc 

II. UNNAMED 

(II -,jl(a-b) - II/h al .. utb -hc 

n. MUSIC AL PROPORTION 

a :(11 +b)11 _lobl(a tb):b 

I). LOGARITHMIC MlAN 

wgb _ (doga.o /t,gc)l(ate) (bIQy" (cAr 

l4- COUNTER-I.OGARITHMIC MEAN 

10gb .. (akgQ +ekgc)l(a te) (Waja . (db)c 

IS. RATI O WEAN 

(11- ')I(b-c) _:dy , - (bx-Qy)l(x -y) 

16. S1!.COND RATI O MEAN 

(tI-c)l(tI -b) _xly e _(oy_tlXtbx)/y 

17. ROOT ME.+..N SQUARE 

b • .J« a2+cl)lz) f1l _ (il tCl)h 

a9 THE CON STR UCTION O F N1W Gl.Nl.RA 



4-5' Gmtrllting ten""btlnhwith _1I1IS. 

MEAN TJ.TRACHORDS OF TH~ FIRST lUND 

nUT Mu.N 

nCONDN ..... 

LKbllfllll ir dqi7ltd 111 th, IpprtJPriIIU ".,11" b,""t~ 

bypIItt"'_ (lit) ImJ mal (,pJ). P"rbyp"lt is tbm 
_lured .. tht iJmli(lll ",u" bmuun IirbnllltmJ 

"", .. 
MEAN T~TRA.CHO"DS 0' THE SECOND lUND 

n eO,",D ..... '"' 

PIWbypilft irdtfintd II tht ¥Prrtprille _II HMVtm 
~ft_ (,II) moJmeu (f/J). LkbtmlllU tb", 

~puteJ It tbt iJmtiul",u". ~m ~f"I1JpiItt IIfId -. 
MIAW T~TIIACHO.DS 0 .. Tin! THIRD S IN D 

8/, ,f, +'J Jf , 

IInUII . . . .... 0 ............... 1 ... LICRAHD •• 01&11 ' ....... 11. 

f. U T ......... 

IKONP ....... 

UtlnttM U ikfi1ltd., ,h, Il/~t' "'(11'1 HN,," 

bypre",UOII' (11t).mJ ptn"ItMtIf (JIJ). P.rlry~tt is 
tbm rflmlll/rd .. ,ht iJmnrlllwu." htt"W«71 _ (4 /J) 

.rId byptrbyilte (1/9)' 

intervals of 400 and 800 cents in the proportion of 1:1 (0, 400, and 1200 

cents). The tf.Jfmtt'r"-logarithmic mean effects the same division in the op­

posite order, i.e., 800 and 400 cents (0, Boo, and 1100 cents). 

The two ratio means, numbers 15 and 16, are variations of numbers 7 and 

8 of 4-40 differing only in that the ratio of the difference of the extremes to 

the difference between the mean and one of the extremes is dependent 

upon the pan-meter xly. 

There are still other types of mean, but these seventeen are sufficient to 

generate a considerable number of tetrachords (4-6-8) and may be of fur­

ther utility in the algorithmic generation of melodies. 

The most obvious procedures fo r generating tetrachords from these 

means are shown in 4-5. Mean tet:rachords of the first Lind are constructed 

by first calculating the lichanos as the mean between II! and 4/ ], or 

equivalently between a = 4 and and, .. 3. The next step is the computation 

of parhypate as the same mean between II! and the just calculated lichanos 

(4-6). Tetrachords of the second lci.nd have the mean operations perfonned 

in reverse order (4-7). Tetrachords of the third kind are found by taking the 

means between II! and]/l and between 8/9 and 4/] (4-8); the smaller is 

defined as pamypatej the larger becomes the lichanos. 

The construction of sets of genera analogous to those of Archyr.as, which 

are composed of a mean between 8/9 and 4/] and its "subcont:rary" or 

"counter"-mean between 8/ 9 and ph7 (Ericlcson 1965i Winnington· 

Ingram 1931), is left for future investigations as it involves deep questions 

about the integration of intervals into musical systems. 

Multiple means may be defined for the arithmetic, hannonic, and geo­

metric means. The insertion of two arithmetic or hannonic means into the 

4"3 results in Ptolemy's equable diatonic and its intervallic retrograde, 

Il/u . IIltO' JO/9, 10/9' ttllo · u / lI. The geometric mean equivalent is 

the new genus 166.667 + 166.667 + 166.667 cents (see the discussion of 

tempered tetrachords below). 
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of-6. Mum utt"IKhordsoftht jim kind. Tht lirh,rwillrt rhtmttm.1httwtm liz Imd"pJ; tht 

FrhypIItlli/fft mtmtllnsbtrwtm III and rht lid/llnol. 

,. AIIITHMF.nC 'h I)/n ,16 ,I, 13 /n . 1.v13· 8/7 ,. GEOM£TRIC ,~ 1.01457 1.15470 1·33)33 Ih7of57' 1.07457' 1.ISof70 ,. HARMONIC 'h 16/15 8/, ¥, 16liS ' 151t4' 716 ,. IU8CONTltARY TO HARMONIC 'h 533 /48) 15hI ,I, 533/48). SHIS33' 18115 ,. FIRST SU8CONTRARY T O GEOMETRIC LO 1.094 19 1.18046 1-33333 1.09419' 1.07814.1.11950 

• stCOND SUBCONTRARl' TO GEOMETRIC LO 1.0 9 185 1.17704 1·33333 1-09185' 1.0780) ' 1_1]178 ,. UNNAMED 'h 61, ,/4 ,I] 6IS ' 1Sh4' 16It S 

• USSAMEO ' h I S71t 56 13 1t1 ¥] I S7/tS6. uS91t 57 . 1611) 

9 UNNAMED ' .0 t .n6n 1.16376 1·33333 l .u6n· 1.03861 . 1.05505 

10. "IOSACCI SERIES NO SOl UTlOS 

II . USSAMED ' h 1561l SS 16ltS ¥] IS6hS5' 17lt6· 5/4 
11. MUSICA L PROPORTION 'h 8/, ,16 ,I] 8/7' 49/of8 . 817 
I). 1.0GARITHMIC MEAN LO 1.05956 1.1)111 1·33333 1-05956. 1.06763 • 1.17867 

'4 . COUNTER-lOGARITHMIC MEAN ,~ 1.0 9301 1.17 867 1.)33)3 1-093°1 " .078 37.1.1311) 

IS. IlATlO MEAN (xlv .. 4/3) 'h 19lt 6 ,/4 4/ , 19/)6 . lolt9' 16/iS 
16. SECOSD RAT IO MEAN" (xlv - 4/]) 'h IS7lt S6 13 111 ¥] 1S7ItS6 · 16sl1t 57 . 161t3 

17. ROOT MEAS SQUARE LO 1.09 190 1.17 8 5 1 1·3)333 1.09291 ' 1.078]28. 1.13 137 

4-7' MClin ttmuhrP"dsoftht ft("01I4 Hnd. Tht plI,-hypattli flt"t tht mtans btrwWl III flnd"p;; tbt 
IirhilllDi art tht means btrwttn tht porhyplltlli 07l4"p;. 

,. ARITHMETIC 'h ,16 ,I, ,I] 716'ISh4' 16ltS .. GEOMETRIC LO I.IS47° 1.14081 1.33333 1. 15470' 1.07457 ' 1·07457 ,. tlARMONIC .h 8/, 16/'3 ¥, 817'1411) ' 13/12 

4· IUICONTRARY TO HARMON IC .h Ish 1 1409/t 113 ¥, 2Sh1 . 1409!t31S - 148.v1409 ,. fiRST SU.CONTRARY TO GEOMETRIC LO 1.18046 1.159]7 1·3]333 !.I800f6. 1.06685' 1.05873 

6. SECONO SUICONTRARY TO GEOMETRIC ,~ 1.177°4 1.157'f8 1·33333 1.17704' 1.0683) ' 1.06031 ,. USN AM ED ,I. , /4 85164 ,I] S/4 · 17116 . 1S6hss 

8. UNNAMED 'h 13 /n 217119~ ,I, 1) / n . 117hoS . IS611 17 

• UNSAMED '.0 1.16376 1.3199 1·33333 1.16376 · I.0S311 · t.o(l160 

rOo F1BOSACCI StRrES NO SOLUTION 

II. UNNAMED ,I. J611S 1019 41] 16115' 15114 - 615 

11. MUSICAL PROPORTIOS ,h 8/, ,/6 4/] 8/7' 4g1iB . 8/ 7 

IJ. LOGARITHMIC MEAN" "0 1.1]IU 1.11987 1·333}] 1.13111' 1.0 7837 ' 1.09)01 

14. COUNTlR-lOGARITHM IC MEAN . ~ 1.17867 1.1 5839 1·33333 1.17867' 1.06763. 1.05956 

IS. RATIO MEAN (xlY-4/) ,h ,/4 11116 ¥] 5/4'21110.64163 

16 . .... TIO MEAS (xfv,.4/3) ,h 13/ll SS/4 8 4/] 13/ 11 . 55151 ·6.vSS 

17. ROOT MUN SQUAR E ,~ I.I7 8p l .uS83 1,33333 t.178St . 1.0677°8 .1.0 59615 

]I TH! CONSTRUCTION OF SEW GENERA 

139+ uS +131 

uS+I1S+149 

111+119+ 167 

171 +1 3 1+ 196 

156+131+1II 

151+' 30 + 11 6 

316+71+ III 

II + u8+ 359 

340 + 66 +93 

7+ 105+386 

131 + 3 6 + 1 3 1 

100+ II) + 185 

154+ IJI + 113 

198+89+ IU 

II + 118 + 3S9 

154+ 1)1 + Z14 

167+ 119+ 112 

149+ 115+ IlS 

1)1+118+ 1)9 

301+106+90 

187+ III +99 

181 + 114 + 101 

386 + 1OS+7 

139+73+ 186 

4"5" 8S +4 

IU + 71 + )16 

13'+36 + 1 3 

11 ]+ I]I+IS4 

18S + 11) + 100 

386 + 84+17 

139 + 97 + 161 

184+113+ 100 



SummatiOI1 tetrachords 

4-8. Mun utrtuh&rtisoftht third kind. nt Ji~ 

dJ_i oflbtn tttrruharas", the muns bttwem III 

lind 111; tht pilThyplltlli Mt thl mtmU bttwtm 8/9 
Im4 ¥1. nUl tttrllthords I1rt ,Iso tritriPdic gmtTiI. 

Closely related to these applications of the various means is :a simplf 

nique which gener:ates certain historically known tetrachords as '" 

some unusual divisions. 'Wilson h:as called this frtslmllm rums, and h 

plied it in many different musiC2l contexts (Wilson 1974, 1986, 1989 
numentoI'! and denominators of twO ratios are summed separ:ac 

obtain a new fraction of intermediate size (Lloyd and Boyle 1978 

example, the freshman sum of III and +'3 is 5/4 • :and the sum of 5 

l it is 6/5' These ratios define the tetrachord III 6/5 5/44/3. Similu 

"sum" of 5/4 and +'3 is 9/7, and these ratios delineate the lit 5/4 9 

tetrachord. The former is a permutation of Didymos's chromatic gen 

the latter is the invenion of Archytas's enharmonic. If one emp 

multiplier/index as in 4-1 and expresses the III as 111, 3/) ... , an i 
set of graded tetrachords may be generated. The most important 11 

teresting ones are tlIbulated jn 4"9. 

Similarly, the multiplier may be applied to the 4/3 rather than the 

yield 8/6, 11/9' ... The resulting temchords fall into the enhannor 

hyperenharmonic classes and very quiclcly comprise intervals too Sl 

be musically useful. A few of the earlier members are listed in 4-10. 

•• ARITHMETIC .1. 10/ 9 ,I. "', 10/9' 9/8. 161r5 181+ 104 + 11: 

•• GEOMITRIC <.0 r.08866 l .u474 I '}BH 1.08866 · 1.115 ' 1.08866 147 + 104 + 14 ,. HARM ONI C .1. 161r 5 61, "', 161r5 ' 9/8. 10/9 IU + 104+ 18 

•• SUlICONTIlAJIY TO HA.MONI C .1. 51/45 13/ n "', 51/45 . 9/8 . 40/39 150 + 104 + 44 ,. FIAST SUlICONTIlARr TO GIOWEriUC ' .0 1.13817 r.18078 1·33333 1.13847 ' 1.U5· 1.0410 115 + 104 + 70 
6. n CO ND SIIICONTIlAI.Y TO GEOJrofETIIIC .. 0 I. I1 95° 1.17069 r'33n3 1.1195 ' 1.115' 1.0493 UI + 104+ 83 ,. UNNAMED NO SOLUTIO N 

•• UNNAMED .1, 18h7 ,16 "', 18h7' 9/8 . 817 63+ 104+ 1 31: 
~ UNN AM ED NO SOLUTION 

.~ FIIONACCI URIES NO sourrlON ... UNNAMlD NO SOLUTION 

n. MUSIc..u. PROPORTION NOT DEFINIl) 

I ]. LOGARITIiMIC MUN '.0 1.D4540 1.11608 1·33333 1.0454 ' 1.125 ' 1.1337 77+ 104+ 21 7 
14 · COUNTU-LOGARITHWJC MEAN ", 1.13371 1 .1754~ 1,3]333 1.1]37' 1.125' 1.0454 117+ 104+ 77 
IS. RATIO MIAN (x/Y" ~It ) .J. 10/9 ,I. "', 10/9·9/8 . 16Ir S 181 + 104 + IJ 
r6. RATIO MIAN ex/roo lit) • 1. 10/ 9 ,I • "', 10/9' 9/8 . 16ft 5 181 + 104 + It 
17. ROOT MlAN SQUAU • .0 1.1331 1.17475 1'33333 1.1331 ' 1·1l5· 1.04595 116+ 104+ 7E 
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• 

TETIUCHOIlD RAT IOS SOU.ClI , . 'f> 6/5 5/4 4/] 615 ' 25124 ' 16115 DIDYM O$ 

,,-9' S'mmfIIlion fttTtldJurthDftbeftm type. ,. 'f> 5/4 917 413 514 ' ]6/35 ' 28h7 A.CHYTAS 

Unndurtd rill iM hllw htm retai"td to cl4rifj tbl J. ,I, 817 615 .vJ 8/7 . H llo · 10/9 PTOLEMY 

gmmlt;ng prf)Cw. 4· , h 61, 10/ 8 +'3 615 .15114 ' r6lr S DIOYMOS ,. J/J 1019 716 ¥] 1019 . l lho . 8/7 PTOLEMY 

• J/J 716 11/9 ¥l 7/ 6 . nIH ' n / II PTOLEMY ,. 4/4 11/1 I 8/7 4/] 111I" lJh r , , 16 PTOLEMY 

8. 4/4 8/7 Illia 4/] 8/, . 2lho· 10/9 PTOLEMY 

~ ,I, 14"3 9/8 +'3 14/13' 1171111 ' ph? MISe. CAT. 

". 515 9/8 IJ/II ¥ ] 9/ 8. 10¥99 ' 44'39 "'AIN CAT. 

n . 6/6 16115 10/9 .vJ 16115 ' ISh " . 6/5 D IDYMOS 

n . 61' 10/9 14/ n 0/3 10/9' 11120 . ,/6 PTOtU!y 

, J. ,I, 18h , 11110 4/3 18h, . 1871180' 40/n MISC. C4T. 

' 4· ,I, I l lio ISIr ] 4/] !Ilia· Isoli43 . 51/45 MISC. CAT. 

" . 8/8 101i9 11/11 4/J 10119 ' 57/55' 11/9 101,,11'1 CAT. 

,'. 818 n Il! 16114 4/J U /II . H Ili ' ,16 'TOLEMY 

, ,. ,I, ulll 1)/11 , /J llh'·91/88· t61t 3 Mue. CAT. 

,8. ,I, I]lil 1711 5 ,I) 1]/12 • 6816S . 10117 MA IN CAT. 

". lo llo 1¥13 1411 3 4 /J 1411] '16 111 56 '16/ 11 MIS C. CAT. 

, 0. 10110 1.v13 IS116 .v3 14/ 13 ' I17h ll' 31h 7 MIS C. CloT. 

". 1111 I 16h5 1511 4 .v] 16h 5' 375/ 364' 56 /45 MISC. CAT. 

". 11111 ISh4 1911 7 , /J I Sh 4 . 16611 55 . 6SIS7 MIS C. C4T. 

, ) . IIII 1 lS/17 161I S 4/] l S117' 36/35' 514 ARCHYUS 

'4· 11h l 16ltS 10118 ,I) 16IrS·1 SI14 ·6IS DI Onl05 

TETUCHORD RAT IOS SO URCE 

L ,h loIS 9/7 8/, 5/4 ' 36/]S '2811 7 4RCHYTAS 

,,·(0. Sum11l4tion m rlldxmu(Jfthe stf(Jmi type. ,. ,I, 917 17lt3 S/6 9/7' 1I9h17 ' p IS! MISC. CAT. 

UllmJuuJ rll/illl hlllR Htn rttllineJ t(J clarify the J. 'f> l.vl l '13h o 11 /9 141t I . 14]Ir .. O· 40/39 MISC. C\T. 

gm(Tlllmgpro(tls. 4· , f> 1J1I0 l SII9 12/9 l)ltO . ISo1147 ' 7617S MISC. c\T. ,. , I, I8h4 J7II ) 16/Il 9/7 ' 119/ 117' S11S 1 IoUSC. C4T. ,. , f> 171t ] HilS 16I1l 171t] . 419 /41S' 100199 MI SC. C4T. ,. ,I> u lI7 IJlt6 lOItS 111t7' 357/351 . 6.v63 MISC. UT. 

8. ,I> 11/16 411]1 10l1S uIt6 . 6S6I6p. 1J .v113 MISC. CAT. ,. ,I> 16110 lSlt9 14118 l]ltO' Iso/147' 76/ 7S MiSC . CAT. 

, 0. ,I, 15119 4913] I.vJS ISIt9' 93' /91S ' 1481147 MISC. C\T. 

)) TRI: CONSTRUCTI O N OF NIW GtN!! .A 



• 
,,,.,., c~. "".Ol"IWAT1OH PTOLEMAIC INT'''UT" 

2NH"tMONIC 

1.5+ 1.5+ 17 15+ 15+450 80179' 79',8,13 110 80/79' 79',8 . 13lto 

4-1 I. Nro-Ari.rtDxmilm gmtr# TJ)ith 1 +1+11 11+ 3] +450 uo1I 19' 1I9II I, · IlltO 1l0h 19 ' I19/ 1l7' 13h 

t1m1tmIrCl , 1+1+16 3]+ 3)+433 56155' 55/54' 9/7 60/59' 59158. S8145 

1.5+ 1.5+ 15 41 +41 +4'7 W43' 43/41' 14/ 1I 48/47' 47/¢ . 13118 

1+3+ 15 ]3+ SO··P7 55/54 ' 36/]5 . 14II 1 60/59' 118/115 'lllI8 

1 + 4 + 14 33 + 6'+400 60/59' 59157'19115 60/ 59' 59157' 19ltS 

3+3+ 14 50+ 50 +400 40/39' 39/38. I9II S 40/39' ]8/39' 19115 

1+5+ 13 33+ 83+383 56/55 . n/u . 514 60/59 . uah I] . 113/9< 

3+ 4+ 1 3 50 + 6'+383 ]6/35 ' 28h,. 514 40/39 ' I t,lI 13' 113/9( 

H + l5 + 13 58 +58 +38] 31 /31 ' ]1130 ' 5/4 140113) .133 /116 '113_ 

CHROMATIC 

1+6+ 11 3)+100+]61 51/50' 18h 7 . l oo/Sr 60/59' 59/56. 56/45 
8/] .. 16/3 + II 44+ 89 +36, 40139' uho · 16111 45/44' lllll . 56/45 

3+5+ 11 50 + B3 +36, 34/33' U /21 . 1I1I, 40/39 ' 117I1n. 56/45 

4+4+ u 67+ 6,+]6, 18h"1,116' 16/u 30h9' 2911B · 56/45 

1+1+21 33+ 111+350 56155 . I5h4 ' 11/9 60159' 11 BlI II . 37/30 

3+ 6 + 11 50 + 100+ 350 34/ ]3 'IBh" n /9 40/39 ' 39/37 . 371]0 

4+5+ 11 6, + 83 + 350 2B121' u/1I ' 11121 30119' 116hl l . 311]0 

4·5 +4·5 + lJ 15+75+]50 2412]' 2] / 11 ' 11/9 801n' n174 ' 31/ ]0 
1+ 10 +I B 33 + If¥] + 300 45/44 ' lllrO' ph, 60159' 59154 . 615 

3+9+ 18 50+ 150 +]00 33/]1 . n lll . Pl11 40/]9' l]h1 . 615 

4 + 8 + 18 &,+ 1]]+300 18h" 14311 14 ' 31117 30h9' 19h7 ' 615 

4.5+ 1.5 + 18 15+ 115+300 15114 ' 17115 ' P l17 801n' 77171 . 615 

5 + 1 + 18 83 + 117 + 300 nl1 o· 15h4 ' ]1111 14h3·115h08 .615 

6+6+ 18 100 + 100 + ]00 1561143 ' 218,11048. p h 7 10h9' I9h8 , 615 
D I ATONIC 

1+13+ 15 33 + 111+ 150 45/44 ' 44 /39' 51/45 60159 ' u81t05 ' 116 

3+ 11 + 15 50+ 100 + ISO 34/33' I91t" 12119 40/39' 39/]5 . 116 

4+11+15 61+ 183 + 150 11116 ' 10/9' 51145 30h9' I 161t05 . 116 

5+ 10 + 15 8]+ 167+ 150 100/99 ' tiItO' 15h 3 14/'1]' 13111 .,16 
6+9+ 15 100 +117+250 191t8 • lIlt 19' 111t9 101t9' 38/35 ' 116 
7 + 8 + 15 117+ 11 7+250 104191' 911909 ' ISIt] n o lt13' I1]ltoS' 716 
7.5+7,5+ 15 115 11 5 + 150 ISh4 ' 141t3 ' 51/45 J61t5 ' 15/14 ' 716 
1+16 +11 33 + 167 + 100 &v'6] . 716. 9/8 60159' 59151 . 171t5 

3 + 15 + 11 50+ 150 + 100 40/39' 51/45 '9/8 40 /39' 39/ )4' 171t5 
4+ 14+ 11 67+ 133+ 100 18h7' 8/1' 9/8 30h.9· 58/51' 17/15 
4.5+13.5+ I1 75+ 115+ 100 14h.3 '92/ 81 '918 801n' 77168 . 17/15 

5 + 13 + 11 83+ 11 7+ 100 11/ 11 . 112190'9/8 14113' 1151r01 ' 171t5 
6+1l+I1 100 + 200+ 100 156/14] . 9/8, 9/8 101t9' 19h7 ' 17h 5 
1+ 11 + 11 117 + 18] + 100 16h5' 10/9 ' 918 n o/tI3 ' IIl ltOl ' 1711 
8+10+11 113 + 167 + 100 310h97 ' u lro' 9/8 I5h4 ' 56/51 ' 17/15 
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4-11 . Nt"..ArirtDxtnM" ge11mr with 
ruuplic.tiol1. 

'ARTS 

Neo-Aristoxenian utr:lchords with Ptolemaic ioterpretatioD5 

While Aristoxenos may have been documenting contemporary practice, 

even a cursory loolc at his [abies suggests that many plausible nee­

Aristoxenian genera could be constructed to "fill in the 82ps" in his set. The 

most obvious missing genera are a diatonic with enharmonic diesis, 3 + 15 

+ 11 (50+ 150 + 1oocents), apar6cbrfl11UJtic, 5 + 5 + 20(83 + 83 + 334cents), and 

a new soft diatonic, 7.5 + 7·5 + 15 (115 + ll5 + 150 cents). 

Although Aristoxen05 favored genera with I : I divisions of the pylmon, 

Ptolemy and the Islamic writers preferred the 1:1 relation. More compleJ[ 

divisions, of course, are also possible. 4-It lists a nwnber of neo­

Aristoxenian genera in which the CI is held constant and the pylcnotic di­

vision is varied. 'With the exception of the first five genera which represent 

hypermhanMnic forms and three which are a closer approximation of the 

enharmonic (383 cents, rather than 400 cents), only Aristoxenos's CIs are 

used. 

For each tempered genus an approximation in JUSt intonation is selected 

from a genus in the Main Ca[alog. Funhennore, an approximation in terms 

of fractional parts of 1 soing of 11 0 units of length, analogous to Ptolemy's 

interpretation of Aristoxenos's genera, is also provided. 'While these 

Ptolmuli, inttrprttations are occasionally quite close to the ideal tempered 

fo rms, they often deviate subs[antially. One should note, however, that the 

Ptolemaic approximations are more accurate for [he smaller intervals than 

the larger. 

Intervals whose sius fall between one third and one half of the perfect 
fourth may be be repeated within the tetrachord, leaving a remainder less 

than themselves. T hese: are teoned reduplicated genera and a repre­

sentative set of such neo-Aristoxenian tetrachords with reduplication is 

shown in 4-Jl . 

CENTS A"ROXIMATION 'TOLlMA IC INTtllfRETATION 

1+14+ 14 34+ 1H+ 1B 491,.B · 8/7. 8/7 60/59' 59/s:' 51/45 

4+1 3+ 1) 67 + 117 + 117 3001189' 171rS' 17II S 30119 ' tI6/103 . 10]/90 

6+tl+1l 100+ 100 +100 1561143 . 9/8 . 9/8 101I9 ' 19h7' 17115 
8+11+ 11 133 + t83 + 183 17h5' 10/9' 1019 15114 ' lulIo] · 10Il90 
10+10+10 166 + 167 + 167 1 t ho·1 IlrO · 400J}6} 12/ 11 . 11/10 ' 10/9 
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• 

1:1 PVXNON CI!NTS APPROXIMATION PTOLEMAIC INTI!RPRI!TA1 

1·5 +1.5+17 15+ 15+45° 80/79' 79,,8 . 1]/10 80/79' 79/78 . 13110 

4~13. Nto-Arist():U1lum gt7Jd1l with 1+1+16 3]+]3+433 56/55 . 55IS4 . 91, 60159' 59158 . S8/45 

ttm.rUnt pyhwtk prlljJmWns. 1·5 + 1·5 + 15 41 +41 +417 44/43' 43 /41 . 1¥1I 48/47' 47/46. lllI B 

3 +] + 14 50 +50 +400 40/39' 39/38. 19lr S 40/39' ]9/38. 19h s 
]·5 + ]·5 + 13 58 +58+38] 31/]1 . p/lo , 5/4 140/1]3 ' 1)3 /126· JIll . 

4+4+ 11 6,+6'+36, 18/17'11h6 '16/u 30h9 ' 19hB· 56/45 

4.5+ 4.5 + 11 75+ 75 + 350 1411] 'll/u· 11/9 So/77 . 77'74' ]7130 

5 + 5 + 10 83+ 8]+334 UIlI' Hila· 40/33 10/1]' 13/12 ' 1119 

H + 5·5 + 19 91 +91 +]17 10119' 19hB· 6/5 140/119' 119/1IB. 1091 
6+6+ 18 100 + 100 .. 300 1811,. 17h6 · J1117 lo1!9'19hB . 61S 

6.5+6.5+ 17 108 + 108 + 183 I1h6· 16/I 5 . lOlt, 140h17' 1171114 ' I 07/~ 

,+,+16 JJ7+ Jl7+ 167 16115' fSlIi ' ,16 1l01II]' IIJIr06· 53/4: 

7-5+7.5+ 15 llS+US+2S0 lSh4' 14113' sz/4S 161r5'ISII4'716 

8 + 8 + 14 133+ 133+ 134 14lrJ' 13/1l' 716 IS lr4' 141r3 ' 51/45 
8.5+ 8,5+ 13 141 + 141 + 217 40/37' 37/34' 17IIS 140h13' u31106, 1031 

9+9+ 1l 150 + 150+zoo 64/59' 59154 ' 918 40/37' 37/J4 ' 17IIS 

9-5+9.5+ 11 158+158+183 1zlIl.11!tO,1019 140/ut. 2111101 ' 1 01/~ 

10+IO+to 166+166 + 167 I litO ' IllIo ' 400/36} 11111 ' IllIo.lol9 

1:1I'YXNON 

1+1+27 17+33+45° 110/119' 119h17' 13110 1l01r19'1I9hJ7' 13/H 

4') + 81) + 26 II +44+433 84/8).83/81 . 917 90/ 89.89/ 87 ' 58/45 

513 + 10/3 + 15 18 + 56 + 417 6.y6) , 33/31 . 14/u 71/71 ' 71/69 . 131r8 

1 + 4 + 24 33+ 67+400 57/56, 18h7 ' 141r9 60/59' 59157. 1911 5 
7/3 + 14/) + 1) 39 + 78 +)8) 46145' 14123' 514 )60/)53' 35) / 339 ' 1l3/ ! 

813 + 16/3 + 11 44+89+ 367 40/39 ' 1 tho· 16h I 45/44 ' 11hl'5614S 
3+ 6 + 11 50 + 100 +350 34/33' 181t7' n/9 40/39' 39/ 37 '37/ 30 
10/3 + 10/) + 10 56 + ul +333 33/31' I6h5 '4°/33 36135 . 35tH' u/9 
t 1/3 + n/3 + 19 61 + 111 +]I7 18h7' 151r4' 615 360/349' 349/J17' 1091 
4+S+ IS 67+ 133+300 l,h6· IJ/n ' 311l, 30h9,19h ,.61S 

13/3 + 16/3 + 17 71 + 144+ 18] 51/49' 49/45' 10lt, 360/)47' 347/ )11 ' 10,/! 
14/J + 18/3 + 16 78 + 156 + 1&, n/n ' u /lI '7/6 I801In ' tnh S9' 53/4. 
5+ 10 + 15 8] + 167+ 150 104/99 ' t lIto, ISh) 1411] '13h1 .,16 
16/3 + p /3 + 14 8sI+ 1,8+ I]) 11110· 1019.8/7 4S/4) , 4]/39 ' p /4S 
17/ )+ 341)+ I) 94+ 189+ U 7 101t9' 191t7' 101t7 360/343 ' 34J/ 309' 10J/. 
6+Il+ll JOO+I00+100 156114] . 9/8. 9 /8 101t9' 19117 ' 17IIS 
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4- 14. Arinonrrum rtaliUltiollJ. Tht fi 'tzmtwarw is 
thtnznnbrrof~pn,'fS ~ ;" the noo utrllrbordund thf 
diljunnwc tl11lf. The fQ/'7'fspondingtfJUiI/ 

trmpm",'tnl is tbe $11m oflhf ~ruof'he 
frlmrwol'w. The ltI'tim/audgtlltrtzlJI'r thosr that 
I1I4J lit pIPpa in tht CfltT'tJponrJing t'lUIII 
tnnpfl'lIt11tllU, Tht Kbt1l1t of r 44 pal't1'WIJswtd by 
AlIi(tnlllJ tzndAI-Fllrtl/Ji (V'Erlang" 19)0). 

Finally, in 4- 13, the pyknotic proportions are kept constant at either 1:1 

or 1:1 and the CIs are allowed to vary. 

These neo-Aristoxenian tetrachords may be approximated in just in­
tonation or realiud in equal temperaments whose cardinalities are zero 

modulo Il. The uro modu lo n temperaments provide opportunities to 

simulate many of the other gener2 in the Catalogs as their fourths are only 

two cents from 4/3 and other intervals of just intonation are often closely 

approximated. One may also use them to discover or invent new neo­

Aristoxenian tetrachords. 

To articulate a single part difference, a temperament of 71 tones per 

octave is required . The III parts in the hemiolic chromatic and sever21 

other genera normally demand 144 tones unless all the intervals including 

the disjunctive tone have a common factor. In this case, the 48-tone system 

suffices. For the 1:1 pykna which employ II] parts, 116-tone temperament 

is necessary unless the numbers of partS share common factors. These data 

are summarized in 4- 14. 

UV,MEWORX n AilTlC ULATIO GENERA , , , " Ditztonit lind syntonic rbnmutic. 

>0 , ' 0 " Enhlll'mMir, syntonit Imd soft diat07lia, synronit ,hrrmuuit, 

" 6 " )' Symonic djlJtlm ie, syntl11lir lind sufi ,lmmuIrits, IInTummJ. 
Ch1T)11U1.tic, ditztonit with Jl)ft tbrrmlltlir ditsts. 

' 0 • '0 " 
HemiGlk mrrnnarir, lDft and ryntfmir dunania, synumk cb f'f1m4uc, 
diatonK with hunio/it ch,.gmarit dims. Stt 14-ront IT, 

" '0 " 60 SJntlJrlit dilllonit ana chr_ric. 

)0 " )0 7' All pm;iGIIS g~trtz trttpt hrmioljccbromlllic tmd gt1ltra with 
htmiolir ,bNmUlt~ dims (m J4-tone E1). 

" " " '4 Symonit diatllnic find chr_tic. 

,0 ,6 4° 96 EnharmDll ;c, syntonic ditJtl11lir, Jl)ft diat(J1I~, syntunic tma hemio/ic 
thromlllit, Set l4-tont ET. 

" 
,. 
" '0' Stt )6-tont ET. 

,0 '0 ,0 no Stt 14-umt ET. 

" " " ' )' Stf ll~ont BT. 

60 '4 60 '44 AU gtntrtz uupt 1:1 fJJDul 'With tl) Pal'tJ. 

90 )' 90 ,,6 All gtnrrtz dcfimd in rut. 
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4-15. &",i-ttltlptntlAriIulxmum utrll~hqnh. 

Thut trtrilthflrris /Iff liter,,1 inttrprtliltimrr of 
Ariftazmas s gOlerIl UIUkr lJ4rIJwllS tuntmptim 
tMtArimJrt~1Mll7lt UJ tlivUk tht ptrfirt fourth of 
1'tIti4,p1 into JO t'llUl/ pms. 

PAITS ROOTS 

, . 3+3+ 14 4/]1110. 413 1110 . 4/']"'S 

,. 4+4+ 11 4f3VlJ . 4/3 211$ • ¥3111u 

j. 4·S+4·S+1I ¥}J/lO. 4/'3lnO. 41]1110 

4· 6+6+18 ¥} LIS . ¥3"s . 4/'])15 

5· 6+9+ 15 ¥]lfS. 4/}1/10. 4/] 112 

6. 6+11+1l 4fllts . ¥}Zi5. ¥3l1S ,. 4+14+11 ¥3U1J . ¥} 7115 • 4/']2IS 

8. 4.5+ 1] '5+ 11 4/'3)/l0. 41]9120. 4/3l1S' 

• 4 + 8 + 18 4/}2115 • 413
4115 • 4/'31/5 

,. 6 + 3 + 11 4/}"5 . 4131/10. 4/]1110 

u . 4.5+].5 + 11 ¥3lnO . ¥l7ltIJ . 41'311/1 S 

u. 10 +1 0+10 413 11) • 413113 ' 41j lll 

'J. 11+9+9 ¥}l/J • 4/'33/10 . +'31110 

Semi-tempered tetn.cbords 

The computation of the mean tetrachords also ge neflltes a number of genera 
containing imtional intervals involving square roots. These teuachords 

contain both tempered intervlllis as well as at least ont in JUSt intonation, the 

4'3. and may therefore be called semi-tmJptnd. There also ace the semi­

tempered tetrachords resulting from a liteflll interpretation of the late clas­
sical theorists Nichomac:hos and Thrasyllus (Barbera 1978). The tim: of 

these is Nichomachos's enharmonic, defined verbally as a ditone with an 

equally divided limm4 and mathematiOlllyas ..J(lS61143)· -1(1561:43)' 81/~ 
(45 + 45 + 408 cents). The second is Thrasyllus's chromatic, described 

analogously as having a Pythagorean tn'hemiwnt or minor third and a whole 

tone pyknon. Literally, this genus would bt: V(9/8) . </(9/8). 3 212 7 (101 + 10 1 

+ 294 cents), but it is possible that Thrasyllus meant the standard Py­

thagorean tuning in which the pylmon consists of a limma plus an oJWumu, 
i.e., 256/24)' 2187/2048 ' 32127 (90 +114+ 294 cents). 

Other semi-tempered fonns rcsultfrom Barbera's assumption thuAris­

toxenos may have intended that the perfect fourth of ratio 4/3 be divided 

geometrically intO thirty parts. Barbera (1978) offers this literal version of 

theenhannonic: IOV(4')' IOV(4/3)' IOV(655361656r ), or 50+ 50+ )98cents, 

where 6553616561 is (413)'. It is an easy problem to find analogous inter­

pretations of the remainder of Aristoxenos's genera. These and a few closely 

related genen from 3-1-3 have been tabulated in 4-15. 

CIHTS GENUS 

5° + 50 +398 UlHARI.IONIC 

66+66+ )65 SOFT CHROMATIC 

75+ 75 + 349 HIM IOLIC CHROMATIC 

100 + 100 + 199 lNTINSE CHROMATIC 

100+149+ 150 SOFT DIATONIC 

100 + 199+ 199 INT!NSE DIATONIC 

66+l}l+199 DIATONIC WITH SOFT CHROMATIC DI E.StS 

75 + 114 + 199 DIATONIC WITH HtNIOLIC CHROMATIC DIUtS 

66+ 13] +1 99 UNNAMID 

100 + So + 349 Rf,J!CTED 

75+58 +]65 R~£CTIO 

166 + 166 + 166 SEI.IE-TEMPERED EQUABLI DIATONIC 

100 + 149 + 119 ISLAMIC DIATONIC 
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Equal divisions of the 4J'3 
The semi-tempered tetrachords mggest that equaUy tempered divisions of 

the 4/ ] would be worth exploring. Such sca.les would be analogous to the 

equal temperaments of the ocuve except that the interval of equivalence is 

the 4"] rather than the l lr. Scales of this type are very rare, though they 

have been repor ted to exist in contemporary Greek Orthodox liturgical 

music (Xenakis 1971). 

A possible ancestor of mch scales is the ancient Lesser Perfect System, 

which consisted of a chain of the three tetrachords hyparon, meson, and 

synemmenon. In theory, all three tetrachords were identical, but this was 

not an absolute requirement, and in nct, in Ptolemys mixed tunings, they 

would not have been the same. (See chapter 6 for the derivations of the 

various scales and systems, and chapter 5 for the analysis of their 

properties.) 

T he most interesting equal divisions of the 4/3 resemble the equaJ 

temperamenU described in th e next section and in 4-14 and 4-17. The 

melodic po5sibiUties of these scales should be quite rich, because in those 

divisions wim more than three degrees to the 4/] not only can severtl tet­

rachorda l genera be constructed, but various pennutations of these genera 

are also possible. 

The hannonic properties, however, may be very different from those of 

me octave divisions as the air may not be approximated closely enough (or 

octave equivalence to be retained. Moreover, depending upon the division, 

other intervals such as the ]Iz or ]h mayor may not be acceptably 

consonant. 

T he equal divisions of the 4/ ] which correspond to equal octaval tem­

peraments are described in 4-16. A few supplementary divisions such as the 

one of II degrees have been added since they reasonably approximate 

hannonically important intervals. For reasons of space, only a very limited 

number of intervals was examined and tabulated. To gain an adequate un­

derstanding of these rollings, me whole gamut should be examined o~er a 

span of at least eight +'3's. 

Additionally, the nearest approximations to the octave and me 

number o f degrees per 111 are liSted. This infonnation allows one to 

decide whether the runing is equivalent to an octave division, or 

whemer it essentially lacks octave equivalence. Composition in scales 

wimout octave equivalence is a relatively unexplored area, although the 
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DEGREES PER 4/] CU.rTS/OEGRU OEGItIl15 / 0CTAVi: CIoNTs/ oCTlon OCTAvt. DIVISION OTH'. CONSON ... t-'T INTERVA 

J 166.0 ,.uB 1161.1 ,(-) OOLDUI UTIO (PJn) .. 5 

• u4·S 9.6)8 1145.1 10 (+) 711 • 1 1 , 99.61 n.os 1195·3 u (-) 511 .. 18 , 8].01 1446 1I61.1 '4 (- ) 7/S - , , 71 ,15 16.86 1109-5 I, (+) 

8 61.1 6 19.17 1181·9 19 (-) ,II .. S4 

9 SH4 11.68 1117-4 u (+) S' 3- 16,6h-S6 

'0 49.80 14·09 1I9H 14 (-) 311 .. 14, 511 .. 56 

u 45.18 16'50 1121·5 17 (+) 31t .. 41,.vI .. 53.511 "]5, 

') 38.]1 31.)2 118,.6 31(-) 611 .. 81, ,II .. 88, Bit .. 94 

'. 35·57 33-13 1100·S 34 <+) 7h -61 

" 3).10 36.14 119s.3 J' (-) S/i·S4,PHI - 1S 

" 29·3° 40.96 U01.2 4' (+) ]h - 14"h·74 

'0 14·90 48.19 119H ,8 (-) 511 .. 111,"4 - 39 

" n.6.t 5).01 1199.8 53 (-) ]1l - 31.S' 3 -39 

" 19.91 60.,. II95-3 60 (-) SII .. 140. ,II. 169 

,8 17·79 6746 1191.8 " (-) )11 .. 107.411 -135 

JO 16.605 71.18 1195·3 71 (-) ,II .. 10]. 7/5" JS 

J5 1'1013 84-33 1195·3 S. (-) 7/4" 68, 715" 41 

40 11-45 96.]8 u9H .. (- ) 611 .. 149. 5/]" 7 1 

45 11·07 108-4 1[9503 loB (-) 3/I - IP,4h -117 

,0 90961 110.5 I19503 n o(-) 311 - 191,411 - 141 

55 9'>55 131·5 Il04-4 IlJ (+) 7/4 " 107. PHI .. 91, 311 _ 1] 

60 8.]01 144.6 Ilo].6 145 (+) 3/1 .. 119, 4h - lB9 

90 H34 116.B uoo.B 117(+) 3/1 " 117 

4- 16. Equ.1 diIJiIiom of the 411. nest (ITt tqUllI tnnpa-Ilmnlts of the 411 rluhtr thlln the 11r. -Dtgrtu/oallvt" iI the 
numJur of tkgrtu Il/ the tfivisillTl CQTTtsponding to the 111 or IKtJIVl. Formllny of thut diviIiom, the oct/Wt nll/ongtr 
fonairmSllSlln mttnJol ~equivllima. ·CmtslrxtllVt" iI tht MIt VII/Utllf the Ilpproximlltions ttl the 111. "OnIlVt diviritm· 
iIthulostStTJJbtlltnumhtrriftkgrus to thu/r. (-) indkllterthllttht IKtiIvt iHrtmprtl1td ol1dkssthl11l IlOO(t1'IU. (+) 
~oru rhlll it isstntchw.llnd 16rgtr th6111100 ctnu. ·Cans011llnt inttnJllU"lIrt thtdtgrus mgood IlfJproximati011SttJ the 
mUI'TJau listtJ. Alldivisirmsofrhe 411 hllVe goodllpproximllrians til tht 10;' 1IS(41])' +thtskhismll tqlUlu ,oll. Divisons 
thllt IIrtmultipksofJ IllsohllVt good Ilpproximmirms to tht 1 I II . 17 UII stigbtlyrtrttfhtd 41-t01le efjua/ltmptrlJmmt. II 
isll/Jdib/y tqUivlltmt to H-lcmt tqlllli Itmpn-llment. 18 UlI1IIIloguus tOlhtdiviIion oftht fourth into 18 pilnl 4tarrdmg ttl 
TibJ's thtoryofGmHJrthoda:tlirurg~lIlmusk ([iby 1918). 10 isll11lliogous tDAristOXt11M'sbllm s,yItnn. H is 
tmlliogous to 11 l-tont tfUIIl Umptl"llmmt. 60 is IJIJlllcgoulto I f4-trmt tqUllI ttmptrllmtnt. 90 is IZ1IIJlogllus to 116-tunt 
tqUlll tt111patzmmt. IDe Goldtn Rlttio or Phi is (I +..J J}h, approximllttly 1.618. 
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4-17. TttllIc/wrdT in '1(JII-urtJ7I1od~/i) II fqrwl 

rrmpn"llmmtJ. Thell gtnn., lin defined in ETl 

Wht?'f tht pnfta flllrtbdounot tqua/l I I I "who/t 
rima. "Tbt framnlXn·/t is tht Immbtr-o/-jNlrn - in 
thttllJO flunhland tht disjundivt tam. Mar-t thlln 

tmf jTttmWJD,·/t is pllllllihit in sumf ttmPt1'll1"tntJ 
'Without g* fourths (ff mith mal't thlln 17 11otu. 
ThtOPruponding t4w/ttmpf1"11mmt iJ tht rum t( 
tht pltTtl of tbt frtmlwarlr. Tht gmull in • gtntr'­
.tn td, nrm-spttijic St1Ut mllJht apprw:imottd in 
that ,qllol ttmpt'"lnnmu. "DiotrRlickhnJ1lJ(ltK· 
"".m tbot th,n is 110 mtkJdif distillrtitm hmvtm 
thut gtnn-• . The chn""oti( py1ma in 9-, 10-, and 
1 t - tlmt IT ((msi1t af two.rmaO illttrv.tIllnd ant 
/.4rgt, whift thtdisftmrtion mlly Jt,"gtT(JI' sm.lkr 
thll1ltht Cl. Gmtrll indifftnntlymh"'7mmK lind 

dmml4 luoauraround 19 tonts ptrDdllVt "n41U1)­
ifrill(JXmilln form; may ht rtllliZllhlt in many of tht 
1m. 

composer and theorist Brian McLaren has recently written a number 

of pieces in non-octaval scales mostly o f his own invention (McLaren, 

personal communication, 1991), Xen alcis has also mentioned chains of 

fifths consisting of tetrachords and disjunctive tones (Xenalcis 197I). 

These suggest analogous divisions of the ]11, including both those with 

good approximations to the 4/] and those without. Similarly, there are 

divisions in which octave equivalence is retained and those in which it 

is not . An example of one with both good fo urths and octaves is the 

seventh root of ]Il , which corresponds to a moderately stretched u­

tone equal temperament of the octave (Kolinsky 1959)' 

Tetracbords in non-zero modulo IZ equal tempeRDlents 

Tetrachords may also be defined in non-zero modulo IZ equal tempen­

menrs. For some combinations of genus and tuning the melodic and har­

monic distortions will be negligible, but For others the mappings may 

distort the chancteristic melodic shapes unacceptably. As an illustration. 

the three primary genua , the enharmonic, the syntonic chromatic, and the 

'RAMI!WO RK 'T G £N"ERA 

3 , 3 7 O I A"ON lclcR~OMATIC 

3 , 3 8 DIATON"Ic/CJlROMATIC · , • • CHR OMATI C · ' • " CHRO MATIC 

• 3 • " CHROMATI C 

5 3 5 ' 3 DIATONIC, CHROIoUTJC · , • '. DIATONIC, CHROMATIC 

• 3 • '5 DIATOSIC, CHROMATIC 

7 ' 7 
,. 

DIATONIC, CHROMATIC 

7 3 7 '7 DIATOSIC, CHROMATIC 

7 • 7 (8 , 8) ,8 DIATON IC, CHRO MATIC (ALL THRn) 

83 8 '. DIATONIC, CHROMATIC 

8 • 8 ' 0 ALL THRU 

• 3 •• 8 S 8 " ALL TJlR.Ii.EI 

• •• " ALL THRU 

959,JO] ' 0 ' 3 ALL THREE 

'3 5 '3 3' ALL THREE 

'. • '. l4 ALl. THRU 

'7 7 ' 7 .' ALL THRU 

n 9 n 53 ALL T HAI! 
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4~ 18. Augmmttd ImIl JiminislwJ ktrlltbrn-4t. 
nUt tttrlKbonJs IIr'e Jastty rtlMud U tb4St in 8-r 
."J 8-r5. Fw tttrild:f1f'tin~jth p~ foIITths 
~ting rbt t/.i"r.injJlltil fombs u mtrrwlI, su 
tbt M.in ImII MiKtu.nt#IU C.~8'. if {nil 
.tiJitiMuJ mtntJdsoj similIr Jiu bill' km IIJtd 6.J 

Cb in f- t , 1Nt not J;viJd tbu 11) tbtirlflltf/'Iui". 
The i41t Ibm mtrrIJ.Js In Ullmit.J/y diMinUhuJ 
fifths, INt tbey{lmrtitm.UllpnltttifovrthS m 
rtTUin Df fbi hnJfl«lW vi (blIP'" 8. 

aATIOS C!.NTS EXAMJLU 

141I1 .,8 14113 ' 1)/n . t u n 

']h8 .'. 1Yll . rrlIo · 1019 

JibS "" JU]I . JU30' 6fS 

91, 43S 18/17 ' 171I6 . 8/, 

'U" 44' ]l/lO' 1019' 91'8 
nh, 44' nlIo· 10/9' 18h7 
I]lio .,.. Il/n . Iun . u iIo 

] 011] .60 I Y 14 "J6 " 4h ) 
I?II] .'< 17116 . 8/, . 1+,1] 
lIh6 47' Hila · 10/9 . 9/8 

29"11 .,8 19"18 . i6. IUU 
Jill] '" lIl)o ' Y4,l¥13 
']h, p, , Yn . u19 ' 18117 
19"14 5" 19118 · 6JS . I st'4 
15/ 11 Sl7 IR · ,16. nht 

''''' m 16115 • 5/4 ' 10119 
u lB '" 11110. 10/9' 9/ 8 

""',' SS7 8/, . ,16. )0129 
1811) '" 9"8.8/,. 14'1 ] 

'SIIB '" Y4' wlIg. 19118 
]111) 57' 16/15' Y4' 2412] ,I, ,8, l.ytl . 1)/ 11 • 615 
101+'719 ,88 156114] . 8/, . 7/6 

4s111 ,,0 16ItS ' 10/9' 6/S 
10/'7 '97 6/5. 10/9. ISII7 
17/11 60, 17h6 .817 . 7/6 

""',' 606 nlto· sl4· )1/J1 ,0/, ,,' 10/9· 90'S· 8/7 

diatonic, will be mapped into the 11-, 19-, 11-, and 14-tone equal tem­

perament (ET) below: 

ET m""'" ENHAllMONlC CHllOM.U1C DL<fONlC 

U s· 1+1+3 1+ 1+ 1 

'9 go 1+1+6 1+1+4 1+)+) 

" 9· 1+1+7 1 +1+5 1 +4+4 

14 100 1+1+8 1+1+6 1+4+4 
The enharmonic is not articulated in Il-tone ET, or 11t least not dis­

tinguisbable £rom the chromatic except :as a semitonal-major third pen­

tatonic. In l?-tone ET, the soft chromatic is identical to the enhArmonic 

and the syntonic chromatic is close to a diatonic genus like 115 + 115 + 150 

cents. The enbannonic is cert2inly usable in 11-tOne ET but the diatonic 

is defonned, with a quuter-tone taking the place of the semitone. These 

distortions, however, are mild compared to the 9-tone equal temperament 

in which not only are the diatonic and chromatic genento equivalent as 1 + 

1 + 1 degrees, but the semitone at twO units is larger than the whole tone. 

Whether these intervallic transmogrifications are musically useful remains 

to be tested. 

There are, however, m~y fascinating musical resources in these non­

ll-tone tunings. k Ivor D:ilTeg has pointed out, each of the equal tem­

peraments has its own pArticular mood which suffuses any scale mapped 

into it (DUTeg 1975). For this reason the effects resulting from transferring 
between tuning systems may be of considerable interest. 

Because of the large number of systems to be covered, the mappings of 

the primary tetnchordal genera into the non-uro modulo Il equal tem­

peraments art: summariud in 4-17. The tetrachordal framework and pri­

mary articuJated genera in the equal temperaments of low cardinality or 

which are reasonable approximations to just intonation are shown in this 

figure . 

Augmented and diminished tet:l'a(:bords 

The modified or altered tetnchords found in some of the non-zero modulo 

11 equal temperaments of 4-17 suggest that tetrachords based on aug­

mented and diminished fourths might be musically interesting. This sup­

position has historical and theoretical suppon. The basic scales (tbat.s) of 

some Indian ragas have both augmented and perfect fourths (Sachs 1943), 

~d the octaVlllI barmonia; of KathIeen Schlesinger contain fourths of di -

.1 C HA'T1R 4 
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magnitudes {Schlesinger 1939; and chapter 8). Wilson has exploited the fact 

th2t any scale generable by a chain of melodic fourths must incorporate 

fourths of at least tw"o magnitudes (\Vilson 1986; 1987; and chapter 6). His 
work: implies that scales may be produced from chains of fourths of any 

type, but that their sizes and order must be clilrefuIly selected to ensure that 

the resulting scales arc recognir.ably teuachordal. 

A number of altered fourths are a~il2ble for experimenution. 4-18 lists 

those which commonly arise in conventional theory and in the extended 

theory of Schlesinger's harmoniai described in chapter 8. Scales may be 
constructed by combining these tetnchords with each other orwith normal 

ones and with correspondingly altered disjunctive tones to complete the 

octaves. Alternatively, the methods described in chapter 6 to generate 

non-heptatonk sca les may be employed. 
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5 Classification, characterization , and 

analysis of tetrachords 

THIS CKAPTEJI. CO~'TAINS a complex minure of topics regarding the descrip­
tion or characterization of tea-achords, Some of the concepts are chiefly 

applicable to single tetrachords, while others refer to pain of tctnlchords or 

the complete tetrachordal space. The most inter~ting of the newer meth­

ods, those of Rothenberg and Polansky, are most usefully applied [0 the 

scales and scale-like aggregates described in detail in chapter 6. Moreover, 

Polansky's methods may be applied to paramctU'S other than pitch height. 

The a pplic:acion of th~ techniques to tetnchords rna y serve as an model for 

their use in broader areas of experimental intonation. 
The first part of the chapter is concerned with the historical approach 

to classification and with twO analyses bued on tnditional concepts. These 

concepts include classification by the size of the largest, and usually 
uppennost, incomposite interval and subcl assification by the relative sizes 

of the two smallest intel'Vllls. A new and somewhat more refined class­

ification scheme bued on these historical concepts is proposed at the end 

of this section. 

T hese concepts and relationships are displayed graphically jn order that 

they may become more intuitively understood. A thorough understanding 

of the melodic properties of tetrachords is a prerequsite for effective com­

position with tetrachordally derived scales. Of particular interest are those 

tetra chords which lie near the border of two CliItegories. Depending upon 

their treaonent, they may be puce.ived as belonging to either the diatonic 

or cAromatic gener:l, or, in other cases depending on the CIs, to either the 
enhannonic or chromatic. M example is the intense chromatic or soft 
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diatonic typeS, where the intervlll near 150 cents may be perceived as either 

a large whole tone or a small minor third. This type of ambiguity may be 

made compositionally significant in a piece employing many different 

tetnchords. 

The middle portion of the chapter deals with various types of hannock 

and melodic distance functions between tetrachords having different inter­

vals orintervalHc arrangements. Included in this section is a discussion of the 

statistical properties of tetrachords, including various means (geometric 

mean, hannonic mean, and root mean square; see chapter 4) and statistical 

measures of central tendency (mean dl!viation, standard dl!Viation, and var ­

iancl!). Both tabular and graphical rl!prl!Sentations arl! uSl!d; thl! tabular is 

useful to produce a feeling for the actual valUI!S of the parameters. 

Thl!sl! concl!pts should be hl!lpful in organizing modulations betwl!l!n 

various tetrachords and tetrachordal scales. For exampll!, onl! could cut thl! 

solid figures generatl!d by the various ml!ans OVl!r thl! who!1! tl!trachordal 

space by various planes at different angles to the axes. The intersections o f 

the surfaces with the planes or the interiors of the bounded portions of the 

figures of intersection define sets of tetrachords. Planes parallel to the bases 

define tetrachordal sets with invariant values of the means, and oblique 

planes describe sets with limited parametric ranges. Similarly, lines (geo­

desics) on the surfaces of the statistical measures delineate other tetra­

chordal sets. Thl!Se techniques are similar to that employed by Thomas 

Miley in his compositions Z-View and Distanu Musir, in which the inter­

sections of spheres and planes defined sets of intervals (Miley 1989)' 

The distance functions are likewise pertinent both to manual and algo­

rithmic composition. J ames Tenney has used hannonic and meJodic dis­

tance functions in Changes: Sixty-four Studits for Six Harps, a cycle of pieces 

in I 1-limitjustintonation. Polansky's morpholOgical metrics are among the 

most powerful of the distance functions. Polansky has used morphological 

metrics in a number of recent compositions, although he has not yet applied 

them to sets of tumngs (polansky, J99J, personal communication). His 

compositions employing morphological metrics to date are 17 Simplt Mtl­
odia oftht Stimt Lmgth (198,), Distantt MUI;(! I-VI (1987), DIm (1989), 

Thru Studiu (1989) and Btdhaya SiuJr4/ Btdhaya Guthn't (1988-1991). 
In the absence of any published measurements known to the author of 

the perceptual differences between tetra.chordal genera and tetra chordal 

pennutations, the question of which of the distance functions better models 



perception is unanswerable. There may be a number of interesting research 

problems in the psychology of music in this area. 

The chapter concludes with a discussion Rothenberg's concept of pro­
pn·tty as it applies [Q tetrachords and heptatonic scales derived from tetta­

chords. Rothenberg has used propriety and other concepts derived from 

his theoretical worle. on perception in his own compositions, i.e., Inhllrtnonu 

Figurati()1Jl (Reinhard 1987). 

Historical classification 

The ancient Greek theorists classified temchords intO three genera 

according to the position of the third note ITom the bottom. This note was 

called Ikh/mOl ("indicator") in the hypaton and meson tetrachords and 

paranttt in the diez.eugmenon, hyperbolaion, and synemmenon tetrachords 

(chapter 6). The interval made by this note and the uppennost tone of the 

temchord may be called the charlltttrmit mttrlJai (CI), as its width defines 

the genus, though actu:llly it has no historical name. If the lichanos was • 

semitone ITom the lowest note, making the CI a major third with the 4'3, 

the genus was termed enharmonic. A Iichanos roughly a whole tone from 

the III produced 11 minor third a and created a chromatic genus. Finally, 

a lichanos a minor third from the bottom and a whole tone from the top 

defined 11 diatonic tetrachord. 

The Islamic theoriSts (e.g., Safiyu-d-Din, t 276; see D'Erlanger 1938) 

modified this classification so that it comprised only two main categories 

translatable as "soft" and "finn." (D'Erlanger 1930; 1935) T he soft genera 

comprised the enharmonic and chromatic, those in which the largest 

interval is greater than the sum of the two smalle r ones, or equivalent1y, is 
greater than o ne haJr of the perfect fourth. The firm genera consisted of the 
diaton ic, including a subclass of reduplicated forms containing repeated 

whole tone intervals. These main genef2 were further subdivided according 

to whether the pylma were linearly divided into approximately equal (J:t) 

or u nequal (1:1) parts. The 1:1 divisions were tenned "weak" and the 1:1 

divisions, "strong." 

These theorists added many new tunings to the corpus of known tetn­

chords and also tabulated the intuvaltic pennutations o f the genera, This 

led to compendious abies which mayor may not have reflected actual 

musical practice. 
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Crocker's tetrachordal comparisons 

Richard L. Crocker (1963 ,1964,1966) analyzed the most important of the 

ancient Greek tecnc.hords (see chapters 1 and 3) in terms of the relative 

magnitudes of their intelV2is. Crocker was interested in the relation of the 

older Pythagorean tuning to the innovations of Archytas and Aristoxenos. 

He streSSed the particular emphasis placed on the position of the lichanos 

by Archytas who employed 28127 as the first interv2l (parhypate to lit) in 

aU three genera. In Pythagorean tuning, the chromatic and diatonic par­

hypatai are a limma (2561243 , 90 centS) above hypue, while the enhar­

monic division is not certain. The evidence suggests a Iim'11Ultic py/m07l, but 

it may not have been consistently divided much prior to the time of 

Arc.hytas (Wtnnington-Ingram 1928). 

Archytas's dlvisions are in marked cona-ast to the genera of AristoxenO$, 

who allowed both lic.hanos and parhypate to vary within considerable 

ranges. With Archytas the parhypatai are fixed and all the distinction 

between the genera is carried by the lichanoi. These relations can be seen 

most clearly in 5-1, 5-2, and 5-3. These figures have been redrawn from 

those in Crocker (r¢6). 

This type of comparison has been extended to the genera of Didymos. 

EntosthenesandPtolemyin 5-4, 5-5. and 5-6. The genera ofDidymos and 

Eratosthenes resemble those of AristOlCenos with their pykna. divided in 

rough equality. 

Ptolemy's divisions are quite different. For Aristoxenos, Didymos. and 

Eratosthenes. the ratio of the intemlls of the pyknon are roughly I : I. 

except in the diatonic genera. Ptolemy. however. uses approximately a 1:1 

relationship. 

Barbera's rate of change function 

C. Andre Barbera (1978) examined these relations in more detail. He was 

especially interested in the relations between the change in the position of 

the Iichanoi compared to the change in the position of the parhypatai as one 

moved from the enhannonic through the chromatic to the diatonic genera. 

Accordingly, he defined a function over pairs of genera which compared the 

chllnge in the location of the lichanoi to the change in that of the par­

hypatai. His function is (lichanos2 - lichanos )) I (parhypate2 _ parhypate) 

where the corresponding notes of two tetra chords are subscripted. This 

function is meaningful only when computed on a series of related genera 
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S- l . ArrhytM'lgtntra. TbtStgmuillutwil llm_ 

nilnt 11h71U thlirp'"byptltt. 

lNHARMOI'I'IC 

18h736/35 _____ ,::./,,4 ___ -. 

o 63 l IZ 498 

CH ROMATIC 

18h , 14l/u 4 31117 

a 'J '04 498 

D'AT OI'I" C 

18/1 7 81, 918 

a 'J ' 94 498 

5" - 1 . Pyth'g"Ylln gmtnl. Thm gnun,.,., tradi­
titmltllynttributti to Pyth.gur-s,lmr in fnrt 111" of 

&hyltmilln origin (DudJmu-GuilkmillI96J, 
1969), Tht rJroiIiOll ,f tIN mh.''1II,1Ik pylmlPl is not 
.blaum, bllt lnlmlJ pJnusill/t runingr II'" Jjl ltd in tht 
MamClltllJog. 

a 

ls6h'l) 

a 

15611 '0 
a 

ENHARMON I C 

81/64 

C HROMATIC 

lt8711 048 )1117 

90 '04 

D ' ATOI'I'I C 

918 

90 '94 

408 

9/8 

408 

5-3 , ArinutflOl'l gmrrll, u:prtllti/ in Ck,nidD'I 
p.nsr'1lthtrtlJlln rllti,l. O7lt ptmtfWI/r t 6.667 

=U. 

ENHARMONIC ----.------------= o SO 100 500 

3"'3 ... 14 I'ARTS 

10PT CHROM ATIC ----------------= o 67 III 500 

4"'4 ... 11 ',o.n'S 

KIM IOLIC CKJ.OMATIC 

a 15 " A ,00 
4,S "'4·S ... 11 I'AItTS 

' .... TIHU C H ~OMATIC 

a .00 '00 ,00 
6 ... 6 ... 18,ARTS 

10FT D IATOI'I'IC 

a ' 00 "A ,00 
6 "' 9 "" SPAllTS 

I .... T£NSi D IATONIC 

a ' 00 JOo ,00 
6 ... I1 ... n I'ArTS 
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S-4- ~'Jgmm. D.id]Mat'JdmmultKiJ 

proNhly rJu mMt ~t nmingfor th' 6/5 
gmllS. His di6unic difftr: from PttJImry '/~ in sh, 

I1I'dn-tfsht 91' 1M 1019. 

INHAIWONIC 

)1~13Iry:O: ________ -""~4C-____ ~ 

49' o H III 

cnlONATIC 

1611 S ISh ... 61, 
0 '" '" 49' 

DIATONIC 

t611S 1019 9" 
0 '" '94 49' 

s-s. &4tMdnus'lgmer,. Enttcnhmu'sli#tUl1# 
is th, _ III PttJImry'l diront di4lrmic. 

INH.4.IWONIC 

... 0/3939,'"':;.' ________ ';;9::.";;' ______ --::-; 
o 44 89 498 

CHaOIolt\TIC 

OIt\TONIC 

5-6. Ptokmy's gmtrll. Only Ptokm,'scmmgmtT4 
,ruh,mm. Pr4kmy's trJtfK di4umit is rht IImt II 

Arrbyw's di4umic. His ditUl'lt d;'r(l1lic is fb, 

Pyrhllgrtnl1l dilt,,:it. 

INHt\IMONIC 

46/45 1411 ] 514 

o " 
u, 49' 

SOrT CHROMATIC 

18h1 ISh4 61, 
o 6) 181 49' 

I NTINU c nlOMATIC 

n / u nil I ,I. 
0 

., 
'J' 49' 

SOrT DIATON IC 

11110 1019 81, 
0 " 

,., 49' 

INTINU DIATONIC 

16IIS 9/8 1019 

0 '" ". 49' 

IQUAIU DIATONIC 

u /n 11110 1019 

0 ", ". 49' 

50 (l lfA PTU. S 

, 



5-" Bllrhml's funmon ilpplitd roArisroxrmJJ'silnd 

Prolrmy's gmtril. 

50fT CHR./UIH. '-0 
SOFT CHR./nrn. , .8 

"Vol. CHa/sOFT CHR. '.0 
INT. CHR1SOFT CHII. 1.71 

INT. cIIR.lHnl . CHR. '.0 
INT. 01A11HT. CII R. 1·74 

"4 

5-8. RIltio ofliehilTlDl topnbypnu inArisro.r:tml1's 

(lnJ PtoJmry'sgmtfJI. 

ENHARMON!C 

SOPT CHROMATIC 

INTENSE CHIIOMATIC 

'.0 

'.0 
__ 1.889 

1-_ " ... 
' .0 

'" SOFT DIATONIC 3.141 

1.156 

1----- '.0 
lJoorrENS! DIATONIC 1 .81 r 

·94 

HIMIOUC CHROMATIC f----- ' .0 

TONIC DIATONIC 

orrom DIATONIC 

EQu ..... u DIATONIC 

• ARISTOXENOS 

• PTOLEMY 

• RATIO (PTOLEMY!AltI$TOXENOS) 

such as Aristoxenos's enhannonic and his chromatics or on the cor­

responding ones of Ptolemy. The extent to which such calculations give 

consistent values is a measure of the relatedness of the tetnchordal sets. 

rn 5-7. the results of such calculations are shown. The value for Ans­

toxenos's non-diatonic genen. is 1.0. Ptolemy'S genera yield values near 3.0, 

and the discrepancies are due to his use of superparticular ratios and just 

intonation rather than equal temperament. The proportion of the Ptol­

emaic to the Aristoxenian values is near 1.4. 
These facts suggest that both theorists conceived their tetrachords as 

internally related sets, nOt as isolated tunings. Presumably, the increase 

from 1.0 to about 3 of this parameter reflect! a change in musical taste in 
the nearly SOO years elapsed between Aristoxenos and Ptolemy. 

Both ancient theorists presented additional genera not used in this 
computation. Some, such as Aristoxenos's hemiolic chromatic or Ptolemy'S 

equable diatonic, had no counterpart in the other set. Ptolemy'S soft dia­

tonic appears to be only a variation or inflection of his intense (syntonic) 

chromatic. His remaining two diatonics, the tonic and ditonic, were of 

historical origin and not of his invention. The same is true of Aristoxenos's 

intense diatonic which seems clearly intended to represent the archaic 

ditone or Pythagorean diatonic. 

A comparison of the corresponding members of these two authors' sets 

of tetnlrchorw by a simpler function is also illuminating. If one plots the 

ratio of lichanas to parhypate or, equivalently, the first interval versus the 

sum of the first two, it is evident that Aristoxenos preferred an equa l divi­

sion of the pyknon and Ptolemy an unequal 1:1 relation. These preferences 

are shown by the data in S-8, where the Iichanoslparhypate ratio is 2.0 for 

Aristoxenos's tetrachords and about 3.0 for Ptolemy'S non-diatonic 

genera. 

One may wonder whether Ptolemy'S tetrachords are theoretical 

innOV3tions o r whether they faithfull y reflect the music practice of second 

century AJex2ndria. The divisions of Didymos and Erat05thenes, authors 

who lived between the time of Aristoxenos and Ptolemy, resemble 

Aristoxenos's, and there are strong reasons to assume that Aristoxenos is 

a trUStworthy authority on the music of his period (chapter 3). The lyra 

and kithara scales he reports as being in use by contem{X)rary musicians 

would seem to indicate that the unequally divided pyknon was a musical 

reality (chapter 6). Ptolemy's enhannon.ic does seem to be a speculative 
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S~ NI~Arinoxminl d4ttijiuti(Jl'l.'+ b+c" SOD 
una. Thil tW.rifiution iJ Mud (JI'/ tht Jiu of fbt 

lny,m f1rdJmmtrist~ mtlTWi (CI)i the tgUJIf 

Jiviritm oftht pybum (a+b) itmlyiUUItr6riwtmd 
ou,rr Jivinfn1 aist. The hypnmbllTm«lic gt1lmJ 
h.w e ll HrTZItm tJ)t rujur third tmd the folln1J/mJ 
P1~ric int~rf _til riu. The mh6rnumic 

~amum CIsllpprw:;m.tiIIgflflljarthirds. Tbt 

~gt1lmJ nmgl frr!m U" tift cJmmusrK fl) 
the J>Jft Jimtlic vi ArinIJXm4if1r tbt mlmJt 
t:hrom.tit ofofPrdmtJ. 'fit tii4U1flitllrt ~I tbctl 

gmm tDitbDut pym., i.t., toh«, l#rgtn illlmm/ is 
lmtb." lJormu. 

KYJIIIN'HA..W OH IC 

tllo<lI. bS 3tiJ 7 

23+1)+454 to 3H+37'S.'Psrmo 
8o!79,W,8. ll!tO ~ 50/49'49'48 ' )1115 

IWKA.MONIC 

3t1t 7<ubSd3 

)7'5+37.5 "'415 w 61.S.6J .S+37SU71tJ 
48/47 ·,t7/46 ' 131t8 to 30119 ' 29/18 . 56/45 

CHROWATIC 

t/)<II.bS,c 

62 .5+61.5+375 ~ n5+u5+l5ocmU 

19/18 ' J8h7,)6h9 to ISII4"¥I) ' 51' 45 

DIATONIC 

t< II.DSJt 

IJS+IJS+JSO 16 167+167+I67rmU 

100/97 '97'90' ISh] to IIho· Ilho ' 400/36) 

consttuct as the enharmonic genus was extinct by the third century BeE 

(W"mnington·Ingram I9)1). His equable diatonic, however, resembles 

modem Islamic scales and certain Greek orthodox liturgical tetra chords 

(chapter 3). 
These historical studies are important not only for what they reveal 

about ancient musical thought but also because they are precedents for 

organizing groups of teuachords into structurally relued sets. The use of 

constant or conmsring pyknotidapyknotic proportions can be musically 

significant. Modulation of genus (~~04 lCU'tU lEvoa) from diatonic to 

chromatic or enhannonic and back was a significant stylistic feature of 

ancient music according to the theorists. Several illustrations of this tech· 

Rique are found among the surviving fragments of Greele. music (\Vrn· 

nington·Ingram 1936). 

Neo-Aristm:enian classification 

The large number of new tetnlchordal divisions generated by the methods 

of chapter 4 indicates a noed for new classification tools. A conveniently 

simple scheme is the neo·Aristoxenian classification which asswnes a tem­

pered £owth of 500 cents and categorizes tetrachords into four classes 

according to the sizes of their CIs. For tetrachords in JUSt intonation, the 

fourth has 498.045 cents, and the boundaries between categories will be 

slightly adjusted. The essential feature of this scheme is the geometrical 

approach of chapter three. 

Those new genera whose CIs fall between a major third and perfect 

fourth may be denoted hypmnharmonic after Ervin Wilson (personal 

communication) who first applied it to the 56/55 . 55154 . 917 genus. The 

hyperenhannonic CIs range from roughly 450 cents down to 415 cents. 

The next class is the enhannonic with CIs ranging from 425 to 375 cents, 

a span of 50 cents. The widest division is the chromatic, from 375 cen ts to 

150 cents as it includes CIs whose widths vary from the neuml thirds of 

approximatdy 36~350 cents (16113, 11/9, 1711 z) through the minor and 

subnUnor thirds (615, 716) to the "half·augmented seconds" (15113, 52/45) 
near 1.50 cents. Beyond this limit., a pylc.non no longer exists and the genera 
are diatonic. 

Thls neo-Aristoxenian classification is summarized in 5-9. The limits of 

the categories are iUusuated with representative tetrachords in just 
intonation. 
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5-10. Plot of cbfll1lcttristU inmwu iJt71U.r 

fJI11'hyplltlli. The flurnDluofrht iU/lJtrQtilJt mtscn 

tttnuhunJ in flKtnding ordero! piuh tin by/llllt, 

parbyplltt, lithl1nos, IIndmtst. The CI is the inurwll 

krwun l«hanOl/lllt/mat. 

5-11. Plot of lie-hanoi IIt'I'lUJ parhyplltn;. 

5-I1, Fint inttnJalpiomd I1gllimr Jtcont/inttT1J(lU 

of majllt" mradlOrdal gmtl'll. The Ittl'tuhordt pJotud 

hmllrt 50 + 50 +400,100 + 100 +)00, TOO + 150 

t 150, 100 t 100 t 1 00, tint 166.67 t 166.67 + 

166.67 (miS in IIll of tin;,. illttTVlli& ptlWlUlllliDIU. 

Tbt ptrmutatifm,u! thl soft dultmi( gmlll dt lilllllft 

tht region ()jRothtllbtrg-pll1ptr diatonic Kalu. 

o r ··"?,. 
DIATONIC 

<00 

'ARHY'AT1! 

5-11 • 

These four main classes may be further subdivided according to the 

proportions of the two intervals whlch divide the pyknon, or apylmon in the 

case of the diuonic genera. Because of the large number of possible divi­
sions, it is clearer and easier to display the various subgenera guphiaUy 

than to try to name them individua lly. Thus a number of representative 

tetrachords from the Main Catalog have been plotted in 5-10-11 to illus­

trate the most important types. 

In 5- 10, the first interval, as defined by the position of the note parhypate, 
h2S been plotted against the characteristic interv21. For most of the his­

torical tetrachords of chapters 1 2nd 3, this is equivalent to plotting the 
sma llest versus the largest intervlllis or the first against the third . The 

exceptions, of course, are Archytas's enhannoruc and diatonic and Oidy­

mos's chromatic. 

5-1 t shows the position of the third note, Iichanos, graphed against the 

second, parhypate. This is equivalent to comparing the size of the whole 

pyknon (or apyhllm) to its first interval. This particular display reC2lls the 

Greek classification by the position of the lichanoi and the differentiation 

into shades or chroai by the position of the parhypatai. 

The first interval is planed against the second in 5-11 . In this graph, 

however, all of the pennutations of this set of typical tetra chords are also 

plotted. This type of plot reveals the inequality of interv211ic size between 

genera and distinguishes between pennurations when the tetrachords are 

not in the standard Greek ascending order of smallest, medium, and 

large. 

DIATONIC 

rl CMIOMATIC 

~ INIU....,ONlC 

r.:J IfTpfUNILUIWO""C 

' 00 
",aHY'ATI 

' 00 

5-12. 

4 00 

o 

a INH,u.MOWIC 

x Itn'lNSl CHtOWATIC 

+ 101'T DIATOWIC 
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o ~w.t. OlATOWiC 

o 
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s- I]. lntnwilit ;""fWllity ftmrtiDns qn pm 11114 
umpmd trtnubords. 

.... TIOS ClilollN cllwlD wmlloIlN 

HYPU.ENH,l.aWOM1C 

S6/SS . SS/H ' 9/7 13095 1}·7° 1.018 

INH,l.aWONIC 

18117' 361)5'5/4 7.911 66.136 1.191 

)1/]1 '3 1/30 ' 5/4 7.018 6.SoS I.oB 

itS/45 '1+,13 ' 5/4 10.15 P43 1.936 

CHIOWAT1C 

Joll9' 1911S, 6/5 HS4 3-371 1.054 

18117' 15114.6/5 5.0 1] 1.642 I,S97 

16115 . 25/14.16113 50194 S·oS6 1.041 

39/38. 19118 . 16113 7-994 3.840 1.081 

14h 3 • 13/n . n /9 4·7 IS 4.5 14 I.o44 

3+'33' IS/17 ' J 1/9 6'711 305 11 1.915 
16/15' 15/14 ' 716 1'389 u14 1.069 
11/2 1 . u/n . 716 ).]14 1.772 1.870 

DlA.TONIC 

14113' I] / n . 8/7 1.801 1.668 1.080 

11110' 10/9 . 8/7 1.737 1.167 1.159 
18117' 9/8.8/7 3.671 u33 PJ9 
r6hS ' 10/9 ' 9/8 1.815 l.n8 J.633 
156/143' 9/S. 9/S 2.160 1.000 1.160 
11/11 • I IlIa . 10/9 1.111 1.105 1·095 

TEMPEaf.D TETUCHOIDS 

50+ 50+ 400 8.00 S.oo >'00 

66.67 + 13H3 + 300 4.50 1 . 25 '.00 

100 + 100 + 300 3.00 3.00 >.00 

100+150 + 150 1.50 1.67 J·So 
100 + 100 + 100 '.00 '.00 ,~o 

166.67 + 166.67 + 166.67 >'00 1.00 ' .00 

Internillic inequality functions 

More quantitative measures of intervallic inequality are seen in 5-13 . The 

first measure is the ratio of the 10g.1rithms of the largest interval to that of 

the smallest. In practice, cents or logarithms to any base may be used. This 

ratio measures the extremes of intervallic inequality. The second measure 

is the catio of the Iugest to the middle-sized interv21. For tetrachords with 

reduplicated intervaJs. Le., 1561143 . 9/8. 9/S or 16ltS . 16IIS '75/64, the 
middle-sized interval is the reduplicated one, and this function is equal to 

one of the other two functions. The third measure is the catio of the mid­

dle-sized interval to the smallest. This function often indicates the relative 

siteS of the twO intervals of the pyknon and distinguishes subgenera with 

the same cr. 
These functions measure the degree of inequality of chI!; three intervals 

and may be defined for tetnchords in equal temperament as well as in JUSt 

intonation. All of thesl!; functions are invuiant under permutation of 

inter'Vllllic order. 

Harmonic complexity functions 

In addition to being classified by intervallic siu, tetra chords may also be 

characteriud by their harmonic properties. Although harmony in the sense 

of chords and chordal sequences is discussed in detail in chapter 7, it is 

appropriate in this chapter to discuss the harmonic properties of the te[­

rachordal intervals in teons of the prime numbt;rs which define them. 

The simplest harmonic function which may be defined on a tetnchord 

or over a set of tetrachords is the largest prime function. The VlIlul!; of this 

function is that of the largest prime number gre2ter than 1 in the numer­

atars or denominators of three ratios defining the tetra chord. The tetra­

chord (or any other set of intervals) is said to have an n-limitor be an n-limit 

construct when 12 is the latgest prime number in thl!; defining ratio(s), 

irrespective of its exponent and the exponent's sign. 

One limitation of thl!; n-Iimit function is that it uses only a small part of 

the infoonation in the tetrachordal intervals. As a result, numerous genl!;ra 

with different melodic properties have the same n-limit. However, this 
one-dimensional descriptor is often used by composers of music in just 

intonation (David Doty, personal communication). For example, the fol­

lowing diversesetoftetrachords all contain 5 as their largest prime number: 

lS1r4' uS/u S, S14,lS6lr 43 ' SI /80· 514, 161IS ' 2Slr4 ' 615 , 2S6lr43 . 

S4 C HAPTIR 5 
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s· 1:+ HAnnonie annpkxity lind limplicit] fuM­
tionslm utJ1l(b01W injust inlln'llltil)tl. (I) CI ctmt· 

plaity: tbe sum oftbe prinu fonon of the targtrt 
intnvlli. (l) PybJotiewmpkxity: thtjoinuompia. 
ity of the two intnl.lllls of the pylmon. WAf.ItrIIgl 
complexity: thtllrithmtticmtllnof thl C[ IIndpylt. 

7UJtimnflpltxitiu. (f) Totlll«Jmplaity: thtjoint 
tfltnpJtxityoftht mtirt ttN'PlbtmJ. (s) Harmonic 
simplicity: I oller tht rum oftbt primt fanclT grtattr 

tblln 1 ofthe1'lltiotkfming tbt CI. lt bllsbtm nor· 
mll/iud by dividing byo. :1 , /IJ the mlUimJml !lIl/UtOf 
thl unsultdfimC1ilm iJ O. l ,lorrespcnding to J/f 
whost Wibon '1 romphxity iJ J . 

RATlOS , ) 4 5 
HVI' ;RI'.NHAaM Of'lIC 

56155' 55 154 '9 /7 ' ) " u ·5 " .)846 

ENH ... RMON IC 

18117' J6/)5' 514 5 " ' ) " 1.000 

32/3 1 . 31/30 . 514 5 J9 " J9 1.000 

46/45'1411 ]'5 /4 5 )4 19,5 J4 '-000 

CHROMATI C 

10119 '19118 .615 8 )0 " )0 •61 50 

18117'1511 4 .615 8 " 14·5 " .6250 

16115·15h4 · 1611) ') ,6 19·5 ,6 .3846 

39/38 . '9118 . ,61l] , ) )8 15·S ) . . ) 846 
1411] . l]hl ' 11/9 '7 J7 '7 40 .194' 
]4/33' 18/17' 1119 '7 J4 15·5 )4 .1941 

16115 ' 1511 4 '7/6 '0 '5 n ·5 '5 .5000 

u / li' Illtl ' 716 ' 0 " IS'5 " .5000 

Dt ... TO NI C 

14/1] . 13 /u .8/7 7 ') ' 5 ' ) .7143 
llho'10/9 · 8/7 7 ,8 [1·5 ,8 ' 7'4) 
18/17'918 . 817 7 ,6 11.5 , 6 ,714) 

1611 5'10/9'918 6 " 8,5 " .8333 

156/143'9 /8 ' 918 6 '5 10· S ' 5 .8333 
ttlt t .1 11I0. toI9 " " '5 " ·4545 

tH/ n8. 6 15, 161tS ' 75164' 161t5. 10/9' 10/9 ' 27115, and J6h5 ' 9/8. 

1019. Similarly, all the Pythagorean tunings in the Catalog are It the 

3·limit. 
The second limitation of the largest prime nwnber function when 

applied to the whole tetnchord is that it does does not distinguish between 

intervals which may be of differing hannonic importance to the composer. 

Primary distinctions between genera are detennined by the sizes of their 

characteristic intervals. Genera with similarly siz.ed CIs mlly have quite 

different musical effects due to the different degrees of conson:mce of these 

intervals. Similar effects are seen with the pyknotic intervals as well, par­

ticularly those due to the first interval which combi nes with mese or the 

added note, hyperhypate, to fonn an interval characteristic of the oldest 

Greele. styles (Winnington-Ingram 1936 and chapter 6). In these cases, the 

largest prime function must be applied to the individual intervals and not 

just to the tetra chord as a whole. 

For these reasons, other indices of harmonic complexity have been 

developed which utiliz.e more of the information latent in the tea-achordal 

interva4. These indices hive been computed on a representative set of 

tea-achords and their component intervals. The first of the indices is 

Wilson's complexity function which for single interva ls m ay be defined as the 

sum of their prime hctOTS (greater than 1) times the absolute values of their 

exponents. For example, the complexities of 311 and 4 /3 are both 3 and 

those of 615 and S/3 are both 8 (3 + 5)' Similarly, the intervals 9/7 and 

14/9 both have complexities of 13 (3 + 3 + 7). The complexities of the as 

of some important genera are tabulated in 5.14. 
Wilson's complexity function may also be applied to sets of intetv2ls by 

finding the modified least common multiple of the prime factors (with aU 

the exponents made positive). The pylcnon of Archytas's enhannonic con· 

sists of the intervals 18h7 and 3613S. The first ratio may be expressed as 

7 + 31 and the second I S 32 + 5 + 7. The modified least comInon multiple of 

this set is 3) . 5 . 7 and the Wilson's complexity is 11 (3 + 3 + 3 + 5'" 7). The 

average complexity, which is the arithmetic mean of the complexities or the 

a and the pyknon, and the tOtal complexity, which is the joint complexity 

of all three intervals. are also shown in 5-14. In most cases the latter index 

equals the pyknotic complexity. 

An. alternative index which may be more convenient in some cases is the 

harmonicsimpUdty, which is the reciprocal of the compluity. This function 
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s·t s. bdiJun tiinInat bmDlt71 gmtr. in jrut 
inttJtJItjm. Th, tlpptrsnv/nllmbm ilth,Jittmu 

uWUuJ!WI th, I#rgrst vmw thl nMikst inttrWls 

rftlu urr.Jxns. Tht/ndsn isrtJmJlllUJfrr!mt.bt 
fim II1tIi #tlINI inttrwlL Thl EMdiJun tliJun« is 
tb, Sf!I6n ruot vi tb, nt1Jf of tbt JI(WnIv/ tb, 
Jijftrt7l«S IItttDtrn l#rTClJKIIUIing inttrrJg II. V.J1ll1 
6rr in Ct1Itt. 

5-16. ~ distlnasMwmumpmJ,ltImI. 

7ft 1 .'1 ar-.tic is thl -ltnIIJg· form aJf'­

ruptmJin, ttl tbt mtnllt ~it tf Arirttt.rrttu. 
710, t.p61,wtmitil 166.67 + ,66.67 + 166.67 

""". 

may be normalized, as itis in 5-14> by dividing its values by 5. which is the 

muimum simplicity of a CI or tetnchord (because 5/4 is the simplest 

interva.! smaller than +'3)· 

Euclidean distaac:es between tett:achords 

The methods described in chapter 4 and in the compilations of the historical 

authors provide many tetnchords with diverse melodic characteristics. To 

bring some order to these resources, some measure of the perceptual dis· 

t2nce between different genera or between different pennutations of the 

same genus is desirable. While a useful measure of the disunce between 

genera may be obtained from the differences between the characteristic 

intervals, this measure does not distinguish between the subgenera (i.e., the 

I: I and I : 1 divisions of the pyknon). A mor-e precise measure is afforded by 

the Euclidean distances between genera on a plot of the CI versus the 

18h7' ISIt., 615 lSh4 ' r61tS' 61S n /n . nllI . 716 16hS . 9/8 . 1019 u/lt . JIlto· 10/9 

18h 7' ]6/)5 . 514 7J·09 73-99 uH9 191.96 117·94 
70.67 6H] 10]·]7 16J.6J '4H9 

28h7·ISh4·61S 707 1 51.84 nl ·91 159.50 
10-91 ]5.81 97054 98.81 

lSh4 ' 16hS' 615 49-76 119·o4 ISs.39 
40.14 100·9' .. ..,. 

llh I . 11/11 . 7/6 10.16 109.11 
61.1] 71.56 

I6IJS'9/8'1019 ..... S 
55.0 1 

1:1 CHIOWAT1C Ilo'TDIst CHl:OlU.nc SOPT DIATONlC Il<n1!N$I DlA.TONIC IOVAL DIATONIC 
1NH.UJo(0NlC 101.]6 I11.So 158.1t 106.16 160.87 
(so + 50 + 400) 8+89 7"7' lJI .80 158.1 J 164.99 
I:J OROWAm 3H] 60..,. 10S",I 166.6, 
(67 + 1]]+ Joo) 47.14 ]"" 7·4054 105 ... 1 
IM'n:Nn CtnOWATIC SOD 100.0 
(100 + 100 + ]00) 149.01 

50.0 100.0 94.18 
101T CI..t..TON'lC 
(100+150 +150) SOD 106.71 

SOD 68.11 
floITlNn DIATONIC 
(100 + ~oo + 100) 74·54 

14·54 
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5-17. EuditUlln disul1lw btrwtm pnmUtlltNms of 
AI"tlJyw's tMlInMnic gmus. Tht folia/on tIIb­
u"lUd is tiu dfruznct alculllttd 011 Ihe pklr of the jim 
by rht smmd inurval (If the tttJwhrmJ. The olb" 
disuslI(t /unaitm, wmpJltld frllm the grilph of tht 

grtllwt Vmw!h1 /un intt11JII~ islllwllYS uro 
btnllWl ptrmutlltirlns 0/ the SlIme gmus. 

5-18. Ewlilium dirtlfrlltJhttwlm ptrm/ltatioM of 
tmtpo·td genU'lI. 

smallest intervllli or of the first versus the second interv21. 

The distances Ife calculated according to the Pythagorean relation: the 

distance is defined as the square root of the sum of the squares of the dif­
ferences of the coordinates. The Euclidean distance is "'[(CI2 - 0 1)2 + (par­

hypatel-paryhyp2 te 1)2] in the first case and ""[(first interval2 - first intcl'V2i l)2 
+ (second intervah _ second interval ])2'J in the second. It is convenient to 

convert the nlrios inlO cen ts for these calculations. The distances betwttn 

some representative tetrachords in just intonation are tabulated in 5 -15 and 

some in equal temperament with similar melodic contours in 5- 16. 

One may also use the second Euclidean distance function to distinguish 

between pennutations of tetrachords as shown in 5-17 and 5-18. 

18h7' 5/4 ' )6135 )6/)5' 51" . ,8h7 )6/35' 1Sh7 . 5/4 51". 18h7' )6/ )5 51". )6/35 . 18h7 

18h7' ]6135' 514 337-54 337.8 4 10.07 )1).66 ) ')·35 

18h 7' 5/4 ' ]6/35 14 .19 )2].66 457. 29 4 6 7-43 

]6/]5 ' 5/4 - 18h7 PH5 46 7-4] 15B9 

) 6 /35' 18h7' 5/4 ]]7-54 33 7.8 " 

SI4 · J8h7 ·]6135 I'P9 

~NHAliIONIC 50 +400 +50 400 + 50+ So 

50 + 50 +400 ) 50.0 )50.0 

5° +400 +50 "94-97 

INTENSE CHROMATIC 100 + 300 + 100 300 + 100 + 100 

100 + 100 + 300 100.0 100.0 

100 + )00 + 100 ,81 .84 

IrrrF.N"SE DIATONIC 100 + 100 + 100 100 + 100 + t OO 

100 + 100 + J OO 141.41 100.0 

100 + 100 + 100 100.0 

SOFT OIATONIC 100 + 150 + 150 1 50 + 100 + ' 50 ISO t 150 t 100 '50 +1 00 +150 150+ 150+ 100 

l OO t 150 + 150 100.0 70 ,7 1 IIl .8t I SS.II 150 .0 

l oo +150 tI 5° 15S.n 50 .0 HI.I) t80 .18 

150 +1 00 t25° 1 50 .0 100.0 11 1.80 

150t150 + 100 180.28 14141 

150 + 100 + 1 50 50 .0 
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5-19' MmJlflflJsh Dr -city block-disr4nas buwem 
gmwil in just inPmlltUm. 

lSIl, . 36/35' 514 84.S6 
,0.6, 

n/ll . 11/u . , 16 

MinIrows'kian dist2nces between tet:r:lcbotds 

The closely related Minlwwski metricor city hlock disunce function is shown 

in 5-19 and 5-20 for the same sets oftetnchords. The two functions shown 

here are defined as the sum of the absolute values of the differences between 

corTesponding intervals. For the upper setof numbers. the function is (I Ch 

- ell I + I parhypatel-paryhypatel l) and for the lower set, (I firstincervah ­

first interval] I + I second intel'Vlilll-second interwll l). These computations 

have also been done in cents throughout for ease of comparison. 

The distances between pennutarions may also be compared by means 

of the second distance function (5-11 and 5- 21). 

15114' 16115 . 615 1112 I . 11/11 . 716 I6h5' p/8 . 10/9 IlIII' 11110 · Io/p 

92.57 151.11 14s.)6 )05 .78 
,0.67 IIP·44 10) .91 10) .91 

7.71 66.3) 160.50 110.91 
15,42 48.77 IB·14 13).14 

58.61 151·79 11).10 

4S·77 1]3 .14 I)P4 

91 .16 1° 9·71 
84·17 84·47 

n 8t 
60.41 

1:1 CHJlOMATlC II'ITESSE CH1IOMAT IC SOFT DIATONIC INTENSE DIATONIC [QUAL DIATONIC 

£NHAJlMONIC 

(50 + 50 + 400) 

1:1 CJROMAnC 

(67 + 1)3 +]00) 

INT'ENSI! CHROMATIC 

(100 + 100 + ]00) 

SOFT DlATONlC 

(100 ... ISO +150) 

Itn'VrSl! DIATONIC 

(100 + 100 + 100) 

u6.67 
100.0 

150.0 

100.0 

33-33 
66.67 

'OM 150.0 350.0 
150 .0 100.0 13H) 

BJ.33 '33-33 13J.33 
'O~ 100.0 100.0 

50.0 100.0 JOO.O 

, M 100.0 13).33 

50.0 150. 
50•0 8)·33 

100.0 
100.0 
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s-n. MinlrowJkior -dtybl«Jc-di.rril1Uts inrwrmpn'77futIJtilml()[ 
Archyllll't mharmonic gmus. 

18h" )6/35 ' 514 

18/17' I Sh4 ' 615 

I Sh4 ' 16115 .615 

nlll'I1" I , ,16 

16ft S' 918. 10/9 

337·5 4 

36/]5 . 514 . ISh 7 

351.73 

'4.19 

5-11. Minlwwsld (P' "dry b/tJe/r" di.rr1l7l'tS inffJmll 

ptrmutlltirms Dft rmplNd , aura. 

I HltARMONIC 50 +400 +50 

50 + 50 +400 35 0 •0 

100 +150 + 150 

I!ITtSSt CHROMATI C 100 .. )00 + 100 

100 .. 100 .. 300 100.0 

100 .. }OO .. 100 

tHTENSE DL\.TONIC IDO " 100 .. 100 

100 + 100 + 100 1 00.0 

100 .. 100 .. 100 

50fT DIATONI C 100 +1 5 0 + 150 

100+1 50 + 150 100.0 

100+ ' 50 + ISO 

150 + 100 +150 

150 +1 50 +100 

150+ 100 + 150 

400 + 50 + 50 

350 •0 

700.0 

)00 + 100 .. 100 

loo.O 

4 00.0 

100 + 100 + 10 0 

I oo.O 

100.0 

I SO .. 100 .. 150 

100.0 

:100.0 

] 6/15' 18h7 ' 5/4 

18.]8 

337·54 

P HS 

150 +1 50+100 

150 •0 

50 .0 

150 .0 

5/4 ' 18h,. ]6/35 

337-54 

646'7 ' 

660.90 

337-54 

1 50 +1 00 + 150 

100.0 

300.0 

' OM 

5/4 ' 36/15 ' 18h, 

]1],]5 

660.90 

675'°9 

35 1.73 

14.19 

150 "' 50+ 100 

150 •0 

150 .0 

15°·0 
'00.0 

50 •0 
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5-1]. T mNJ pid rn4 b,lmwnittJimmtt fimMns 
OIl Lht inttrWlJ lI/utndJor-dJ injun mll1n4tiDn. 

C, I.'S M1D SMALl. 

S6ISS' SSIS4' 917 O. log .0080 .°078 
1·799 3-413 3-+89 

J81l,. ]6135' 514 .0969 .oI58 .0111 

1.301 1.879 ].100 

31/31 ' F/30' 5/4 .0¢9 .01.'12 .0138 
I.]OJ 1.969 J.997 

46/45 ' 1+,1] ' 5/4 .o¢9 ,0184 .0096 
1.301 1.741 3.156 

lO/r9 ' 191rS · 615 .079' .01 H .011] 

1 .... 77 1.B4 1·S80 

18117' ISlr4 ' 615 .079' .0]00 .oJSB 
1 .... 77 1.]U 1.8,8 

16115 ' 1511.4'16113 .0901 .0117 .0170 
1.JI8 "778 1.8IJ 

39/38·J91t8. t6h3 .0901 .oIlS .011] 

1.318 1,534 ] .171 

141l]· 13/n . U/9 .0871 .0193 .018S 
1.996 1·704 1.74' 

1+'13 ' 18ft,. 11/9 .o8p .0148 .0130 
1.996 1 .... 86 3.050 

16/15 ' ISh". 716 .0669 .0300 mBo 
1.613 1.12 ' 1.380 

n/n . I1l u . ,16 .0669 .0]78 .0101 

1.613 un 1.664 

14/1]' 1]/11 . 81, .oS80 '°348 .0]21 
1.7<48 1.193 2.160 

nhc ' lo/9,S/, .oS80 '°458 .ol11 
I.748 1·954 1.61] 

18h"918.8/7 .oS80 .0511 q80 
l.14B 1.8S7 1.879 

16/15' 10/9 ' 9/8 .0511 .0458 ,0180 
1.857 1.954 1·380 

156h43 . 9/8. 9/8 .0511 .OS II .01l6 
1.857 1.857 ... 794 

11111 ' 11110 . 10/9 .0458 .0414.0]78 
1·954 J.04I J.UI 

Tenners pitch and harmonic distance functions 

The composer James Tenney has developed twO functions to compare 

intervals (Tenney 1984), and has used these functions in composition, 

particularly in Chrmger. Sirty-four Studies for Six Hmps. The first function 

is the pitch..Jisttma function defined as the base·l logarithm of /llh where 

/I and h are the numerator and denominator respectively of the interval in 

an extended just intonation. This function is equivalent [0 ElUs's cents 

which are nco times the base-l logarithm. The second function is his 

barmrmit dUtllTlCt, defined as the logarithm of /I • h. This distance function 

is a special use of the Minkowski metric in a tonal space where the units 

along each of the Ill'es are the logarithms of prime numbers. Thus the pitch 

distance of the interval 917 is log (917) and the hannonic distance is 1 . log 

(J) • log (7). 
These functiOIl!l may be used to characterize tetrachords by computing 

distances for each of the three intervals. This has been done for the set of 

represenutive tetrachords in 5.1). The upper set of numbers is the pitch 

distances; the lower, the harmonic distances. Alternatively, one could also 

apply it to the notes of the tettachord after fixing the tonic and calculating 

the nOtes ttom the successive intervals. 

Bya slight extension of the definition, the pitch distance function may 

also be applied to tempered intervals. The pitch distance is the tempered 

interval expressed as 1 logarithm. For intervals expressed in cents, the 

fonnula is pitch distance . cents/ IlOO log (1); other logarithmic measures 

could be used. This function will be most interesting for intervals which 

are close approximations to those in just intonation. The harmonic dis­

tance function is not well defined for tempered intervals unless they closely 

approximate JUSt interV2ls. 

The Tenney functiOIl!l also may be used to measure the distance between 

tettachords. The pitch distance between the Cis o f two genen is the log~ 

aritlun of the quotient of their ratios; i.e., the pitch distance between S/4, 

the CI of the enhannonic, and 6/S, the CI o f the intense chromatic, is the 

logarithm of 15124- The hannonic distance is the logarithm of )11, the 

product of 5/4 and 615. 

The pitch distance and harmonic distance functions on the Cis dis. 

tinguish genera quite well, though obviously not pennutations of the gen­

era. The Tenney distance functions between representative set of 

tettachords in just intonation are shown in 5-14. One could also apply the 
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n/ll . 11/ 11 . 716 

1:1 CHIIOMATIC 

ENHARMONIC 100.0 

SO + SO + 4 00 700.0 

1:1 CHJ.OMATIC 

6'+[33+300 

II'lTENSB CIIROMATIC 

100 + 100 '" 300 

SOFT DIATONIC 

100 + 150+ 150 

ItolTEWSl DIATOlollC 

100 + 100 ... 1 00 

Tenney distance functions on the pyknotic interv21s to distinguish sub­

genera with the same O . 

The distances between tetrachords in equal temper1ment may also be 
measured by the Tenney functions . The pitch distance of the CIs is simply 

the difference in cents or tempered degrees. The harmonic distance is the 

sum of the as. Data on representative tempered tetrachords are shown 

in 5-15. 

1611 5 . 918 . 10/9 11 111 • I1110 · 10/9 

.0458 .OS IJ 

.14 S 1 .14J 7 

.OJSO .0]}4 

.13°3 •12 49 

.01S0 ·°334 

.13°3 •12 4 9 

.0158 .OJU 

.1 lSI . IUI 

INTWSE CHIOMATIC SOFT DIATONIC INTENSI! DIATONlC EQU.u. DIATONIC 

100.0 150 .0 200.0 13].33 
,OM 65 0 .0 600.0 566.67 

0.0 50.0 100.0 1]].33 
600.0 Sso.o 500.0 466.6, 

50 .0 [00.0 i33-B 
550 •0 500.0 466.6, 

50 .0 S].33 
450 •0 416.6, 

33>33 
366.6, 
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5-l. 7· B,rIDw 'rspujfo blln"onidty fimaion on 
urrlKhonk Ilnd tttrlldJordiJl suits. The rpujfo 
bamwnirity fimnion is the IfUllrt of the numhr'i 
tonts in the suk divitkd by sum Oftbt ndprtxtth af 
the bllP7flonicitiuoftht wmbirullorilll imervah 
(&rlaw 1987) without nglffdtolign. For tht 
ttrrllrhorti, tht mnnhtrofttmts is 4, nl - 16, Il1ItI 

th,,·, Ilrtsizwmbinllt",'wl imtlWlir (Itt 5-:8). The 

¥ cjfo htmMnkity of the Dorilln modI is dEfined IU 

Ilbuvt mvc that n _ 8 (irK/uding the QCtIlvt), nl - 64, 
11M tbnurt 18 inttrvilh (n . (n-I)I1). 

RATIOS Tl?:T1V.CflOItD DO""" 
L 56/55' 55154 ' 9/7 .106] .0973 
,. 1Sh7 ' 36/H' 514 . ISS9 .1633 ,. p I] I . 3'/]0 . 5/4 .0714 .0660 

4 · 46/.H . 14h3 · 5/4 .0SSs .OSIS ,. 10h9 ' 19h5. 61S . I041 .0946 

6. ISh7' I51I4' 61S . 19 I1 .I7!l 

7· 16hS' 25114' 16113 . 1061 .099S 
S. 39/3S, 191IS. 16/ 13 .0719 .0677 

9· 14h3' 23/u. 1119 .0767 .069S 

' 0. 34133 . rSh7· 11/9 .oS4S ,OS07 

" . I61I5' ISII4' 716 .21 70 .t879 

". nlzl 'llhl'7/6 . I 37 S ,1174 
, ,. ' 41I) · 13/n·S/7 . 1147 .1143 

'4· 11110' lolg' S/7 . I739 .1617 

" . lSh7' g/8 . S/7 .!lOI .ISSS 
,6. 161tS' lolg. glS ,16SS .1363 

'7· 1561z43 '9/S' 9/8 ,U11 .1025 
,S. Il/tI' I I/tO'IOlg .,.." .1437 

'9· Ilho· Itho, 400/363 .OS19 .0797 
' 0 16/IS'lSIz4, 6IS ,1374 ·1IB 

n ctor of 1 . ~(hcj), where hifis the highest common factor, must be sub­

tracted from the denominator of the formula. 

Ba rlow's harmonicity function is applied to set of temchords in just 

intonation in S-16. The harmonicities of the three intervals are computed 

separately. The hannonicity of 4/3 is the constant -0. 2.143. The har­

monicities of the pykna are also included to complete the characterization 

of the tetrachords. 

In the case of the general tetrachord a · h· c, where c .. 4/31lb. there are four 

ratios, Ih , a, IJ· h, and 4/3. The 11 . (11- 1)/1 '"' 6 combinatorial intervals are 

IJ, ah, 4/3, b, 4/3IJ, and 4/)IJh. For example, Archytas's enhannonic, 18117 ' 

361]S' S/4, yields the tones III, 18/27. 161IS, and 4/3. The combinatorial 

intervals are 18h7, 161IS, 4/3 , 36/]5. 917, and S/4 the six non-redundant 

differences between the four tones of the tetrachord. The definition of 

these intervals for equally tempered tetrachords is shown as the Polansky 

set in S-48. In just intonation, the sums and differences become products 

and quotients and the tero and 500 cents are replaced by III and 4/3 

respectively. 

For scales and other sets of ratios, Barlow defined a third function, 

tenned sperifo blZrmtmicity, The specific harmonicity of a set of ratios is the 

square of the number of tones divided by the sum of the absolute values of 

the reciprocals of the harmonicities of the combinatorial intervals (Barlow 

1987). For the tetrachord, 11" 4 and n1 _ 16. The specific hannonicities are 

presented in S-27- 19 for various sets of tetrachords. 

Similarly, the specific harmonicities of scales generated from tetrachords 

may be computed. In the case of heptatonic scales, there are eight tones 

including the OCtave (21I) and 18 combinatorial relations, which are defined 

analogously to the six of the tetrachord. The specific harmonicities of the 

same set of tetrachords as in 5-26 are given in S-17. The specific har­

monicities of both the tetrachords and a representative heptatonic scale are 

included in this table, 

The Dorian mode was selected for simplicity, but other scales could have 

been used as well (see chapter 6 for a detailed discussion of scale construction 

from tetrachords). It is the scale composed of an ascending tetrachord, a 

9/8 tone., and an identical tetrachord which completes the octave, Abstractly, 

the tones are III a ah 4/] 311 3f1./z 31Zhll zlI I where /I • 0 . 4/)IJb is the gener­

alized tetrachord in just intonation, The set of combinatorial intervals is a, 

00,4/). )12, ]11/2, ]lzhll , 111, 0, 4/3IJ, 31la, ]11, 30Il,l/IJ,4/3IJb, lllIJh, 3hb, 
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5-18. BfJrW'up«ifo hfJT71UJ1Iidtyfonction 01'1 tht 
ptrmut4tUm1Df Ptokmy's mtmst dUton~g(7nu. 

unol TETUCHOID DO~ ,. I6hS ' 9/8. 1019 ,1794 .lS67 
,. 16IJS' 10/9' 9/8 .1658 . 1363 

J. 918 . 1019 ' 16IJS .1658 .IS3S ,. 918. 16hS' 10/9 ,1586 .1407 

s· 1019' 16115 . 9/8 .1586 .1 ]98 
6. 1019' 9/S . 16/15 .1794 .1486 

311, I/llb, 9/8, 9tV8. 9"hI8, 3h, fJ, ab, 4/3. b, 4 /3 a, 4/3fJb, The repealed 
intervals are a consequence of the modular structure of tetnchordal scales. 

Asan be seen from 5-17. the specific hannonicity function distinguishes 

different tetrachords and their derived scales quite well , 5-28 shows the 

resulu of an attempt to use this function to distinguish permutations of 

tetnchords from each other. Although the specific harmonicity function 

does not differentiate between intervallic retrogrades (a . b· (versus ( , b· a) 

of single tetrachords, it is quite effective when applied to the corresponding 

heptatonic scales . 

Finally, since the specific harmonicity function is basically II. theoretical 

measure of consonance, it would be interesting to use it to determine the 

most consonant tunings or shades (chroai) of the various genera. Accord­

ingly. a number of tetrachords whose intervals had relatively ~digestible" 

prime factors were eumined. The results are tabulated in 5-29. It is clear 

that while the diatonic genera are genenlly more consonant than chro­

matic and they in tum are more harmonious than the enharmonic, there is 

considerable overlap between genera and pennutations. 

In particular, the most consonant chromatic genena are more consonant 

than many of the diatonic tunings. 

5-19. Thr mon C'MlJ:ImI17It gmallll«tlr'ding Ut &rhw's sptrifo 1Mrm0000idtyfonaion. 

IlATlOS T%T1lACHOlD DORlAN "'. 9/8 . 64163 . 716 9 .11]7 .1937 

ENHARMONIC 6 • . 7/6 . ~/63 . 9/S .1137 .1903 

>A. 156124] ' 8r/80 · 514 ,I87S ,1669 1'· 1019 ' 361]S . 716 .1031 .1783 

u . 5/4' 81/80 ' lS61l43 .1878 .1715 1'· , 16 . 36/35 . 1019 .1031 ,1797 

". 18h7 ' 36/]5' 5/44 .1859 .1613 DI.4.TONIC 

n . S/4 ' 36135 . 28117 .1859 .166, ,~ 918. 28117, 8/7 .1176 .1017 
,~ 15114' uS/uS' S/4 .1806 . 1550 u. 8/7' IS127 ' 9/8 .1I76 .19'4 , .. 5/4 ' uS/u5 . 15114 .IS06 .1556 u . 1019' 21120 · 8/7 .uo4 .18SB 

CH ROMATIC u. S/7 ' 11110· 1019 .1 104 .1856 
,~ 16hS ' 15114' 61S .1374 .1133 J. 16115 ' 9/8. 1019 .1794 .1567 

n . 61S ' 15124' 16hS .1374 .1145 J'. 1019' 9/S . 16hS .1794 .1486 

,. l61t 5 . 75164' 16115 .13 17 ,100S 4'. 15611 43'9/8 ' 9/8 .1111 .1015 

". 1019.81/80' ph? .n90 .1046 4'. 9/8. 9/ S , 1561143 .1111 .1105 , .. )1/11' BI/80' 1019 .1190 .1035 s· 1019' 2711S ' 1019 .11SI .1993 .. 15124'17115 ' 31127 .1916 .1745 
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5-30, Efiltr'sgrlldwJU4lJitlltis fiJllcrion OTI un'lI-

c/wl'fiI ill jlln in/(RlII/ion. (1) is II hYPtl'mhlll7!fOTlit 
gnllu, (z)-(4) lin mhlll'711onit, (SHl1) .lId (20) 

IIndmmllltir, and (1 1)-(19) tin dillumir, Tht tet-
1'{l(lxmIJllre in thtir1t4l1danlftn711 with the smaiJ 

inurv./s Qt the hilSe .lId the largen inttlv(li at the 

trip, Stt 5-3 21111d 5-3Jforotber ptrmufatioMoftbt 
un'Qchord, 

Euler's gradus suavitat;s function 

A function somewhat similar to Wilson's, Tenney's, and Barlow's functions 

is Euler's gradw tuIIvitiltil (GS) or degree of hannoniousness, consonance, 

or pleasantness (Euler 1739 [1 960]; Helmholtz [J 8771 I954). Like the other 

functions, the GS is defined on the prime {actors of r2tios, scales, or chords. 

Unlike Barlow's functions, the GS is very easy to compute. The GS of 

a prime number or of the ntio of a prime number relative to I is the prime 

number itself, i.e., the GS of 31r is 3. The GS of a composite number is the 

sum of the GSs of the prime facton minw one less than the number of 
factors. The GS of a ratio is found by first converting it to a section of the 

harmonic series and then computing the least common multiple of the 

tenns. T he GS of the least common multiple is the GS of the ratio. 

Sets of ratios such 35 chords and scales may be converted to sections of 

the harmonic series by multiplying each element by the lowest common 

denominator, For example, the harmonic series (arm of the major triad 

RATIOS INTERVAl. A INTtIlVAl. • " PYlCNON 

L 56155 ' 55154 ' 9/7 '4 " » 15 (ISh7) 
,. 2Sh7- 36/35' 5/4 ' 5 ' 7 7 11(16/15) ,. ]J/3I' }I/ ]O' 514 ,6 

" 7 u (16II S) 

4· ~/"5' 24h 3' 5/4 l' " 7 II (16115) 

5· JOlI9' 19h8, 61S ' 5 '4 
, 10 (10/9) 

6. JSh7' 15/14,6/5 ' 5 '4 
, 10 (10/9) 

7· 16115 ' ISh4' 16/13 " '. '7 17 (13/U ) ,. 39/38, 19IIS , 1611 3 54 '4 '7 17 (1}/I1) 

•• 1411] , 2}/11 , 11/9 " 54 '5 IS (U/II) 

'0. 34/33' 18117 ' u/9 , 0 " '5 IS (ub) 

» . 16ft5' ISh4 ' 716 » '4 '0 10(8/7) 

n . n/u ' H / II . 716 '0 '5 >0 10(8/7) 

". 14h3' 1]/%2,8/7 '0 ' 7 '0 10(7/6) 

' .. 2Iho' 10I9 ,8/7 ' 5 '0 ' 0 10 (7/6) 

'5· J8h7 ' 918. 8/7 '5 
, ' 0 10 (716) 

,6. I6hS' 10/9 ' 9/8 » ' 0 , H (J IIl7) 

'7· lS6h43 . 9/S , 9/8 '. , , 12 (31/27) 

,'. U / II' IIho, 10/9 '5 ,6 '0 , (615) 

' •. IIho' IIho, 400/363 ,6 ,6 lS ]I ( 1211100) 

' 0. 16ftS' 2Sh4 - 6/5 » '. , 10(10/9) 
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S-lt. &Jtr'J grtuUuJU6VitDtis fimaUm em ttlTa­
,h",dsanJuITMwdalsr.alu. (1) is II byptr­
tnharnwnugmus, (1)-(4) IIr'fmh_k, (r)­
(11) mJ (10) /Ire ,brtmUltit, md (I J}-(lg) IIrt dill­
umic. 'flit b(lTm(fl'ju IrrUs rtprtJt1ItIItUm Of rht 
Doriim modt ofI6Ilr·!JI8 . lolg ir JO:J1:J6~0: 
4 r:<f8:r4:60. lu UIISt ,ommen muJtipk is 4 J 10 mJ 
iaGSis 16. 

"",nos nTlACHOlD DO'~ ,. S6lSS . SS/S4' 917 ). II 
,. lS1l7' 36135 ' 51" H '. ). 31/31' 31/30 ' 514 4' 4l 

4· ,,61,,5 • 1,,1:3 . 51" JS )8 ,. lolt9' 191tB. 615 '. )' 
6. 2S1:7' ISIt .. . 615 '9 " ,. 261:5 '2511 4 ' 16/13 " J. 
8. 39/3S, 19ltB . I6h 3 J9 4' 
9· 1.y'13 . 13/11 . 11/9 •• 4J 
,~ 34/3) . ISh 7' 11/9 II J6 
H . I6ItS ' IS",,· 716 " ,. 
H . nIl! . HIlI . 7/6 " " , J. I4h3' I]/Il' S/7 '. " 
' .. nllo· 10/9' S/, '9 'J , ,. lSIl, . 9/8 . 8/7 ,6 '9 
,6. 1611 5 . lolg. 918 ,6 '9 
" . 1561143 • 9/8. 9/8 '9 " ,8. u/n . nllo· 10/9 H '4 
'9· 11110 · I litO' ,,00/]6] JS J8 ,. 1611 5 . 151:4 . 615 " ,. 

S-]l. Eu.Itr'J gradus IN#fJj~tis fimction 0'Il rh, 
ptrm'Mtiltill1ll of Ptokmy'J mtml' dilmmic gmllt. 
(1) is tht priml form. (1) is!ht IIr'Jtr pm by 
~. 

lit 5/4 3h is 4:5:6. The least common multiple of this series is 60 and the 

GS of the major scale thus is 9. 

The GSs of the component intervals of the usllal set of tetr3chords are 

shown in 5-30. The GS of III is 1 and that of 4 /3 is 5· In 5-)1, the GSs 

of both the tetrachords and the Dorian mode gener:llted from each tetra­

chord are tabulated. The GSs of the Dorian mode are 3 more than the GSs 

of the corresponding tetra chords, reSecting the structure of the mode 

which has the identiC2l series of intervals repeated at the perfect fifth. 

The GS seems not to be particularly useful for distinguishing per­

mua.tions of tetrachords, as evidenced by 5-31. It is noteworthy that the 

most hannonious arrangements of Ptolemy'S intense diatonic are those 

which generate the major and narura! minor modes (see the section o n 

aiaiadic scales in chapter 7). 

As with Barlow's functions, the GS r:IInks the enharmonic the least hu­

monious of the major genera, though the most consonant tunings and 

arran~mentoverlapwith those of the chromatic (5-33)' Similarly, the most 

hmnonious chromatic tuning:; approach those of the diatonic. 

Interestingly, however, the most harmonious enharmonic tuning is 

18117' 5/4' 36/)5 and its retrograde which have the largest interval medi­

ally. The same is true for the chromatic J61I5 . 6/5 . 2511+ Of the diatonic 

forms, the two arnngements of Ptolemy's intense diatonic with the 9/8 

medial are the most consonant. 

Although the GS is an interesting and potentially useful function, it docs 

have one weakness. Because the ntios defining small deviations from 

ideally consonant intervals contain either large primes or large composites, 

the GS of slightly mistuned consonances can become arbitrarily large. 

Thus the GS would predict slightly mistuned consonances to be extremely 

dissonant, a prediction not consistent with observation. 

:lAnai TrnACHOJU) DOR1.AN ,. 16/15' 9/8. 10/9 'J ,6 
,. 16/I 5 . 1019' g/8 ,6 '9 
). g18. 1019' 16ltS ,6 '9 
4· 9/8· 16hS' 10/9 ,6 '9 ,. 1019' 16hS '9/8 ,6 '9 
6. 10/9' g/8 . 16/IS 'J ,6 
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RATlO S TnltACHORD DO RIAN This failure, however, is a feature shared by the other simple thwries of 
ENHARMONIC consonance based upon the prime factorization of intervals. H elmholtz's 

,~ lS6h4) ' B1/80· 514 'J .6 beat theory (Helmholtz. II8n1 1954) and the semi-empirical "critical band" 
>A. zSh? 36/35' SI4 .. ., 

theories ofPlomp and Levelt (1965) and IUmeoka and Kuriyagawa (I¢9a, 
" . zSh? . S14 ' )6/35 

" " 1969b) avoid predicting infinite dissonance for mistuned consonances, but ". )6/35' ISh? S/4 " ., 
J~ I Sh4 ' uB/uS' S/4 " ' 5 

are more complex and difficult to usc. The prime factor theories are ade-

CH ROMATI C 
quate for theoretical work and for choosing between ideally tuned musical 

>A. 1611S' ISIl4 ' 61S ' 7 " 
structures. 

" . 1Sh 4 ' r6l1s· 61S " .. 
.~ 161JS ' 61S' ISIz4 ,6 " 

Statistical measures OD tetrachordal space 

•• 16hS ' 7S164 ' 16115 ' 7 . 0 The concepts of the degree of intervaUic inequality and of the perceptual 
J' . 10/9 .81/80 ' plz? " " differences between terrachords may be clarified by computing some of the 
J'. plz? . SI/80· 1019 " " standard statistical measures on a set of representative tetrachords. The ... IS / 14 ' 1?IzS' P lz 7 '0 'J , .. 311l? l?hS ' lSIz4 ' 0 'J 

arithmetic mean of the three intervals is 500/3 or 166.667 cents in ~ual 

5' · I6/l S' ISII4 ' 716 ' 7 . 0 temperament or )-1(0/)) in JUSt intonation. The mean deviation, standard 

5' · 16hS ' 716. r5/14 " " deviation, and variance are calculated according to the usual formulae for 
6, . 9/8.64/63' 716 

" " entire populations with 1'1 • 3. These data are shown in 5-34 fOT some rep-
6,. 64/63 ' 9/S · 7/6 ' 7 ' 0 resentative tetrachords in just intonation and in 5-35 for a corresponding set 
7' · 10/9' )6/)S ' 716 

" " in equal temperament. Vv'hile not distinguishing permutations, these func-
7'· 10/9' 7/6 . 36/35 " " tions differentiate between genera quite well, although the degree to which 
,~ 36/)S . 10/9' 716 . 0 'J the mathematical differences correlate with the perceptual is not known. 

D IATONIC 
The geometric mean, harmonic mean, and root mean square (or quad-

". 9/8 . zS/27 · 8/7 " .. 
u . 8/7 ' 9/S , 18117 , 6 " 

ratic mean) may be calculated in a similar fas hion. Like the other statistical 

a . 10/9' 11/20. 8/7 " .. measures above, these are non-linear functions of the relative sizes of the 

" . 111z0· 10/9' S/? " n intervals and they have considerable ability to discriminate between the 

J'. 1611S ' 918 . 10/9 'J , 6 various genera. The relevant data are shown in 5-)6 and 5-) 7' 
J'. 1019' 9/S. 16115 'J .6 Severa l properties of these functions are apparent: for a given degree of 
¥. 156/243 ' 9/S . 9/8 " " intervallic asymmetry, the root mean square will show the greatest value, 
5· 10/9 ' 1?/15 . 10 /9 " . 0 

5 -3 3· Tbt mlJtt CDMJnlmt gtntra amlr4ing to Eultr', grvdrI.J IUIlviutis {ll1Iaiun. TheIl 
nltUlHlrt the mOlt ronIOllImt ptrtnuutillTll of tht nwt amsman: tunings oj't8th of the gm­
tra. In (asts'Wh~ tht mart amscmunt pt'Tfllltatill1l aaarding ~ Barluw 't fimai(}ll1 iI diffrr­
tntfrD'm thtam(s) ammJil'lg to Ell/tr'l, both art givm. Tht grllllw fU4vil4tisoj'astt of 
ratios i1 tht GS ofthtir leart tomtn(}l'1 muhiplt afttr tht Stt has bWI rramformtd inlO a har­

mtmin mtl. 
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MEAN DEV. STANDA1W DEV. VARIANCE 

5·3+ Me." tkvitltJlmt, rumJMJ dtvUltW1IJ, 1M 1811,. 36/35 . 514 146.8, ISS ·88 14199.3 1 
wrilnuuftht mttnJlu of tttrldHtrdr in just mtt)- 18h, . 15/14.615 99·75 108.19 tl7I j ·73 
1IIItitm. The tlritlmutit mll7f btu the amsumt VlllU ISh4 ' 16/15 . 615 99-75 1°7.11 11474·97 
166.67ttrW (roo/pfortUJgmtr"lI.lnjwt mtl1Nl- n IH ' I1/u . 7/6 61.2 4 76.84 5904·95 
tim iu IJIIlw isthtcubi rDQt~fflJ . Tbt ruMm-d I6IrS ' 918. 10/9 36.19 39.38 ISSo.H 
tklJi#ri«J.md v.rilmtt 6fT (Of1Iputtdsith n-J. n/ll . IIItO · 10/9 10·93 11 ·99 168.70 

!.ClAN DW. nAND"'a.o DEV. V"RL!.NCl 

RNlt\I.WONIC 155.56 164.99 17 J 21.11 

S·35. Mel'" milltmu, stJmdJIrd tkvilltitmI, mtJ (50 -t 50 + 400) 
1:1 CHlIOKATIC 88·89 98.13 96ag.61 

wriIm«J of tht intnwls o/u",ptnJ rttT.d#ds. 
(67+ 1 33+300) 
IN"nNSE CHROMATIC 88.89 9·.p8 8888.89 
(100 ... roo + 300) 
SOIT DIATONlC 55.56 61.3 6 3888.89 
( too + 150 + IS0) 

INTINSI DIATONIC H·44 47.14 1112.12 

(100 + 100 ... 100) 

EOUAL DIATONIC 0.0 0.0 0.0 

GEOMlnlC HAJiMON IC OM' 

5.36. GttmUrr1tmtl11l, bllr7NQ7licmttm, ilMmn 1811" ]6/35' 514 loS·S6 16.97 21 7.7] 

mum Sfllilrt of the mrmNdI ofurrlKhllt"lb hi ftut 1SI1, . I S1t4 ' 61S 133-40 109-40 19B.1 I 

imonIlti",,- Far n .. J, the gtrmutMt 1M1I1I is the OIH 2S114 ' 16ItS ·61S 13S·SB II4· 2I 191·SB 

roIlt of •. b·lioo -1- b)j tbe bllmum~mtiln it JI!. 11/ 1I • n/n . 716 147.90 13I.S? IB1·94 

(II i), wbere Iii .. II .. lib, 11M II(roo -1- b),' the 1611S ' 9/B. 10/9 160·77 155-15 170.62 

roIltl1ftilfllflJllrt irJ(11)2)1J), wbtrtil .. • 2, bl, n /n · 1I1t0 ' 10/9 165.51 165.01 166.51 

{Joo-a-b}2. 

CIOMITIlIC HARMONIC OM' 

1t.1iA"ll>IONlC 100.0 1°·S9 134.51 
5-)7' Gtf1fffttrit man. bilrmtmit melm, Jmd root (so ... So'" 400) 
""Im 1fwtrr of tmlptrtri tetrMhmJs. 1:1 CH.OMATIC I]S·79 u6·3B 193.41 

(67'" 1]3'" ]00) 
INTVi"SI CHIOMAnc 14+13 uS'S7 191..11 
(100 ... 100 ... ]00) 
son DIATONIC 155.]6 145.16 '17·95 
(100 ... 150 ... 1 50) 
!torrINSZ DIATONIC ISB'14 
(100 ... 200 ... 100) 

150.0 113.2 I 

EQUAL DIATONIC 166.67 166.67 166.67 
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s-)8. The third intn'ViJ1 fo1lffiDtI, sun fi lmtllily lind 
ohlilju ~ly. The th,.,~ inUrTJ(l/SII,., pll"hypntt tI'J 

byJlllu, lidJtmI'Js to JIIIrhypllu, lind mtSt t.I'J l i(hIJnos. 
Tbrylllwll]lfUm soo (muf.Jh injun intcmlltil11l). 

the geometric the next, and the hannonic the least, except for the arith­

metic mean, which is insensitive to this parameter. 

The set of all possible tetrachords instead of just represent1l.tive examples 

or selected pairs may be studied by computing these st1l.ndard st1l.tistical 

measures over the whole of tetra chordal space. This space may be defined 

by magnitudes of the fi rst and second intervals (parhypue to hypate and 

lichanos to parhypate) as the clUrd interval (mese to lichanos) is completely 

determined by the values of the first two. 

This idea may be made clearer by plotting a simple linear function such 

as the thlrd tetrachordal interval itself versus the first and second intervals. 

The third interval may be defined as 500 - % - y. where r is the lowest 

interval andy the second lowest. The domain of this function is defined by 

the inequalities a S x S; 500 cents, 0 s: y S 500 cents, and x + y S; 500 cents. 

5-38 depicts the "third interval function" from two angles. Its values range 

from a to 500 cents. 

The ari thmetic, geometric, harmonic, and root mean square functions 

are shown in 5-39 through 5-,,1 . The ari thmetic mean is a plane of constant 

height at r66.667 cents for all values of the three intervals. The geometric 

and harmonic means have dome and arch shapes respectively, while the 

root mean square somewhat resembles the roof of a pagoda. The shapes of 

these latter means may be clearer in the contour plots in the lower portions 

of the figures. 

One may conclude that the ari thmetic mean obscures the apparent dis­

tance between genera, the geometric mean reveals it, the hannonic mean 

maximizes it. and the root mean square exaggerates it. This conclusion is 

illustrated in 5-4) where a cross-section through the plot is made where the 

second interval has the value 166.667 cents and the first interval varies from 

THIRD INTERVAl. THIRD 'I<rI'!RVAL 

SliCONll INTIRV,u. 

,rUT INTlIVAl. SlCO~INnrE.V~ PlllST Itn"!RVAl. 

6sl CLASSIfi CAT ION, CHARACTIIU2.ATION, AND ANALYSIS 0' TITJUc Ho aos 



5·39. MtbmaiH,ulI" ~ tlu thm fttrllcht:Jrtild 
;,ulfWk. Thl flritlnMtitmU1l bill the t:Of1SU7ft 

w bm( ,66.61 m11S. n"tltmurin '.ftbil~is 
UxunJyuu(o <I< fOo), (0 <Y< foo),lI1I4tht 

liN y .. fOO -So wbnu. nul y",., tlx frnt nul 
sttrmJ inun.Jr'.fth, frt1WiJord. TIlt thirJim6VII/ 
1M] ,lsollpprrwd:l uro. 

nUT IJoo'TUVAL nCOND I)<n'UVAL 

o to H}.H} cents, The means are all equal when aU three inteMIs of the 

tetn.chord are 166.667 cents. 
The analogous representation is applied to the mean deviation, standard 

deviation, and variance, which are shown in 5.44-46. The variance hIS 
been divided by 100 so that it may be plotted on the same scale as the other 

statistical functions. 
These functions have a minimum value of uro when all three interwls 

of the tetrachord are 166.667 cents each. This is seen most clearly in the 

crosHection plot of 5·47. 
Based on its properties with respect to the fo ur means and three sta­

tistical measures, the eqw.lly tempered division of the fourth appears to be 

a mostinteresring genus. Itis the pointwhere the three means are equal and 
where the mtistical functions have their minima. 

f·40- Gtf1md1"k _ ofrbe three tttrMbwJ4/ f · 41. /Urm(Jnit mill" t( tbe tbn' fttrachordll/ 5.420 , &or me." Si{lI4r' oftbt thrte tttrll­
chordAl inttrVIlU. intnwk. inttnJ,Js. 

GWwrtIlIC Iot UH H.'WOHIC "'IAH ROOT lotUS SQU A.ll 

'IUT II<frUV.u. SECOND INTlIVAL FJUT INTlIVAL nCOND Ih'TIlVAL 'UUT INTJtRV..u. SECOND INTZaVAL 

l"" l"" l"" 

~ $ $ • 
~ 

• 
~ ~ 

~ ~ ~ u 0 
§ • u • • • • 

o l"" o l"" o lOO 
PTlJT INTnVAL 'JUT I/IITEllVAJ. 
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S·43. Cro~smiaruDftIN IJlJriOUSmtlmsD/tht 

tb,u utrTllthonlitl inttnllJuwbrn tbe second 

mttrlJtll ttfllllls 166.67 rrnu. 

JOO 

,., 
AR IT HMETI C 

GEOMtTalC 

HARMONIC 

400 
FIRST I NT ERVA L 

5·44. MtlJn dtIJilJtirm of/IN thru ftll'lImordPl 

mltfwh. 

MEloN DEVIATION 

FIRST UnERVAL SECOND INTERVAL 

,00 

~ 
~ ~ 

8 
w • 

0 ' 00 
FIRST II<nERVAL 

' 00 

5-45. Surulm-J dtIJiations oftbe tbru tttrll­

'bordtllinttnJak. 

STANDARD otVIATION 

5-47. CroIs-Juriqn oftbe mtlln tkvwtm., S'tImJ4rd 

dnJwtim, lind lJarilmu of tbe thnt Itfrll,btJrdt,1 

inttnJllkwbm thtswmd inttrWl egIMk 166.67 
rt/'1 tr. 

VAJtIAN'CVIOO 

STAND.DEV. 

),(fJoN DEV. 

f iRST IHTlJl;VAL 

5-46, V.rltmcf of tht tbne ttfrll,bortlal 

inttnJlJk. 

VAIUANCIl 

FIRST ' )o(J'ERVAL nCON» UI J'lRV AL FIRST INT ERVAL SECOND INTERVAL 

,00 

• ~ ~ 
~ ~ 
§ § 
• • 

0 ,00 0 ,00 
" lIST INTIRVAL FIRST INTt.IlVAL 
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S-.. 8. Inurv,zrtts(tht drtrlld utr4Cbord, 0 a 

nb roo. Injun intoMtUm the Ilhstrlld ktrlUbord 

_yhf1vrintnlll to a·b ¥JfW'O l1.tb 498ctntr, 

tmd tht mttrVllU IIdjWftd IIfflIrdingly. 

SIJCCESSIVE INTERVALS 

0 • ... 500 

• • 500 - . • 
POLANSXY SET 

0 • ... 500 

• ... 500 

I 500 - 11 

500 -.-b 

D1FPEUN"Ct. SET 

0 • ... 500 

• I soo - II-b 
1-. 500 - .- 2h 

500 - 3h 

Polansky's morphological memes 

A more sophisticated approach with potentially greater power to dis­

criminate between musical structures has been taken by Larry Polansky 

(J98,b). While designed to handle larger and more abstract seti of ele­

menti than tetrachords, i.e., the type of scale and scale-like aggregates 

discussed in chapters 6 and 7, and even sets of timbnl, temporal, or 

rhythmic information, Polanslcy's morphoiogicai metricf may be applied to 

smaller foonations as well. 

Morphological metria are distance functions computed on the no tes or 

intel'V1ls between the notes of an ordered musical structure. A morpho­

logical metric is teoned linC2f" or combinatorial according to the number 

o f elements or inteIV2ls used in the computations: the more intervals or 

elements used in the computation, the more combinatorial the metric. In 
other words, combinatorial metncs tend to take into account more of the 

relationships between component parts. A strictly linear interval set as well 

as two of the possible combinatorial interval sets derived from an abstract, 

generalized tetnchord are shown in 5-48. For a strictly linear interval set 

of a morphology (or scale) of length L, there are L - I intervals. The maxi­

mum combinatorial length for a morphology of length L is the binomial 

coefficient (L2_L)/1 , Muted as L",. 

The simplest of Polansky's metrics is the ordered linear absolute mag­

nitude (OLAM) metric which is the nerage of the absolute value of dif­

ferences between cornsponding members of two tetrachords. In the case 

of two tetrachords spanning perfect founhs of 500 cents, this function re­

duces to the sum of the absolute values of the differences between the two 

parhypatai and the two lichanoi divided by four. Given two tetrachords ii, 
+bl + sao-a,-bl and ill+hz+ soo-ilz-bz, the equation is: 

L 

1: Ill{32,11 L . 

"' 
where L .. 4 and l", _ (0, ill. al + bl, 500) cents and (0, il2. a2 + hz, 500) cents. 

When not divided by L, this metric is identical to the Min1cowslci o r "city 
b loc~ metric previously discussed. Note that the OLAM metric does not 

take intervals into account, so it looks at L rather than L - I values. 

A simpler fonnula , ( I a2 _ a,l and I az + bz - ill - hI I ) / 1, would be de­

fensible in this context as zero and 500 cents are constant for all tetnchords 

of this type. If the tetnchords are built above different tonics or their 

71 CHA'T!.. 5 

• 



5-49. Ordtrui l;ntllTiJhJ()/utl magtlifudt (upptr) 

lind (min-ta /;nt(lr mlmlllUiemllgnitutk (lDwrr) 

mthlarJ1l utrllChortb in JUSt imoruzlion. 

5-50. Ordmd lintllr IIbso/lllt mJlgnitlidt (upprr) 
Imd Orlkrtd lintllr inrtTVIlJit mlgnitudt (/I1Wrr) 
mm1u Ollltmptl"r4 gmm,. 

181:7 ' Ish4 ' 6/5 

18h7 ' )6/)5' 514 17.67 
47.1 1 

ISh, . 15114.6/5 

ISh4 , , 6Ii S · 6IS 

nil! · n/il' 716 

161! 5 . 9/8 . 10/9 

1:1 ClllOMATIC 

ENHARMONIC 19.17 
(so .. So + 400) 66.67 

1:1 CHROMATIC 

(67 + IJ3 + )00) 

INTENSE CHIOMATIC 

(roo + 100+ 300) 

son DIATONIC 

( 100 + 150+150) 

INTENSE DIATONIC 

( 100 + 100 + 1(0) 

fourths spanned different magnirudes, i.e. , 500 and 498 or 58), etc., the 

first equation must be used. 

The next simplest applicable metric is the ordered linear intervaUic 

magnirude (OLIM) meO'ic which is the average of the absolute values of the 

difference between the three intervals which define the tetrachords. In the 

elSe of the two tettachords above, the intervals are fl l,bl , 500-11/ - hI and 112, 

bz, 500-fl2-bZ. The equation for this metric function is: , 
IE( I t,i-tli_,1-lez;-tzl_1 I )1 /(L-I), L-I -), 
1. 1 

where i ranges from 1 through L, since intervals are being computed. 

In 5-49, these two simple metrics are applied to a group of representative 

tetrachords in JUSt intonation. The melodically similar tempered cases are 

shown in 5-50. Permut3tions of genera are analyzed in 5-51 and 5-51. The 

OLAM metric distinguishes between these genera quite well; the OLIM 

less so, but patterns are suggested which data on a larger set of tetnchords 

ISh4 ' 16115.615 21/11 . n / u . 716 161IS' 9/8. 10/9 11/ 11· 11/10 · 10/9 

'9.60 )4.15 6].17 71 .90 

47.11 79.6] ')5-94 1)5-94 

1·93 16· 59 45.50 55.1 ) 

5-I4 p·sr 88.S} 88.8] 

14.66 4}·51 5).)0 

)I ·5 l 88.8) 88.83 

18.91 )8.64 
56.) 1 S6.JI 

9·73 
15 ·94 

INT£H U CHRO M.!.TI C SO"'O~TONIC INTD1SE D lATOtfiC EQUAL DlATONIC 

]7.50 50 •0 61 '50 SHO 
66.67 100.0 133-33 ISs.s6 

8.]3 10.8) 33-33 58.)3 
11.11 lJ-JJ 66.67 88.89 

8,313 15.0 50 •0 

)3.33 66.67 88.89 

11 .50 37-50 

l}03J 55.56 

15.0 

44-44 
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S . 51. Ordmd lint61" Ilbsolutl rnagnitude (Upper) and urilmd lint," inrervl1Uil11lJ1gnitude 
(lwn') tMtria m Arr:byus~ mimmqnu; gt71US. 

2811, . 5/4 . 36/35 36/35' 5/4' :Sh, 36/35' 18h7' 5/4 

84.39 ].55 

115.03 9.46 

7.10 8'·93 
9-46 12 5.°3 

Bo.8] 
115·57 

5-51. Orwed lint," tJbmJuu rnagnitwlt (upptr) .mJ ",.dwed /inm inlm/IlUk magnitude 
(IQlJJtf'") maria 1m ptnmIud umpirtd ttlTlKhtmh. 

50 +400 +50 

50+ 50 + 400 

lNTENS!. CHlIOWATlC 100 + }oo + 100 

100+ 100 .. 300 50.0 

133-3 
100 ... 300 ... 100 

INnJo(SE DIATONIC 100 + 100 + 100 

100+100+100 

100 + 100 + 100 

SOYI' DlATOWlC 

100 + 150 + ISO 

150+ 100+150 

150+ 100+ ISO 

400 +50 +50 

175.0 

1 3).3 

8'.50 

133-3 
300 + 100 + 100 

100.0 

133.3 

50 •0 

IJJ.3 
100 ... 200 + 100 

,0.0 
66.67 

' 5.0 

66.67 

n·so 
33-33 

37.50 

100.0 

150+150+100 

50 .0 

100.0 

~5·0 

33-33 

37.50 

100.0 
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514' 18117' ]6/35 

165.22 
115.03 

80.8] 
115·51 

8'·93 
115.0 ] 

125·o3 
115.0 ] 

150+ 100+ IS0 

61·5° 
100.0 

37.50 
100.0 

50 •0 

66.67 

37.50 

100.0 

514' 36/35' 18h7 

161.68 

115·57 
84.]8 

u5·03 

84.39 
115.0 ] 

165.11 
115.0 ) 

HS 
9.46 

150+ 150+ 100 

75.0 

100.0 

50 •0 

100.0 

61.50 
100.0 



5-5)' O,.de,.td mtrbintlttlrilll inttrvltUic tnllgniwdt 

11UNir 011 the PoiIInslty (upptl') (md difftrtnu QiTwer) 
mrt1l1l1l mr ftwn tttrllChOlw in just inuJnlllirm, 

3s.J4 
94,l) 

36.61 
86.p 

3.86 
10.18 

may revea l. ln particular, the OLIM metric fails to distinguish between 

pennutations of tempered tetrachords. 

In theory, morphological metrics on combinatorial interval sets have 

greater discriminatory power than memes on linear sets, Two sets of 

combinatorial intervals were derived from the simple successive intervals 

of 5-48. The first set, the Polansky set, is that described by Polansky 

(1987b). The second set, the difference set, was constructed from iterated 

diffe rences of differences (polansley. personal correspondence). 

The ordered combinatorial intervallic magnitude (OerM) metric is the 

average of the absolute value of the differences between corresponding 

elements of the musical structure. Its definition is: 
lrl'-i 

1: I.16(tl/,tlJ.p-6(t2/,tll.jJI/L"" 
j _1 1. / 

where L". .. the number of intervals in the set (the binomial coefficient. 

described above). To apply it to other combinatorial interval sets, it must 

be appropriately modified to something like: 
L 

t 1(1,,-11,) II L"" ,.2 
wh.ere J~i are the elements of a set like the difference set of 5-48. 

As can be seen in 5-53 and 5-54. the OCIM metric calculated on the two 
sets of intervals from these tetrachords discriminates between genera very 

well. Both sets of interv2ls are roughly equivalent with this metric. 

Permutations are studied in 5-55 and 5-56. On neither interval set does 

the OCIM metric distinguish permutations completely. 

u/u . n lll . 716 

61.65 
141 .68 

l7·]1 

4145 
16.03 

55.16 

110,08 
HJ,II 

74·75 
u8.88 

15-)6 
136.59 

47-43 
8I.43 

n/u · n ho· 10/9 

116,57 
184.10 

81,1) 
104.01 

79·94 
106.58 

53.91 

6r. l o 
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5-S+ Ordn-tJ ~fMtDr;"1 mUnJlIJlirmagnitud, metric 1m the PoJJmsky (uPP") lInd 
diJftrtna ~tr) !nttroll/ sets from ,mrpmd utrMbtJrds. 

£N1l.UI>(ONlC 

(SO .. 50"'" 400) 

1 :1 ClnOMATIC 

(67 + I]] + 300) 

INnNU CKllOIoI,.t.T1C 

(100 ... JOO'" 300) 

SOIT DIATONIC 

(100+15°+150) 

I~n. DIATONIC 

(100+100+100) 

1:1 CHROM.\TI C II'nVISI CHROM.\TlC SOrT DL-\TONTC 

58.3] 

83·)3 

16.67 
4H4 

8HJ 
150.0 

3°.56 
38.89 

s-s S· Ordered wmJ,inIftorip/ inUTVIJllir WJ4gnituJt 1IUffU em PolAnsky (upprr) II7Id 
diffrrma (krwtr) inttrlJ,lsttl an pmntJt4tjqnr Df Ardryr4ls mbllrm«lir gmus. 

18h, . 514 ' ]6/)5 ]6/35' 5/4' 181l, ]6/35' ISh,. 514 

18h, . ]61]5 . 514 16B.?7 168.77 7.10 

450-06 450.06 18.91 

18h,. 514 ' ]6/35 , .. - 171 .14 , .. - 435.8, 

]6/35 • 5/4' 18h, 161 .68 
4p ·14 

]61]5' J8h,. 514 

514 ' J8h, . )6135 
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IlorI'L,"U DIATONIC EQIIAL DIATON IC 

108.3] 

116.67 

55.56 
100.0 

5°·0 
136.33 

15.0 

66.67 

5/4 ' 18h,. 36/35 

lJJ .66 
119·,6 

161 .68 
43 1 ,14 

171.14 
435.8, 

uS·03 
u s·O) 

lJ6.1I 
194044 

8]·33 
100.0 

77·,8 
111.11 

p .,8 
61 .1 I 

]8·39 
55-$6 

5/4' ]6135 . 18h, 

lIS·57 
lIS-S7 

168,77 
450.06 

168,17 
450.06 

IH.66 
Jl9·,6 

,.10 
18·9J 

.. 



5-56. Ordrrrd wmbi1Ult"iAl illlerv~1K mggnitfllie men;, on tb~ Poklnslry (up,") and 
diff"mct (IUl/ltr) inrnval Uti from ptrmuttd umpe" ,d tttrlUbords. 

UoItulttolONIC 

50 +50 + 400 

50 +400 +50 

INTENSE CHltOWATIC 

100 + 100 + 300 

[00 + 300 + 100 

!NT!NSE CIATONIC 

100 + : 00 + 100 

100 + 100 + 100 

50FT DIA.TO"'IC 

100 +150 + 150 

150+150 +100 

50 +400 +50 

100 + 300 + 100 

100.0 

:66.67 

100 + 100 + 100 

50 .0 

133-33 

50 .0 

133-33 

400 + 50 + 50 

133-33 
:33-33 

17 5.0 

4 66.6 7 

300 + 100 + 100 

133-33 

IJ 3-33 

100.0 

166.67 

100 + 100 + 100 

50 .0 

133-33 

150+100+150 

35.0 

66.67 

75.0 
100.0 

150 + '50 + 100 

83·33 
150 .0 

33-3 3 
3].3 3 

75·0 
100.0 

lS0 + 100 + 150 

91•67 
116.67 

75.0 

100.0 

66.67 
66 . ., 

75.0 

100.0 

150 +1 50 + 100 

100.0 

100.0 

8] ·]3 
150 .0 

91.67 
116.67 

50 •0 

133·33 

" .0 
66.67 
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Unordered counterparts of the ordered metries are also defined. Al­

though the unordered linear absolute or intervallic magnitude metries are 

of little use in this context. the unordered combinatorial intervallic mag­

nitude (UCIM) meDic is rather interesting when computed on these two 

interval sets. 

For the Polansky interval set, the mettic is: 
lrll"j lrl L-I 

J I. LI1 (tli' tli.])/ L,n- I. I6( e21, t21.,)/ L". I,L", . 6. 
i. / i_I }-I /_1 

This function is the absolute value of the difference between the aver­

ages of the corresponding intervals. For the difference set, the formula 

becomes: 
L L 

11: (1,,)1 L,.-1:(12/)1 L. I, L,..6, 
i-2 i-l 

where the J,,/ are the elements of the set. 

5-57 and 5-58 show the data for the same group of tetrachords as before. 

Genera are hilly well discriminated by this metric, especially when cal­

cu1ated on the Polansky interval set, but not as well with the difference set 

intervals. Neither are particularly successful for distinguishing per­

mutations with this meDic (s-59 and 5-60). 

5-57· llnDrtkrtd wmbin4tl1ri61 mknJlllJic 11IIlgnitudt mmY on tbt Polimslry (up!") mid 
tlifftmltt (/m;.ttr) mttrtJ,1 StU from trtrl"brmk m jUJt mtlmlltian. 

n/u . n/u . 116 

16/' 5' 918. 1019 

1049 16.98 
44-54 73-17 

5.10 
16.65 

6 .... 
19.13 
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15.86 
1I9,68 

14.08 
72 .57 

15-]6 
75. 14 
8.88 

45.9 1 

19·37 
106.71 

1,59 
59.60 

8.88 
62.17 

1·39 
}1·94 

6.48 
12·97 



5-SB. Unoriknd wmb;llIItori.t1 ;nurlllllJic".IJpiwdt ".trricun tht POUlnJky (upptr) IJnJ 
dijJmntt (1owtr) intmJIJIJtUfi'r1m tttnptrtd tttrathrmb. 

EN tLtRM ONIC 

50 + 50 +400 

1:1 CKaOMATI C 

67+ 133+300 

INTENSl CHROMATIC 

100 + 100 + ) 00 

SOIT OIATONIC 

100+ 150 + 150 

INTlNSI DIAoTO NIC 

100 + 100 + 100 

1:1 CH.OMATIC INTINSE CHROMATIC SOFT DIATONIC 

8·3}) 
lM 

5'556 
II.II 

16.67 
B].33 

1.778 
II.n 

8.]3] 

1].33 

5-59' Unordtrtd wmbillIJtori.t1 inttJ"UIJ/Jic ""'pitlUit mttrit 011 PoIAnslty (u.ppw) .nd 
diffmntt (lawtr) inttT'INIltttJ on ptl7nu.tlltiom of Arrhytf1.S's mhIJ,.".rm~ gtnlJ.l. 

)6/]5 . 5/4 ' 18117 ]61]5 ' 18h7' 5/4 

18h, . )6135 . 514 56.16 56.16 1.)6 
U5·0 ) UO·30 4 ·73 

0.0 lJ·s. 
4·7) 110.)0 

S].89 
115·57 

Itn'ENSI DIATONIC WU.u.OIATONlC 

II.1t 

55.56 

16.67 
66.67 

B·)33 
]].3] 

5/4 ' 18h7 ' 36tH 

1.}6 
117.14 

SJ.89 
100'7078 

53·B9 
10).05 

0.0 

I II.S' 

19·44 
116.67 

5.556 
55.56 

n .1I 
66.67 

1.778 
]],]3 

5.556 
0 .0 

5/4 ' 361H' 18h7 

0 .0 

10'].,8 

56.16 
117.14 

56.16 
I u·S I 
lu.66 
10).05 

1.]6 
9-<6 
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5.60. UTJ(Jrtkred ,ombhultlJri6J mterwlUi, rtl4gnitudt mttric an the Polimslry (upper) 
lind diffirmct (Juwn-) mrmJll/ Sfts frum permuted ttmptrrd tetrlUhcnls. 

ENHARMONIC 50 + 400" SO 

50+50+400 58.33 
~ 3J.3] 

[mENS!. CHROMATIC too .. 300 + 100 

100 -I- 100 + 300 33.33 

100 + ]00 + 100 

ImE),IU PlATONIC 

100 .. 200 + 100 

200 .. 100 + 100 

SOPT DIATONIC 

100+150 + 150 

150 + 100 .. 250 

150+150 +100 

13J.33 

100 .. 100 + 100 

16.61 
33-33 

100 +2 50 + 1 5 0 

400+ 50 .. 50 

0.0 

J 16.61 

58,33 
116.67 

300 + 100" 100 

0.0 

66.67 

HB 
66.67 

200+100+10 0 

0.0 

33-33 
16.67 
66.67 

150+100+150 150+150+100 

0.0 

16.6, 

15·0 
]00.0 

8 0 CHAPTn S 

8·333 
16.67 

15.0 

50 .0 

0.0 

33·33 

150+150+100 

0.0 

50 •0 

16.67 
16.67 

8·333 
66.6, 

16.6, 
33·33 
8,333 

3)·33 



5.61. Onk"td (up,,") 4nd untJrdtrtd (krwtr) 

cumbilUlfDrill/ inttrVl1/ tiinditm mttJ1U on 

diffimr« IltJ fiwn tttJ'lldJords in just inuml1tUm. 

5.6 z. Ortitrtd (upprr) {I1ld ImtJrdtl'td (fI1Wtr) 

cumhiwttJrill/ i"ttrV,1 dimtion mttJ1CS (f1I 

dijfi,.,na strJ fiwn ttmptrtd gtntrtl. 

In addition to absolute and intervallic metrics, directional metrics are 

also defined. Directional metrics measure on ly the contours of musical 

structures, i.e., whether the differences between sua::essive elements are 

positive, negative or ~ro. Although these metrics are perhaps the most 

interesting of all, they are generally inapplicable to tetrachords because 

tetrachords are sets of four monotoniC<llly increasing pitches whose dif­

ferences are always positive (or negative if the tetrachord is presented in 

descending order). Directional metrics, however, are very applicable to 

melodies constructed from the notes of tetrachords or from tetrachordally 

derived scales such as those of chapter 6. 

The intervals of the tetrachordal difference set, however, are not 

necessarily monotonic and therefore combinatorial di~ctional meDics 

may be computed on these interva ls. Two such meDics were calculated 

for the same set of tetrachords and permutations used above, the ordered 

18h7·ISIt 4 ·61S 15114' 161I S' 615 Hh I ' n/l1 . 716 1611S '9/8 . 1019 u /tI ' ullo . 10/9 
18117' 36/35' 514 .1667 .1667 .1667 .,000 .1667 

·3333 ·3333 ·3333 ' ]333 ·]333 
18117 ' 15/ 14 . 615 0.0 0.0 ·3 313 0.0 

0.0 0.0 .6667 0.0 

1./14 ' 16115.615 0.0 ,3333 0.0 

0.0 .6667 0.0 

1111 I . raIn· 7/6 ·3333 0.0 

.667 0.0 

16115 ' 9/8. 1019 .5000 

']333 

1:1 CHROMATIC INTENS[ CHROMATIC SOFT DLATONfC Ilon'[NSI! DLATONIC EQUAL DIATONIC 

ENJL\.RMONIC .1667 M .1667 .,000 ·]313 
(so + So + 400) ·DB 0.0 ·3333 ·3))3 .6667 
1:1 CHROMATIC .1667 0.0 ·3333 .,000 
(67 + 133 + 3(0) ·3333 0.0 .6667 ' .00 
INTINS! CHRO MATIC .1667 .,000 ·3333 (100 + 100 + 3(0) ·3333 ·33)) .6667 
SOPT DLATONIC 

·3333 .,000 
(100 + '50 + 150) .6667 ' .00 
INTENS! DIATONlC 

·3333 (100 + 100 + 1(0) 
·3333 
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combinatorial intervallic directional (OCID) metric and its unordered 

counterpart, the unordered combinatorial intervallic directional (UOD) 

metric. The OCID metric is the avenge of the differences of the signs 
of corresponding intervals. The sign (sgn) of an interval is -I, 0, or +1 

according to whether the interval is decreasing, constant or increasing. 

The difference (diff) is I when the signs are dissimilar, otherwise the 
difference is zero. The definition of the 000 metric on the difference 

set is: 
L 

~ diff('gn(l,,),'gn(h,))1 £",L •• 6. 
,-2 

The UCID metric is the average of the absolute values of the numbers of 

intervals with each sign. The definition ofUCID on the difference set is: 
L 
1: I #t:/v - #t:2v 1)1 L",.L". .. 6, ,., 

where #tnu .. the number of intervals in the matrix such that v - sgn (In,); i.e., 
V- (-I,O, rJ. 

The data from these computations are shown in 5-61 and 5-61. Similar 

results were obtained with tetrachordal permutations (5-63 and 5-64). 

5.63 . Ortkrtd (upptr) und rl1ltJrtimd (1qwtr) ccmbinalf1ri41 murvlll diruriorr nutria 1m 

difftrtnct St ts from prrmulllNImI rif Anhyw'l mbarnu:mx gmw. 

·5°00 

·3333 
·5°00 

·3333 
0.0 

0.0 

.1667 

·3333 

·3333 
.6667 

·3333 
.6667 
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.1667 

·3333 

·3333 
0.0 

·3333 
0.0 

·3333 
.6667 

0.0 

0.0 

.5000 

·3333 

.5000 

·3333 

.1667 
·3333 

.1667 
·3333 



5-64. Ordmd (uPpt,) _rid unl"'d~d (Jawtr) tf)mbinatQ";I1J inttTlll1J dirtt;ril1ll11lttrics 1m 

difftl"tlIC( Stts fi1)71l pnmurtd umptrtd tUTllcMnk. 

ENHARMONIC 50 +400 +50 

50 +400 +50 

INTENSE CtiROMATIC 100 + ]00 + 100 

100 + 100 + )00 .5000 

100 + ] 00 + 100 

H.tTENU DIATONIC 

100 + 100 + 100 

100 + 100 + 100 

SOFT DIATONIC 

100+150 + 150 

100 + 150+ 150 

150+100+150 

.6667 

100 + 100 + 10 0 

.,= 
·3333 

00+50 +50 

·3333 
·)333 

.5000 

·]333 

300 + 100 + 100 

·3 ]]3 
·3331 

.5000 

·3)33 

100 + 200 + 100 

·]113 
·3113 

I SO + 100 + 150 

·5°00 
·3333 

150+150 + 100 

·3333 
.666, 

.5000 

·3333 

.166, 
·3333 
.,~ 

·3333 
0.0 

0.0 

.50 00 
·3333 

150+ 150+ 100 

·3333 
.666, 
·3333 

0.0 

.166, 
·3333 

·3333 
0.0 

.166, 
,333] 
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Rothenberg propriety 

David Rothenberg has developed criteria derived trom the appJication of 

roncepts from artificial intelligence to the perception of pitch (Rothenberg 

1969. 1975, 1978; Chalmers 1975. 1986b). In Rothenberg's own words 

(personal communication): -These concepts relate the intervallic structure 

of scales to the perceptibility of various musical relations in music using 

these scales. Only the relative sizes of the intervals between scale tones, not 

the precise sizes of these intervals are pertinent." These concepts are ap­

pliable to scales of any ardinality whether or not the intervals repeat at 

some interval of equivalence. In practice, most scales repeat at the octave, 

though cycles oftetn.chords and pentllchords are found in Greek Orthodo~ 

Jiturgial music (Xenalris 1971; Savas 1965). 

Toapply Rothenberg'S concepts, the firststep is to construct a difference 

matrix from the successive intervals of an n-tone scale. The columns of the 

matrix are the intervals measured from each note to every other one of the 

scale. The rows tn of the matrix are the sets of adjacent intervals measured 

from successive tones. These interVals are defined conventionally: the row 

of seconds (tv comprises the differences between adjacent notes; the rOW 

of thirds (tv consists of the differences between every other nOte; etc., up 

to the interval of equivalence (loJ. Row to contains the original scale. 

A nwnber of functions may be calculated on this matrix. The most basic 

of these is propritty. A scale is strictly proper if for all rows every interval in 

row t,.-1 is less than every interval in row tIl' If the largest interval in any row 

t .... l is at most equal to the smallest interval in row t", the scale is tenned 

proper. These equal intervals are considered ambiguous as their perception 

depends upon their context. A fami liar example is the tritone (F-B in the 

C major mode in 1 1-tone equ.al temperament), which m.ay be perceived as 

either a fourth or a fifth . 

Scales with overlapping interval classes, i.e., those with intetvlls in rows 

t,,-1 larger than those in rows t", are improper. These contradictory intervals 

tend to confound one's perception of the sc.ale as a musical entity, and im­
proper sales tend to be perceived as collections of principal and orna­

mental tones, Improper scales may contain ambiguous intervals as well. 

5-65 ilIustn.tes these concepts with certain tetrachordal heptatonic 

scales in the 11- and 14-tone equal temperaments. The first ex.ample is the 

intense diatonic of Aristoxenos. The scale is proper and the tritone is am­

biguollS. The second scale is Aristoxenos's soft diatonic which is also 
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5 -65. RorhtnlKrg diffmmt mAh1US. The row 
indeJ: i.n •. Mill: (r,J itthe largest entry m rQUI I • . 

Min (t,J is tht tmAlkstmry in rvw ttl. The munu 
diatonic un"llcbJrd is t + 2 +2 tltgn!uor 6 + 12 + 12 

ptmJ. Tht$oftdiaumicdt";vuJrrn-n 2 +3 + r",.6 +9 

+ I J paru. Tbt nt/ltraJ djpumicis 3 +4 + J dtgrw, (I 
prrmUlatitJn of 9 +9 ... /1 parts. The intmse 
dmmutids I + I +3 dtgr-eu. Thttnhllmumic 
utrruhord is 1 + t +8 tltgrtu. InUlvalt in 
parmthms Me amhigutJwj thMt in J'IUIlrt bnlcieu 
(In crmtr4dinl1l]. 

I NTENSE DIATONIC IN l1- TONE ET: PIIOPER 

" ° 
, 4 

, 
7 9 " u/o 

proper, but replete with ambiguous intervals. A composer using this ~le 
might prefer to fix the tonic with drone or restrict modulation 50 as to avoid 
exposing the ambiguous intervals. The next scale is patterned after certain 
common Islamic scales employing modally neutral intervals. It is soictly 
proper, a feature it shares with the more familiar five-note blaclc key scale 
in ll-tone equal temperament. 

The final two examples, Aristoxenos's intense chromatic and his en­
hannonic, are improper. The majority of the intervals of these scales are 

either ambiguous or contradictory. These scales are most likely to be heard 
and used as pentatonic sets with alternate tones or inflections. 

Because the major (0 400 700 cents, +5 :6 in just intonation), minor (0 

300700 cents, IO: U :15), subrninor (0 250700 cents, 6:7:9), and supra­
major (0 450 700 cents, 14:18:11 ) triads are soicdy proper, they can serve 

INT"lNU CHROIoLl.T1C IN IJ-TONE r.T: IMPROPER 

" ° 
, , 7 8 9 11 /0 

•• , , , MAX (tv. M IN (t4). 6 •• [3[ [, I [3[ IoLI.X (tv> MIN (tv 

" 3 4 4 3 3 4 3 " [, [ 4 [,I 3 [, [ • 4 MAX (tv> MIN (tv 
' I , (6) , , , , , 

" 
, (6) (6) [4[ , , , 

" 7 7 7 7 (6) 7 7 " 7 7 7 7 (6) (6) [8[ 

" 8 9 9 8 8 9 9 , , 8 8 ' 0 8 [7[ 9 '0 

" ' 0 " '0 '0 ' 0 " ' 0 " 9 " " 9 ' 0 " " 
" " " " " " " " " " " " " " " " 

SOrT DIATONIC IN 14 -TON r. n; Pilorn E10 U,"RMONIC IN 14-Tom ET: IMPROPER 

" ° 
, s '0 '. " '9 '",,0 " 0 , ' 0 '4 's " 14 /0 , . 3 [,) 4 , 3 (,) MAX (tv" M IN (tv 

" [8[ 4 [8[ MAX (tv> MIN (tv 

" (Sl 8 19) , [,) 8 (5) MAX (tv. MIN (t v 
" [,I 9 (n) 5 [, [ 9 9 MAX (tv:> MIN" (t.v 

'1 ' 0 (12) II 19) ' 0 10 '0 MAX (tv" M IN (ti,l 

" ' 0 {I]j (131 (6) ' 0 ' 0 '0 MAX (tv» MIN (tv 

" '4 '. '4 '4 ( 11) 13 ( I S) MAX (t~. MIN (tsJ 

" '4 '. '4 '. [ I I) [I I ] [18} 

" " '7 (19) 16 (IS) 18 ( 19) ETC. 

" " 's n " [n l 19 n 

" (19) 21 n (19) 10 n " " " '3 '3 " '0 '3 ' 3 

" '. '4 '4 '. '. '4 '. " '4 '4 ' 4 '. ' 4 '4 '. NE\lTRIU. DM.TONIC IN Ii-TONE n: STltICTLY PROPI!I. 

10 ° 3 7 ' 0 '4 '7 n '",,0 

" 3 4 3 4 3 4 3 MAX (t 8 _v < MIN (toJ I, 7 7 7 7 7 7 
, 

" ' 0 " '0 " ' 0 '0 10 

" '4 '. '4 '4 '3 '4 '3 I, ' 7 ,8 '7 '7 '7 '7 ' 7 I. " " '0 n '0 " ' 0 

" '4 '4 '4 '. '4 '. '4 
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5-66. F"TT1pritt]jj".ju~futrMlJri. nit 
difftmJ(1.I6rt mcmu61UlftllNkriymguro 

~ 11 t,w/ ~"'6WInIl U6I1IIMlJ. TDt 
rtJIIitJ forftut mt .... ri"" 6rt virtuliy iJtnriul 
utapt til61 tht fwrU ¢ 491'04J mlU ntJ 6 flIhoit 
ttmtttf :03.9' cmurtpiMt tilt J~61UI 200"""t 

intnwls in the ~uti«u. 

lOWS 

'1 

'1 

'1 

DIFl'EUNCI MAnIX 

6 h SOO-6-~ 

6 +10 SOO-6 5oo-h 
,~ ,~ ,~ 

COHS'nAJIn'S: 0 < 6 < 250i 0 < h < 150; 150 < 6 

+11<500• 

Y1rncu: 0, 150; 150, 0; 150 , 250. 

5-67. Pntritty liMiu for iJuIItltJ trtrMiJtwdlltnJ 
ttJnjI41fd dMiru ¢ ut/whri. 

as sets of principal tones (or improper scales. The nrious seu of principal 

tones would be used as the maln cuners of melodies, while the auxiliary 

tones would be used as omunents. This topic deserves more mended 

discussion than is appropriate here and Rothenberg's original papers 

should be consulted (Rothenberg 1¢9, 1975, 1978). 
The filet that the minor and septimal minor triads are stricdy proper may 

explain certain musiooly significant cadential fonnulae in the Dorian 

modes of the enharmonic and chromatic genera. These consist of a 

downward leap from the octave to the lowered submediant (trite), then 

dawn to the subdominant (mese) before ending up on the dominant (par­

unese). This fonnula may be repeated 1 fifth lower, beginning with a leap 

from the subdominant (mese) to the lowered supertonic (parhypate) and 

then down to the subtMlk (hyperhypate) before ending on hypate (chapters 

6 and 7). Minor triads are oudined in the chromatic genus and septimal 

minor triads in the enharmonic. The latter chords contain the important 

intezval of five dieses called eldysis by the Greek theorists, and in fact, the 

jwnp from parhypate to hyperhypate is seen in the Ormes fragmen t 

(Winnington-Ingram 1936). The upper submediants (1ichanos and par­

anete) may be substituted in both generai the major triad appearing in the 

chromatic genus is also strictly proper. 

A3 has been seen above, the propriety criterion separates those scales 

derived from chromatic and enhannoruc tetrachords from those generated 

by diatonic genera. As will be seen later, the siruation is somewhat more 

complui under certain conditions, some diatonic tetrachords yield on ly 

improper scales, while some chromatic genera can combine with diatonic 

tetrachords to generate proper mixed heputonic scales. 

Propriety may be computed for abstract classes of scales or subscalar 

modules rather than for specific instances by replacing one or more of the 

internls by variables. If the three subintervals of the tetrachord are written 

as ", h, and 500 -" - h (tI, h, and 'fb/3" in just intonation), one can calculate 
the Rothenberg difference matrix and detennine the propriety limits for 

isolated tetrachords or conjunct chains where the interval of equivalence is 

the fourth. Such chains were present in the earlier stages of classical Greek 

music and are still extant in contemporary Greek Onhodw: liturgical music 
(chapter 6 and Xenakis 1971). 

The computation is performed by solving the inequalities formed by 

.setting each of the elements of rows tIt less than each of those in rows tIt + J. 

8cS CKA.TU 5 



5-68. Propritty limits ofptlltJuhords. 

ROWS DI ffERENCE MATlt IX 

" 
, I Soo- l1 - b ' 00 

" ,.1 SOO - 11 700 - I1 - b 100 + 11 

" ,00 700 - 11 7oo - b l oo +l1+b 

" "'" ,00 ,00 ,00 
CO NSTRAINTS: 0 < II < 1SOi 0 < b < 1 SO; 1 SO < II 
+b< 500; 11 +b < 700; /+ l b< 700; b- II< 

100; 300 < '" + b. 
VERTICES: 150, 0; So, 100; 33-3, 133- 3; JOO, 

300i 1 3],], 133·3i 150, 100. 

s-~. Propritty limits /oJ' isolattd pttlilltbords I1nd 

conjunn chl1ins ofpmuubonis. 

,00 

In practice, the work may be minimized because onJy the elements in the 

first (n + t ) / 1 rows of an n-tone scale need be considered. One may also 

ignore relatioDs that are tautological when all the intervals are positive. 

The result is a set of constraints on the sizes of intervaJs a and b, shown 

in 5-66. Tetrachords and conjunct chains of tetrachords spanning perfect 

fourths, are strictly proper when intervals II and h satisfy these constninu. 

The tetrachords and chains are proper when their intervals equal the ex­

trema of the constraints. For values outside these limits, the tetrachords and 

conjunct chains are improper. 

Because the three intervals a, h, and 500 - II - b add to a constant value, 

there are only two degrees of freedom. Therefore, the domain over which 

tetrachords are proper may be displayed graphically in two dimensions. 

The region in the a . b plane within which tetrtchords are strictly proper is 

shown in 5-67. The vertices define an area in thea· bplanewithin which the 

constraints are satisfied . Points on the edges of the triangular region cor­

respond to proper tetrachords. The two points on the axes are also proper 

as trich",.dr, which are degenerate tetrachords with only three notes. 

Similarly, the propriety limits for pentachords consisting of a tettachord 

and an annexed disjunctive tone (200 cents or 9/8) may be determined. The 

diH"uence matrix is shown in 5-68. As all circular permutations of a scale 

have the same value for propriety, it is immaterial whether the disjunctive 

tone is added at the tOp or bottom of the tetrachord. The region satisfying 

the propriety constraints for isolated pentachords and pentachordal chains 

is shown in 5-68. 

Similar calculations may be carried out for complete heptatonic scales 

consisting of two identical tetnchords and a disjunctive tone. This tone 

5-70. Propriety H",iu for heptat07lk KI1/tswitb idmt;",1 ttrrluhcrds. 5-71. Proprittylimitsfcr hept4ttmk sults 

'With iJmtUl1J tttnuburtis. 

, I 500- II - D ' 00 , I 5OO - 4- b 
,00 

, .. SOO-11 700- II - D 100 +4 .. I 500- 11 500- b 

,00 700- 11 700- b l OO +II+b ,00 ,00 ,00 
,00 700 ,00 ,~ 500 +11 soo+b 1000 -4- b 

CONSTRAINTS: 100 <.< 1 SO; 100 <b < l SO; 150 <II + b<400. 

vr.ItTl CES: 100.1 SO; 100, ISO; 150,100; t 50, 1 50; 150,1 So; 1 50, 100. ,00 
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5-7" PntJtritty limits for tdrillbortiJlmJ urn­
drtnJ.J tblliN. nUt limiu Me firch.iN fIj' ~ 
"mdffwds nd /u.,., frn-J hi Gnd: OrthDtlu Ii­
fIIrgiCA/"'lIsic (Xm6!is 197/). 

5"7) , Propn'tty limit.l for ~lMh(1riII RId pen­
UK/JtIf".Jth.nu. 

may be placed between the tetrachords or It either end to complete the 

oct2ve (chapter 6). The resulu of the calculations Ire given in S-70' The 

region of propriety is shown in 5-71. 

Complete tetnc:b.onW spK:e 

An alternative mode of gnphic representation may be clearer. Physical 

ch~ts have long be~ accustomed to plotting phase dillgnms for three 

component mixtures on equilateral triangle graphs. The three altitudes are 

interpreted u the fnctions of each component in the whole mixture. There 

are only two degrees of freedom as the sum of the composition metions 

must equal unity. The datl from 5-66, 5-68, and 5-70 have been replotted 

in 5-71-73 . 
5-11 shows the nnge over which the intcl'V2Ils., b, and 500-. -b may 

vary and still resuJt in proper tetnchords. Pent:lchords are shown in 5-73 

and heptuonic scales in 5-74 

The advantage of the ttiangular graph over the conventional recttngular 

type is most evident with the heptatonic scales of 5-74- AJI points in the 

interior of the semi- regular hexagonal region correspond to strictly proper 

scales, while the edges are sets of intervals that define scales that are merely 
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5-'5' NOll-diatolli( gtnml. 

o 

proper. The three triangular spaces lying between the long sides of the 

hexagon and the edge of the space contain diatonic genera which yield 

improper heptatonic scales. In certain cases to be discussed later, some of 

these tetrachords may be combined with other genera to produce proper 

mixed scales. 

The six vertices of the ceno-a! hexagon in 5-74 are the six permutations 

of the soft diatonic genus of Aristoxenos, 100 ... 150'" 150 cents. The center 

of overall symmetry is the equal diatonic genus, 166.667 + 166.667 + 

J 66.667 cents. The intersection of the altitudes of the o-iangle and the 

midpoints of the long sides of the hexagon are the three pe.rmutations of the 

intense diatonic, 100 + 100 + lOO cenu, while the intersections with the 

midpoinu of the short sides define the arrangements of the neo­

Aristoxenian genus, 115 + 115 + 150 cents. This genus lies on the border of 

the chromatic and diatonic genera, but sounds chromatic because of the 

equal division of the pylmon. 

The non-diatonic or pyknotic genera are portrayed in 5-75. The empty 

border around the filled regions delimits the commatic (15 cents) and 

subconunatic intervals. The small triangular regions in dark color near the 

vertices are the hyperenhannonic genera whose smallest intervals faU be­

tween 1 sand 50 cents in this classification (see the neo-Aristoxen.ian clas­

sification above fo r more refined limits on the boundaries between th e 

hyperenharmonic, enhannonic, and chromatic genen.). Next are the trap­

ezoidal enhannonic and chromatic zones which flank the urunarked central 

diatonic area. The enharmonic zone contains pyknotic intetV2ls from So to 

100 cents and the chromatic from 100 to ll5 cents. 

These data are sununariud in 5-76. The diatonic tetrachords generating 

proper and strictly proper scales map into the central zone. The three tri­
angular zones fbn1cing the central region along the long sides of the hex­

agon are diatonic tetrachords which contain one of the small hyper­

enharmonic, enhannonic, o r chromatic intervals. These diatonic genera 

yield improper scales. As in 5-75, the chromatic tetrachords lie in the large 

trapezoidal regions, with the enharmonic and hyperenhannonic beyond. 

The outer belts of the chromatic zones depict genera with enharmonic and 

hyperenharmonic intel'V2ls. Similarly, the enharmonic regions are divided 

into realms of pure enhannonlc and enharmonic mixed with hyper­

enhlnnonic intervals. 
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5-770 Propriety limits for btptJIumit ltJI/muith 
"ttl rrtr«hork. ~ the ftnt four nnvSIlrt 

sbtmmJ 

• • 5OO - II - b ... 500 - II 700 - II - b 

,00 700-' 700 - II -b+c 

700 700 -1' +c 7oo -l'-b+c+tI 

'00 
loo+( 

Propriety of mixed scales 

The cornpuu.tion of the propriety limits for heptatonic scales containing 

dissimilar tc:tnchords is a more complex problem. Since there are now four 

degrees of freedom, two for each of the tetnchords, the graphical methods 

used for the single tetrachord case are of limited usc. It is possible, however, 
to consider the upper and lower tctrllchords separately and to calculate 

absolute limit! on the intervals of each. If II, b, and 500 - /I - b are assigned 
to the intervals of the lowertetrachord and (, d, and 500 -t-d to the upper, 

one can compute: the nn~ of values for II and b over which it is possible to 

find an upper tetrachord with which a proper scale can be generated. Similar 

computations may be done for ( and d. These results of these calculations 

ace tabuJated in 5-71 and are graphed in 5-78 and 5-79. These graphs we 
only those relations which are solely functions of a and b or, and d. 

Triangular plots of the same dab are depicted in 5-80 and 5- 81. The 

union of the the upper and lower tetrtcbord regions corresponds to the 

pentachordallimits of 5-68 and 5-73, and their intersection is the proper 

diatonic region of 5-14. The upper and lower teo-achord regions are also 

the intetvtllic reo-ogrades of each other as propriety is unaffected by ret­

rogression or circular permutAtion of the intervals. 

The solution to the genel'lll case of finding the limits for mixed tetra­

chordal scales must satisfy all the inequalities that relate a, b, ',and d. It is 

difficult to display this four-dimensional solution space in twO dimensions. 

One an, however, choose tetrachords from the lower or upper absolute 

, , 
50 0 - C- 4 

,+, 500 - c 5oo - c- J + 1I 

l oo + C+tI ,00 500 -'+11 5OO -'-4+II+b 

700 50 0 +11 5OO - ' +II+b 1000 -C - J 

COWSTIWtn'SON I'ANDb; 0<1' < l50; lJO <II +b < 500j III +h < 700jll + 2h <700. 

VEITlCU: 100, '50j 100, ~oo; 250, 200; ~JO, 0; 2JJ.J, 2JJ.J. 

cowsnwr.rtSOW,.u.'D4:, < 250i 250 <, +tJ <400j4- ' < lOOi JOO <u +4. 

YElITICIS: 50, JODjJJ.J , 23].3i 100,]OOi 2JO, '50i 250, O. 

Wllftl.u.COHSTlWW'T' ow II, h, ' ,JJlDJ; II <c +J; h <c+4;'<1' +hi tl <II + bjt < liIj II +e< 500j h +t< 500i II +tI< 500i b-t < 200; 2C - II < 

JOO;II -t<100; ' +tl-II < J0o; a +b +t<700j U +ti- II < JOOi' +JJ-II < 500; II +b+ti < 700; 211 + u-, < 700; II +b-C-4 < l00j ] 00 <II 

+'+4;,+J<211 +bj 200 <211 +2b-,-ti; 2( +J-II-h <300; 211-(-J < JOO; 200 < 211 +b-c.;, +b +4- 11 < 500; Joo <II +h +t +ti; 300 < 

u+ 24-11; 211 +b- u-J < 200. 

90 CHAPTU 5 

f 
I 



J •• 

INTUVA1.11 )00 

5-,8. Absolutt prTJpritty limits for/vwtr 

tttrllrhollu. 

5-79· Ifbl(J/utf proprirry limits for IIpptr 
utTnbo/'fls. 

5-80. AbtDluu prPprittylimiuforlvfHr 
tttrwhords. 

propriety regions of 5-80 2nd 5-81 2nd find companion tetrachords which 
product: proper heptlltonic sclles when joined to them by a disjunctive 

tone. These computations are perfonned in the same w:ay as in 5-70 and 

5-77. except that the v:uiables in one of the twO tet::rachords are replaced 

by the cents nlues of the intern]s. The result of lhe calculations will be a 

range of values for the companion tctnlchord. 
The three pennutations of the intense diatonic genus in 12-tone equal 

temperament(loo + 100+ loocena, 100 + ( 00 + 200 cents, and 100 + 100 

+ 1 00 cents) as well 25 the neochromatic (ann of the syntonic chromatic 

(tOO + 300 + 100 cents) were selected as lower tetrachords. The propriety 

limits for the upper companion tetrachords were then computed. These 

resulu are shown in 5-81. 

Points in the interiors of the regions yield strictly proper scales, while 

those on the peripheries produce scales that are merely proper. The neo­

chronatic tetnchord has omy a one-dimensional solution space; the up­

pennon point corresponds to a mode of the hannonic minor scale. 

Similar calculations were perfonned for an additional 13 tetra chords and 

the resulu are tabulated in 5-83 . In agreement with previous results (5-74 

and 5-78), no proper scales could be fonned from lower tetr:achords whose 

first intervals were microtones, 

s~ 

5-8 I. Abso/WI propritty limiu j(}l' uPIn" 
tttrll~ 

• 
s~ 
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5-8), Propritty nmgu flruppw (lIm/MnWn tar.­
(bortis: limiufortlu tt:r.dx1rrl1 (.) 100 + 200 + 200 

tmtJ, (b) 200 + 100 + ~oo(mts, (,) 200 + 200 + 100 

emu, (oj 100+ 300 + 100 ,mU .• 

,~ 

~ , i 
fNTtJlV.u.. ,~ 

,~ 

~ ~ 

~ 

~ 
INTU.v.u.. ,00 

'00 , ~ 

I 
IN'nlV.u.. ,~ 

,~ 

~ 

"" 
~ 

~ 
1N'n.1V.u. • ,~ 

Upper tetrachords may also be chosen and lower companion ranges 

subsequently calculated to yield scales that are the intervallic retrogrades 

or octave inversions of those above. 

A number of interesting conclusions may be drawn from these data. 

Proper heptatonic tetrachordal scales containing microtones are only pos­

sible under certain conditions. The f!Ucrotonal intervals may be present in 

either the upper or lower tetrachord provided they are not in the extreme 

positions, i.e., not intervals a or 500-c-d. 

Proper he:ntonicscaJes also existwhen tetrachordal intervals h or d equal 

uro and a and (are 250 cents. These scales may be analysed as containing 

a tetrachord, a disjunctive tone, and a trichord. 

The tetrachordal genen which appear as vertices of the proprietY re­

gions are of great interest. In particular, the equal division 166.667 + 

166.667 + 166.667 accepts as upper companions both chromatic and im­

proper diatonic genen, including some with subcommatic intervals. Other 

new tetrachords occurring as vertices lite the improper diatoruc genera 

3].333 + 23].333 + 233-333; this is very close to Al-Farabi's 49/48 . 817 . 81 

7, and 50 + 150 + 200, which is approximated rather well by 40/39' 52/45 . 

9/8. 

Work of other investigators 

Several other investig.tors have independently developed descriptors 

functionally identical to Rothenberg's strict propriety. Gerald Bab.ano has 

used the notion of "coherence" in his work on microtonal analogs of the 

diatonic 5C':I.!.e in 12-tone equal temperament (Balzano 1980). Though not 

tetrachordal, Balzano's scales are homologous to the tritriadic scales dis­

cussed in chapter 7. Ervin Wilson (personal communication) has applied 

the term ron.stJJntstrumlrt to scales in which each instance of a given interval 

subtends the same number of subintervals, but not necessarily subintervals 

of the same magnitude or order. This property is also eqwnlent to 

propriety. 
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S· 8]. ~"mhtti utrWchO"lI~lill, i" rtnu. 17mt 
tttnrbortls all amrbmt with II tiiJju~ IIItU 11M 

IIny tttrMhorti in tht P'fgillft ~fintti", /hI vmius to 

Y;IIJ ""I'" rwJtrin1y pnptT seilitl. 11u P'ttrogrUu 
0/ ,hm u"./IdJonls all 111m snw til ,ht upptT Im--.­
dJonIJ ~ ProJKr Juju. Tht thirti mterwl oft«h ttt­
,-.rhtmJ m#1 N fo und by ~ng uJt mtfl 0/ th, 
two tAlntllluti i"ttTVIIlrfr- foounu. Th,n, ,.. 

rhr_tk tttrMhurd numb"." " !b, 14PP" IttrW­
lhrwti 0/ uu hllrM(11l;t ",inor ",oJ,. Iu NgiOff 0/ pro­
pritty" ,.,tIuc,ti tuJi", ,..,/m· rlllm ." IIrtll i" tht 
utrlldlortJ.J mttrWJ p/lmt. T,trWUJri 11, /1 , MIll 

16 tllffntJl finn pr-optr seilks wilh .", 14pptr u_""'. 

1.0...,.1 Tt.TUCHOaD vEII:ncu 

L 10 01 00 100 50,100; So, 150; 100,100; 100, SO 

,. 100 100 100 100, ' SO; 100, )00; 100. 100; 100. SO ,. 100 100 100 100. l ao; 100, ) 001 ISO. I SO; 150. So 

4· 100]00 100 100, 100; 1 00, 100 ,. 100 150 150 So, 1 SO; So, 100; I SO, I SO; I SO, 100 

6. 100 150 150 100, I SO; 100, 1 SO; 100, I S0; 100, SO 

7· ISO 100 ISO 50, 100; So, 150; ISO, ISO; 150, 100 

8. I So ISO 100 100, 175; 100, 100; ISO, ISO; "5, 175; ns, 75 

9· 1 50 100150 150, 'SOi 150, 150; ISO, ISO; ISO, So 

' 0. 150 ISO 100 150. ISO; ' So, ISO; ISO, ISO; I SO, So 

n . So I SO 100 NO 'IO'U 1c.u..l1 

n . SO 100 ISO NO rao ,..1 1c.u..l1 

, ,. 1 00 SO 150 100, I SO; 100, 1 00; 150, 'SOj 150, 100 

'4 · 100 150 So 100, ISOj 100, 100; ISO, ISO; 150, 100 

, I · 150 So 100 ISO, I SO; I SO, ISOj 100, 100; 100. 100 

,6. 1 50 100 SO 100, I SO; 100, 100; 'SO, ISO; 150, 100 

'7· liS uS 150 So, 100; So, 1 So; 1 So, ISO; I So, 100 

,8. I1S1S0 l1 S 87.5,187.5; 87.5, 187.5, 111 ·5, 161·5. 111 ·5, 61 .S 

'9· 150 liS 115 ISO, ISO; '50, 1 50, 150 , 150; 150 ,50 

' 0. '50 150100 50,100; 50,150; 100, l 00j l ao, SO 

n . 150100 150 75, '75; 75, US; 8]. ], 18].]; ISO, 150; 115, 175; 

115 , 1 5 

n . 1 00 150150 100, I SO; 100, )00; 1 So, I SO; 150, 0 

" . 100 1 75 liS 87.5.187. 5i 87.5.1)7.5 ; 100. 115i 100, 75 

'4· 11 5 175 100 100, ' 75; 100, 150; 111 ·5. 1]7.5. 111,5, 61·5 

'I· I]].]) 1]).)] ])-)3 1)).]) . I]].]); 1]) .3), 166.67 

,6. ])'}3 I U]) !)H) N O ,aorta .CA.L&. 
'7· 166.7 166,7166.7 66.67, (8) .3)i 66.67. 166.6,; 88.89, 188.89 ; 

I)J.]), 166.6,; 1)).3], 166.67; 13H3. 16.6, 
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6 Scales, modes, and systems 

THE FORMATION OF heptatonic scales from temchords was mentioned 

briefly in chapters I and 5. In the present chapter, scale construction will 

be examined at greater length-in particular, the fonnation of non· 

traditional and non-heptatonic scales from tetrachordal modules. Before 

introducing this new material , however, a brief review of the salient features 

of the Greek theoretical system is necessary as an introduction to scale 

construction. 

The hieran:hy of sClIII:ar formations 

The ancient Greek theorists recognized a hierarchy of increasingly large 

scalar fannatians: temchord, pentachord, hexachord, heptachord, oc­

tachord, and system. The canonical forms of each of these scalar fonnations 
may be seen in 6-1. The smai lltr fonnations were finally absorbed into the 

Perfect Immutable System which with its fifteen pitch keys or tonoi was the 

highest structur21 level of. the G reek theoretical doctrine. As the tetra­

chordal level has been introduced in earl ier chapters, the discussion will 

focus on the pentachord and larger structures. 

The penta chord 

Pentachords may be considered as tetrachords with disjunctive tones added 

at either extremity. They divide the perfect fifth into four subintervals and 

occur in sever2l forms in the various modes of heptatonic scales. The twO 

fonns of greatest theoretical importance are described in 6- t . \Vhile of rel­

atively minor musical prominence, the pentachord has considerable ped­

agogical value in explaining how certain tunings and scales may have arisen. 
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6'1:, TbtbitrllrChyufSllll4rfot'mlltitmT. The 
ktrllwd miJy bt II7ry of tht thoJt lintd in cbllpter 9. 
Tbt illlmJlII 11{ rguivQltNt is tht -pj. Tbttwo 

tllrwniul forms oftht pmtlldKJrd IIrt giwn. Otbtr 
jurtnJ «an' m the wrjousmMuofbeptlltmlk stiJ/6 

of diffirtTlI gtNr1lllnd_y hllflt the 9/8 
inttrpol4ttd hetwttTl the tetrQthordiJl intervills. 
Wah the IIddition of the DnIIVt 311, tht heptlltbord 
INQ1mU tbt MirolydiJm mode of the cumpkte 
beputtmit or()Ctl1fh&rdal lCIIk.Iftbe 8/g islldJtd 
bthw the III the Juk h«t",m tbt HyptJikrim 'fIfOdt 

trIImpofed ~n-ds Jry II wbole tane (g/8). The 
ntrr bigbm stTWtJmJ./ kutl is thllt of II iYJum wbitb 
CfJfItIIiru ilJJ tbe ktwtr onu. The IKtIKhard is tbe 
bfJltllt.onK Dm-iAn modi. 

For example, Archytas's complex septimal tuning system can be best 

understood by considering not JUSt the three species of tetr1lchord, but the 

~ntllchords fonned with the note a whole tone below. These would be the 

note byperhypate for the meson tetrachord and mese fo rthe diez.cugmenon 

(Wmnington·Ingram 1932; Erickson 1965). By the use of the hannonic 

mean between hyperhypate (8/9) and mese (4/) , Archytas defined his en· 

hannonic lichanos as 161t5. His runing for the note parhypate (18117) in 

all three genera was placed as the arithmetic mean between the 8/9 and 

)1117, the diatonic lichanos. This construction may be seen in 6-1 . 

The notes D F G and A fonn the hannoruc series 6:7:8:9 and the notes 

o ~Aa minor triad, 10:11:1 5. The 716 which the hyperhypate (D) makes 

with parhypate (F) is found in all three of his genera and is duplicated a 

fifth higher between mese (A,) and trite (q. This interval WllS very im­

portant in Greek theory and had its own name, ekbole (Steirunayer 1985). 

It occurs in the Dorian hannonia shown in 6-4 and in the fngments of 

surviving Greek music, 

As this interval has the value of 7/6 only in Archytas's tunings and those 

others of the 7/6 pentachordal &mily (chapter 4), it is interesting to con· 

sider analogous pentachords with the 18117 replaced by other intervals. 

6-1 also depictS such a system, employing a more Aristoxenian r /4~tone 

interval, 40 /39, which was used by the theorists Eratosthenes, Avicenna, 

and Barbour in their genera (See the Main Catalog and 4-) )' This system 

has a number of interesting harmonic and melodic intervals and could be 

played very well in 14-tone equal temperament. 

Miscellaneous pentachordal structures 

According to Xenalcis, chains of conjunct te trachords and pentachords 

(trochos) are used in the liturgical music of the Greek Orthodox church 

PORM Nons 

Trl't.4.CHOJU) tit II b 4/] 

PINTACHORD I : lit g b 4/ ] ]11 

1 : 8/9 l it II h 0/] 
HlXACROllD I ; I I I g b 4/) ]11 ]bh 

1 : I II g h 4/] )11 ]1111 

RlPTACROIlD I II • b 4/] 4"/] ¥/] 16/ 9 

OCTACROllD lit II b 4/] )11 ]1111 ]bh lit 
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6-1. Pmt/lrb0rtJ4J sytUmJ. 

ARCHYT,!'s'S SYSTI!.M 

D • , "II .. G 

8/, , f> 18h] 16h S ,18 ph] 

615 51, 

,/6 ,I, 
,/6 8/, 

40/39 SYSTEM 

D • , 
'" " G 

8/, ,f> 40/39 16hS 10/9 ph] 

61, ,I, 
ISh 3 I]ho 

51, 61, 

ISh] 51/4S 

, 
4 /J 

, 
4/J 

(Xenalcis 1971, and chapters 1 and 5)' These chains exhibit cyclic per­

mutation of their constituent intervals. Most importantly, they are ex­

amples of those rare musical systems in which the octave is not the moduJus 

or interval of equivalence. 

Additionally, more traditional hepb-tonic modes (echoi), some of which 

appear to have genetic continuity with classic Greek theory, if not practice, 

are employed. These may be analyzed either as composed of two tetra­

chords or as as combinations of teO'achord and pentachords. A number of 

tetracbords from these modes are listed in the Catalogs . 

Some irregular species of Greek and Islamic origin are also listed in 

chapter 8 along with IUthleen Schlesinger's hannoniai to which they bear 

some resemblance. These divide the fourth into four parts and the fifth into 

five . The Greek forms are merely didactic patterns taken from Aristoxenos 

and interpreted by KathJeen Schlesinger as support for her theories, while 

the Islamic scales were apparenclymodes used in actual music. 8- or9-tone 

pseudo-tetrachordal octave sales may be fonned by combining these with 

appropriate fifths or fourths. 

The hexacnard, heptachord, and gapped scales 

The hexachord lind heptachord genenlly lIppe:lt as transitional fonns be­

tween the single tetrachord and the complete heptatonic sclile or oc­

tachord. The heuchord appears :IS a suge in the evolution of the 

enharmonic genus from a semitonal pentatonic scale similar to that of the 

modernJapanese koto to the complete heptatonic octave. This s -note scale 

is ohen called the enhannoruc ofOlympos (6-3) aher the legendary musi­

cian who W:IS credited with its discovery by Plutarch (perrett 1916). This 

:and other pentatonic scales may be construed as two trichords combined 

with a whole tone to complete the octave. The two intervals of the trichord 

Iruly be a semitone with a Iruljor third, a whole tone with a minor third, or 

any other combination of two intervals whose sum equals a perfect 

fourth. 

At some point the semitone in the lower trichord was divided into twO 

dieses. This produced the spondeion or libation mode which consisted of 

a lower enharmonic tetrachord combined by disjunction with an upper 

trichord consisting of a semitone and a major third (6-3)' This henchord 

or hentonic scale evolved into the spondeiakos or spondeiazon tropos. 

Eventually the semitone in the upper trichord was also split and a hep-
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6-3' Gflpptd or irTtgWm- suks. Tbl rIlItfltion wtd 
btN rrprodwu rbflt of tht rifWtMu. The plUl sign 
itJdiutu fllmlt ll4-tum bigbw ,him normal. 
Unim uthtrWue rill/ttl., 110 pttrtindar nming u 
1IJIIImed. but lith". Pythagorean or ArrbytllS'r 
supplrmmud /IS "fuind with unMcim.al rllr;(JS 
TJItJIIJd bt .pproprillte hisuJriulJy. 

Pentatonic forms 
!NHAUlONIC or OLYMPOS 

c f abc (e) 

SPONDEION (WIN"NINGTON-INGllAM 191B) 
cf,bc+oref+abc+ 
III n i H 4/3 311 IB/u (11l ) 

SPOND!.ION (HlND!R$ON 1942) 

r, b d, c+orc e+ f, b 

SPOND!ION (1oI0UNTrOaD 1913) 
III IBh7 4/3 ]11 IS/II (11I) 

Heutoaic forms 
SPQNDIIAKOS or S,OND£lAZON TROPOS 

(WrNNINGTON-INGRAM 1918) 

cc+fabc 
with b+ d' be' in the IImIMPtmimtrll 

DIATONIC 0' W1!IL • tEINACH 

(WINNINGTON-INGRAM 1918) 

erg a b d 
with 11. c &. c' in the lI«umPllTlimmt 

GAP'lD SCALI 0 ' TUPAHDU • N1 COMACH05 

(H!.LMHOLTZ IBn, 166) 
c f gab d (c') 

DIATONIC 0' GREIf 

(WUfNlNGTON-INGUM 191B) 
dcfa~dI(d') 

SCHLEStNGER (1939, 1B3) 

lit J litO 1119 t l i B 11/7 1/6 (lit) 

Heptatonic fonn 

COl(JtINCT HUT,!.CHORD 

cfga~cd 

{atonic scale in the enhannonic genus resulted. This transfonnation may 

have been completed about the time of Plato, who writes as ifhe disuust:ed 

these innovations. In later times, the ancient pentatonic and hexatoruc 

melodic patterns were retained in compositions for voice and accompani­

ment (Winnington-Ingram 1936). 

In principle, I huachord can be obtained from a heptatonic scale in four 
WIYS by omitting one tone in either tetrachord. 6-] lists the versions found 

in the literature. In these cases, the omitted note is the sixth degree, though 

the second version which lacks the seventh instead is a plausible inter~ 

pretation in some cases. Sch.lesinger's version is based on her theories which 

are described in detail in chapter 8. 
Some controversy, however, exists in the litenture about the tuning of 

the.se early gapped or transilient scales. The arguments over the relative 

merits of enhannonk or diatonic tunings were discussed by 'Winnington­

Ingram (1928) whose scales and notation are reproduced in 6-] . Notable 

are his Ind Mountford's undecimal or I I-limit tunings for the pentatonic 

fonns. Winnington-Ingram's undecimal neutral third pentatonic could be 

the progenitor of the hemiolic chromatic genus (75 + 75 + 350 cents) and 

diatonics similar to the equlble diatonic such IS J 50 + 150 + 100 cents. 

Henderson (1942) has also offered two quite different non~st:andard in­

terpretations of the enhannonic pentatonic blsed on etymological 

considerations. 

The hypothetical diatonic versions of these scales according to the 
suggestions of several scholars are listed in this table as well. Wei! and 

Reinach provide I conventional diatonic fonn (Winnington-Ingram 1928). 

The version of Greif appears to be derived from the Lesser Perfect or 

Conjunct System with the addition of a tone below the tonic as seen in the 

D oriln harmonia of 6-4 (ibid.). It should be compared with the Incient 

non-octaval heptachord wh.ich may also be formally derived from the 

conjunct system (6-1). 

The medieval diatonic hexachord of Guido D'Arezw, c de f g a c', may 

be included with these scales toO, although it is much later in time. In just 

intonation, it is usually considered to have the ratios JIr 9/ 8 5/4 4/] 312 

5/3. derived from the Lydian mode of Ptolemys syntonic diatonic instead 

of the Pythagorean III 9/ 8 BI/64 4/] ]h 271t6. In the septimal diatonic 

tuning of Archytas it would have the ntios III 8/7 9/7 41] 3IIl1 11/7_ 
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6-4. Tbt olden hllmumilli;" tbm gmU4. 

Dorian 

ENHAIIU ONIC d c f- ~ a b c- d '~ e' 

CHROIolATIC defgJ.ab c d\c' 
DIATONIC dcfga bcd ' e' 

Phrygian 
ENHARMONIC d e f- p a b c- d'~ d' 

CIIROMATIC d e fgJ.lbcd'\d ' 
DIATONIC defgabcd ' 

Lydian 

ENHARMONIC f- ~ a b c- d '~ e' f·' 
CHROUATIC f g;. abc d'l e' r 

DIATONIC f gab c d' e ' r 
MUr:oiydian 

EN'HAIIMONIC B c- dol d c f· p b 
CHROM.ATlC Bcdodefg;. b 
DIATONIC B cdef(g)(I)b 

Syuronoiydian 

lNllARMONIC B C- dol c g 
CHROMATIC B C 4 e g 

DIATON IC c dc f g 
Hro D IATONIC BCd e g 

Ionian (Iastian) 
ENllARMONIC n C- dol ega 

CHROMATI C B C <\ c g I 

DlATONIC C c f g a 
lNODLATONI C BCdega 

The Octacbord or complete heptatonic scale 

The union of a tetrachord and a pentachord creltes an octachord or com­

plete heptatonic scale. There is evidence, however, that initially two di­

atonic tetrachords were combined by conjunction, with a shared note 

between them, to fonn a 7-note scale less than an octave in span (6-1). The 

later addition of a whole tone at the tOp, bimom, or middle separating the 

two tetrachoros, completed the octave gamut. Traces of this early hep­

tachord may be seen in the construction of the Lesser Perfect System and 

in the irregular sales of 6·3 and 6-4. 

Similarly, two enhannonic tetrachords were joined by disjunction with 

the 9/ 8 tone between them to create the Dorian harmonia to which a lower 

tone was added (6-4). An alternative genesis would connect two pen­

tlIchoros whose extra tones were at their bases to produce the 9-tone 

Dorian harmonia to which other tones might lIccrete. Byanalogy, both the 

enhannonic and diatonic proto-scales converged to the same multi-octave 

structures later called by the name of system. In the fifth century BCE the 

wide ditone or major third of the enharmonic genus was gradually nar­

rowed to a minor or subminor third by a process termed "sweetening," 

Evenr:ually, this process resulted in the chromatic genus which was raised 

to the same status as the diatonic and enharmonic genera. 

The Greater aDd Lesser Perfect Systems 

However the early evolution of the Greek musical system acrually oc­

curred, the result arne to be schematized as the Perfectlnunutable System. 

Its construction was as follows: two identical tetrachords of any genus and 

a disjunctive tone (sl/8) fonned a central heptatonic scale which became the 

core of the system. Another identical tetrachord was then added by con· 

junction at both ends of the scale and disjunctive tone was patched on at the 

bottom of the whole array. A fifth tetrachord. synemmenon, was inserted 

conjunctly into the middle of the system to recall the ancient heptachoro 

and to facilitate commonly occurring modulations at the fourth, This su~ 

pernumerary tetrachord was also a useful pedagogical device to illustrate 

unusual intervals (Erickson 1965; Steinmayer 1985). 

The final results consisted of sets of five tetrachords linked by conjunc­

tion and disjunction into arrays of fifteen notes spanning two octaves. 

These systems, in tum, could be transposed into numerous pitch keys or 

tonoi, at intervals roughly a serrutone apartlccording to the later authors. 
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The subset of four al ternately conjunct and disjunct tetnchords (hypa~ 

ton, meson, diezeugmenon, and hyperbolaion) was tenned the greater 

perfect (or complete) systtm (G1Vat€~ ttA£lOV ).1t\l;ov). The three conjunct 

tettachords (hypaton, meson, and synemmenon), was ca lled the Lesser 

Perfect (or Complete) System (G1VCtrTU1<X ttA.e\OV e1<XTtOV or daaGov). Their 

union was called variously the Changeless System or the Perfect Immutable 

System (mxrtr)~ 1V.£lOV ClJ.Lttatkll.ov) by different authors. 

Tbe Perfect Immutable System 

By the fourth century Bct, the Greek theorists had analyzed the scales or 

hannoniai ofthei! music into sections of this theoretical two octave gamut. 

This Is-note span is conventionally transcribed into our notation as lying 

between A and a'. Tbe Perfect Immutable System could be rune<! to each 

of the three genera, and while in theory all five of the tettachords must be 
the same, in practice mixed tetrachords and considerable chromaticism 

ocrurred. Not only was the diatonic lichanos meson (D in the Dorian or 

E mode) added, but other extrascalar notes led to successions of mort: than 

two senUtones (Winnington-Ingram 19]6). 

6-5 depicts the Perfect Immutable System in its theoretical form and in 

its two most historically important intonations. 

The fixed notes (hestotes) of the Perfect Immutable System were 

proslambanomenos, hypate hypaton, hypate meson, mese, par:amese, nete 

diezeugmenon, nete hyperbolaion, and nete synemmon. The moveable 

tones ( ICLVOtl).lt\lO\) were the parhypatai, the lichanoi, the tritai, and the 

paranetai of each genus. 

Lichanos hypaton, also called hyperhypate, a diatonic note a whole tone 

<9/8 in Archyta:s's and most other just tunings) below the tonic, was added 

to the Dorian octave species in the chromatic and enharmonic genera in the 

hannoniai of Aristides Quintilianus, certain planetary scales, and the Eu­

ripides fragment (ibid.). 

Erickson (J96S) and Vogel (196], 1975) have shown that a number of 

interesting tetrachords occur in the region where the synemmenon tetra­

chord overlaps with the diezeugmenon tetrachord in Archytas's system. 

These include the later and historically important 1611 5 . 9/8 . JO/9 (ptol­

emy's syntonic diatonic), I6h 5 . 10/9 . 9/8 (Didymos's diatonic), the three 

pennutations of the Pythagorean diatonic, 156114] . 9/8 . 9/8, (slo + 104 + 

l04 cents), the Pythagorean chromatic ph7 . 2187/l048 . 156114] (194 + 
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6-5. The Ptiftct Imm~tllhlt Syrttm in the tiilllorUf, 
ehrwNlri(, 1mti mhllrmcmk gmtrll, t~ntti IICWrtiing 
IQArrbyw's.",Q Pythllg(}f"flln twning. The 
trIInrtriptirm i1 in the n4twrlll key 10 llwid acdtimtlllJ 
IInti the minakm I4tt shift ()/ ",.phllris [ram DttriAn 

t(} HyjJdytiilll1 (Hmdcrwn 19J7). Tht -lIni~ 
jnJjutt Wilt tbesellrttiifftrml pitches in the 
mhllmfrmie gmus. Eri(kJlJ1I (lg6r) proposu 6"; .. r 
(lSIll1I1/Urfllltivt tvningfor trilt synmrmmon. 

TAANS CRII'TION 

P~. CIIIl. .~. 

I'ROSU.MI.u;OM!NOS A A A 

K"'An IiYPATON B B B 

PARIIYPAn: H¥PATON C C c-
LICKANOS HYI'ATON 0 0, '" HTPATE MESON E E E 
""lUiYl'ATE MUON F F F-
\.ICKAN0 5 MiSON G Q '" MUI • • • 
PAltA.N! SE b b b 
TJ.rn ; Dn:z;tooMINON , , ,-
""AANET! DI1Z1UGMl WON d " <\0 
Nrn DI1Zl!:UCMtNON , , , 
TIITI HYPEUOtJ.ION f f f-
I'AAANET!. HYl'lDOU.ION • ~ .. 
N'ETE HYPEalOLAlON • .' " 
T art! SY'Nl:MMENON (18h 7) " " ,,-
P ........ NE'n 5fNUUUNON , ~ .. 
NI'n SYNEMMENON d d p 

114 + 90 cents), and Avic:enna's chromatic: 7/6. )6/)5 . 10/9 (167 + 49 + 181 

cents). Some unusual divisions such as 18h7 . 81 /70 ' 10/ 9 (6) + 153 + 181 

cents), 18h7' 1187/1791. 156h4) (6) + 345 + 90 cents), 16h5' )5/)1. 817 

(Ill + ISS + I) I cents}, 16h 5 . I 2t Sh014' 1561143 (II 1 + 196 + 90 cents), 

7/ 6 . 81/So · 918 (167 + 11 + 104 cen13), ph7 . 81/So · 10/9 (194 + 11 + 181 

cents),18h 7.64"63 . 81/64(6) + 11 +408cents),615' 1)51118. 1561143 ()16 

+ 91 + 90 cents), and 156/14) . 81/ 80 · 5/4<90 + 11 + )86 cents) are also found 

here. Notable are the intervals of 15) cents, another possible tuning for the 

ekbole, the neuml third of 345 cents, the three-quarter tone )5/ )1 (15S 

cents), and the minor whole tone 10/9. 

The altemue runings t61t 5 and 18h 7 for the first interval of the syn­

emmenon tetrachord may have been used in order to obtain the spon­

deiumos, 1Il interval of three dieses approximating 150 cents, mentioned 

by Bacchios(Steinmayer 1985; Wtnnington-Ingram 1931). These intervals 

would measure )5/31 (I 55 cents) as the difference between 14/9 and 64 /45, 

or 143 h14 (141 cents) as the difference between 111/ 81 and )h. The in-

AIICliYTAJ rYT1fAGOUAN 

D~. Clla. INK. p~ CHI. ~~ 

, I ) ' I ) ' I ) ,I ) ' I ) ,I ) 

)/, )/, )/, )/, ) /, ) /, 

, 19 , 19 , 19 &J/ SI " I" 384/499 

8/9 17/32 , IS 819 17/P 64181 

'h 'h ,h 'h 'h ," 
lS/17 1SI1, 18117 lS6h4J 156/143 SU/499 

ph? 9/8 t6h S ph? 9/8 lS6h 43 

, I ) , I, , I , ¥) , I ) , I, 

)" ) / ' )h )h )h )h 

14/9 14/9 14/9 u8/81 128/8 1 , 68/499 

1619 17"6 8IS 1619 17116 uS/ 81 

," ,I, ,h ,h ,I, ," 
5611 , 5611 7 S6h, Sul143 51:1143 10 141499 

6.th 7 91, phS ~h7 91, f uh4} 

81) 81, 81, 81, ") 8/) 

111/81 IU/ SI 11118 1 1014/719 1014/729 I04S11497 

I1S/81 )h 64/45 US/ SI ,I, 1014' 719 

1619 1619 1619 16/9 ,619 1619 
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6-6. &lIlu OJ tmJmJDII ImllaOrding ~ Ptolemy. In 
tbt tut, tbt mrmu of the tIl1ImgJ lin IIIwIlYS gium in 
plum/form. (I), Mt thtdinmkor Pyrbl1gurttm, op­
JlfMttobllWbtm tbt IfIIndtJ,.,fJi/mmic. On the Iti­
thtml, in thl HypodDriIm mDdt it 'WM ciJl/td mllli, in 
rJu Pbrygitm. bypmnPII. (111) isgiwn hi ttJJoforms 
if! difftnnt pfluu in tbt Hannonicsj tht mUme 

dmJmt;m(1:84J. whtrt it iImistrlmllattd III "4i· 
lItImiuhT01lUltie. ~ tmd fbt soft mromtltit (.2:20 8). 
Tlu t4b1U(1:178) Wt tht mtmJf cbrtmwtjc; tbtJfJjt 
,brcm4tic fits the snut of the twmt battr. On tht Iti­
,btmJ, (111) in the Hypodorirm11lfJ(/t ufIIl/ttl trtJpo; 
or tropikoi. In the DoriJ,,, mlJlk (f1J tbt kithll,." W is 
tlllltdp.1ryptluL (4) is in the HyprIPbrygitln mode. 
(5), in the DoriRn mtHk, if givm VllrUJUSIy.u tither 
jilin umk di4ttmk or /I mimwt of tanic dilltanic tmd 
intt1l1t ImII is Rho rifand Ull.lmtuboli!ta. (6) is 
frumAvjulmll (D'Erl4ngtr '915. ::239), wbll 
samttimtl "ppntrinwud «mIJIkx ,,,tilM /jlu 72/65 
'IlJhb I'Ilptrpartindm of simiItIr mtlgnietuU JUtb lIS 

l Ull, butlht aMtr.tio iJrJurfrvm rhtamttxt. 

311 . The interval of three dieses also appears in Archytas's chromatic as the 

difference between the 18h7 and the 9/8. In many cases the scales con· 

taining these tetrachords would be mixed, but deliberately mixed scales 

were not unknown. 6-6 lists some varieties of mixed scales recorded by 

Ptolemy in the second century CEo 

The scales actually employed in Greek music are a matter of some 

confusion because of the paucity of enant musical examples and the variety 

of theoreticaJ works from different traditions written over a period of sev­

eral centuries (fourth century BCE to fourth century a). In the theoretical 

treatises, the seven OCtlllve species or circular pennutations of the basic 

heptatonic scale are singled out and given names derived from early tribal 

groups. These scales are notated in all three genera in 6-7 . Their intervals 

and notes are in shown in ratios for both Archytas's and Pythagorean tuning 

in 6-8 and 6-9. 6-10 gives the diatonic fonn in Ptolemy's symonic diatonic 

(J6/J 5' 9/8 . 1019), and 6·1 1 gives the retrograde of this genus (1019' 9/8. 

16/J 5)' The Lydian mode in the former tuning is the standard just in­

tonation of the major scale, and the latter is that of the natural minor mode 

(see chapter 7). 

For the Pythagorean tuning of the enhannonic, I have used Boethius's 

much later arithmetic division of the pyimon, as the actua l tuning prior to 

Archytas is not known. Since the division of the semi tone in both tetra-

t. STllIlA, A LVllA TUNING: TONIC DIATONIC 

lit 1811, ph, 41] ]h 14/9 r6/9 1II 

1. MJ.I..UU., A LYIlA TUNING: SOFT 0 1 II'n'EN5£ CHIOM.lTIC MiD TON IC D L!.TONIC 

A. III 18h, 10/9 4/3 312 14/9 16/9 :11 
B. III n /ll 8/7 4/3 311 14"9 1619 III 

3. M!TAlIOLliCA, ANOTIIII LYIlA TUNING: SOFT DL!.TONIC AND TONIC DIATONIC 

III 11110 ,16 4"3 3h 14"9 1619 111 

4. lAm-AtOll"", A KJTfLUtA TUNING: TONIC DIATONIC AND DITONIC DIATONIC 

III 18117 ph, 4/] ]11 1,116 1619 11I 

s. lASTIA. OR LYDIA, XITHAJL\ TUNlNG5: ',,"[NSIt DlATON!C AND TON!C DL4.TONlC 

III 18h7 ph, 413 ]/1 8/S 9/S III 

6 . A W£DIEVAL I$L.UUC SCALI OF z.u..z.u.. FOI CO MPARISON 

III 9/8 8l/64 4/3 4011, 1]0/81 16/9 III 
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6-7. Thl /JdIWt tptdu in all th,U grntra. Tht 
tratiititmlJl namtl tlI"t givtn jim and alttl7llltl otIlI 

rubU9lltntly. Tbt HYPtlmixoJyd;an Will drnounmJ 
by PUUt71Iy as otiott Imd by tbt city of AliOS aJ 
il/tgal (Wmningron-lng1"ltm 1916). Tbil 
trall$uiption IltU (ht TllZmrllllrey for !farity. /...11ft 
thtoristl ,,,iJtolrmly bllilt fht ryltmt and norlltion 
llbout the F modt (Hypolyditm) !"lIth". thlln the 
corrm Emotk (Donim) (Htmltmm 19r7). 

Although tht fXn"lIm, Phrygill7l, and Lydian tlU)tUs 
bavt dirtinaiw tltrluhortJJ.lfonns, thur jtmnJ 
Ullrt ntvtr nllm,d II/ur tht;" ptll"trlt moMs by II", 
of the Grttlr rbtfJrisrs. In rbt cbromtlri( find 
enhllrmonic gmn-a tbe tonics of the rptriu Ilrt 
trilnif0l71ltd. An II1urnatrot ncmwu:laturt for tbl 
mhlll1"OI1;( tttriltbord is E E+ FA. Tbt mtSt Iratll 
thetm is four scilil d~m llbovt the tonic with 
which it UJiUtlly malttllll1 inttrVal of R ptrfm 
fow"th. 

chords was completed only near end of the fourth century BCE, the division 

may not have been standardized and was mOSt 1il.::~y done by ear during the 

course of the melody (Winnington· Ingram 1918), in which case the ap· 

proximate equality of the dieses in Boethius's tuning probably captures the 

Aavor of the scale adequately. Euler's eighteenth·cenrury tuning (Euler 

(1 7391 1960, and Catalog number 79) is similar and considerably simpler. 

An impn.ctical. if purely Pythagorean, solution (number 81 ) as well assome 

other approximations are given in the Main Catalog. 

Although these scales are analogous to the "white key" modes, the latter 

are named out of order due [ 0 a misunderstanding in early medieval times. 

TONIC NAM£ MUll 

Diatonic 
(A HYPIRMIICOLYDLAN, HYPI!RPHRYGLAN, LOCRIAN D) 
B MIXOLYDIAN, KYP8llDORiAN E 
C LYDIAN F 
D PHRYGLOI G 
E DORIAN 0 

F HYPOLYDIAN b 
G HYPO'HRYGiAN, IONiAN 0 

• HYPODQIJ.l.N, Af.OUAN d 

Chronatic 
(A HYPERMIXOLYDiAN, HYPERPHRYGIAN, LOCRJ.l.N 0.) 
B MIXOLYDIAN, HYJ'EllDORIAN" E 
C LYDIAN F 

D. 'HRYGIA.N 0. 
E DORIAN • 
F HVPOLYDL\N b 

G, HYPO' HIYGIAN", IONIAN" 0 

0 KYl'ODORIAN", .uOLI~ D. 

Enharmonic 
(A HYPERM IXOLYDiAN, HYPEIlPHIYGIAN, LOCRIAN I>,;) 

B MIXOLYDIAN, HYl'ERDORiAN E 
c- LYDIAN F-
I>,; PHRYGiAN" Gil 
E 00"'" 0 

F- HYPOLYDlAN" b 

Gil HY1O'HRYGI~, IONIAN" 0 -

0 HYPODOIUAN , AEQUAN" .. 
' OJ SC"-L &S, MODES, ,,-NO SYSTIMS 



," 18h7 
ISh7 

," 8/7 
8/7 

," 9/ 8 
9/S . 

," 18h7 
18h7 

," 8/7 
8/7 

," 9/ 8 

9/ 8 

," 9/ 8 

918 

Diatonlc (18/17 . 8/7' 9"8) 

WtxOLYDIAN (B - b) 

p h 7 ' /J lu/ SI 11S/ 81 1619 ," 
. S/7 . 918 . 18h7 . 8/7 9/8 9/8 

LYDIAN (C - C) 

917 , /J ]ll ll n/7 17/ 14t 'h 
918 . ISh7 . 8/7 . 9/ 8 . 9/ 8 . 18117 

,lIaYGIAN (D - d) 

7/ , /J J" 17116 7/, ," 
18h 7 . 8/7 . 9/8 . 9/ 8 . 1812 7 . 8/ 7 

DORIAN (E - e) 

p h 7 , /J J/' ,19 1619 ,j, 

S/7 . 9/ S . 9/ 8 . 18117 8/7 • 9/ 8 

HYPOLYDlAN (F - f) 

917 81 /56 Jh 1117 17h 4 ," 
9/ 8 • 9/ 8 . 18h7 . 8/7 . 918 . 18117 

HYPO'HRYGIAN (G - g) 

81/ 64 11116 J" 17h6 7/' 
9/8 . 18h7 . 8/7 . 9/ 8 . 18117 . 

HYPODORlAN (A - R) 

7/ , /J J" 14/9 
18117 . 8/7 . 9/ S . lSh7 

ChroIWlDc (I8/17 ' 14vu4 ' ) lh7) 
MIXOLYDIAN (B - b) 

J619 
8/7 

," 
8/7 

," 
9

" 

III lSh7 918 4/) lulSJ )12 16/9 1/1 
18127 ' 14]1214 ' ph7 . 18h7 ' 143h14 ' ph, . 918 

LYDMN (C- c) 

III 14Jh14 9/7 4 /) 81 /56 u / , 1,114 III 
143h14' ph, . 18/ 17 ' 14]/1l4 ' ph,. 9/8 · 18117 

,HRYGIAN (D. - el) 

III p /17 8961719 413 u8/ 81 1619 448h43 111 
ph, . 18h, . 143/114 ' ph, . 9/ S . 18117 ' 143/114 

DORIAN (E - e) 

III ISh7 9/8 4 /] Jh 14/9 1711 6 III 
lSh7 ' 143/114' ph7 ' 9/8. lSh7 ' 14]/114 ' )lh7 

6-8. The ;nrtrvllh of tht OC'tIlVt sptriu in lIiJ thrtt gmtrll inArdJyw's nmmg. 

," 

," 

," 

," 

," 
,I, 

," 
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HYrOL YDMN (F - f) 

143 /114 9/7 81156 ]h 719/448 17114 lit 
14)/114 ' ph7' 9/8 · ISh7 ' 143/114' p h 7 ' 18h7 

HYPOPHRYGI.I.N (0. - m.) 

p h 7 4/3 IU/81 ]h 1619 448h43 lit 
ph7 ' 9/ 8 . 18h 7 ' 14]h14 ' ph7 . 18h7 ' 143/114 

KYl'ODORlAN 

9/8 716 81/~ ]12 14/9 17/16 lit 
9/8. 18h, . l'U / 114 ' ph7 ' 18h7 ' 14]h14 ' ph7 

Enhll'm()nic(~8/1' , )6i)s· Sf4) 
MlXOLYDI.I.N (B - b) 

18/1, J6IIS 4/3 1 ill S I 64/45 1619 III 
18h, . ]6/)5 . 514 . 18h 7 . ]6/]5 . 514 . 9f8 

LYDIAN (C· - C. ) 

9/7 41] 48 /35 Il l , 1,lr4 111 
514 . 18h, . ]6/ )5 • 514 . 9/ S . lSh 7 

'HRYGIAN (DIl - ~) 

5/4 ]Sh7 4/3 513 IS IS )5IIS 111 
5/4 ' ISh7 . ]6/]5 . 514 . 9/ 8 . 18h7 . 36/35 

OORIA. ... (E - e) 

lSh7 16/15 413 ]h 14/9 8/5 III 
18h7 . )6/35 . 5/4 . 9/ S . 18h, . 36/)5 . 5/4 

HYPOLYDIAN (F. - f·) 

]6 /35 917 SIfS6 )h S4l3s l,h4 zlr 
36/35 . 514 . 9/ 8 . ISI17 . 36/]5 . 5/4 . 18h7 

HY,O,HI\YGIAN (au.-iW 
5/4 45/]1 3Shi ]h ISIS )5hS zit 
5/4 . 9/S . 1Sh, . ]6/35 . 5/4 . ISI17 . ]61]5 

HYPOOOIUAN (A - a) 

9/8 , 16 6/5 ]11 14/9 815 zlI 
9/8 . ISh7 . ]6/35 . 514 . 1Sh7 . )6/35 . 5/4 

+ 



Dbtoni£:(lS6l14l' 9"8 ' 9"1) 
MIXOLYDLAN (B - b) 

III 156h'l ] ph7 "'} 101'1 /719 u8lSI 1619 VI 
1S6/1'1} 9/ 8 . 9/ 8 . lS6h'l] . 9/ S . 9/ 8 . 9/8 

LYDIAN (C -C) 

lit 9/8 8 1 /~ 'II} ]h 17116 l'O/u S 111 
9/ S . 9/ 8 . 1S6h 'l] . 9/ 8 . 918 . 9/ 8 . 1S6h43 

P1uYGIAN (D - d) 

III 9/ 8 ph7 4/3 ]h 17116 1619 
9/ 8 . 15611 '13 . 918 . 9/ 8 . 9/ 8 . 1561:4] . 

DORiAN (E-e) 

lit 1S6h43 ]1117 '1/3 }11 u8/81 
156h 'l3 • 9/ 8 . 9/8 . 9/ 8 . 156114} 

IriPOLYDLAN (F - f) 

til 9/ 8 81/64 719/511 }11 171I6 1'1]/118 III 
9/ 8 . 9/ 8 . 9/8 . 156!J4} . 9/ 8 . 91B . 15611 '13 

HYPO'HlYGIAN (G - g) 

III 9/8 8J/6.t 'II'l }11 17116 1619 111 
918 . 918 . IS6i14} . 9/8 . 9/ 8 . 15611 '13 . sVB 

HYPOOO&IAN (A-a) 

III 9/8 ]1117 "'3 ]11 u8/ 81 
9/ 8 . IS61143 . 9/8 . 9/8 . 1561:43 . 

ChromatiC(ls6 . 1187/&018 ' luI7) 
MIXOLYDtANCD- b) 

,,, 

III 156/143 9/8 'II} 101"'719 ]!J 1619 111 
156h4] ' 118711048 . p /17 ' 156h4} . 118,11048. ]1/17 . 9/8 

LYDIAH (C-C) 

lit 1187/J048 81/61 41] 71915n 17116 1'I]/u8 III 
118711048 . ]111, . 'S6h1] . 118,/1048 · ]lh,· 9/8 · IS61:43 

PHlYGIAH (~-4) 

III ph, 8191/6S61 "'3 u8/81 1619 4096hlS7 III 
31117 ' 156!J'I} ' 118,11048 . 31117' 918 . 156114] ' 118,1:°48 

DOaJAN(E.-e) 

III 156/11] 9/ 8 1/] 311 118181 17/16 111 

1561141 ' 1187h048 . p1l7 ' 9/ 8 . 1561143 . 118711048 . pl1, 

HYPOLVDtAN (F - f) 

lit 1I87h048 81 / 64 7191511 1/1 6561/4096 143/u 8 lit 
1187!J048 . ]11:, . 9/8· 1561113 ' 11871lO48 . p117 ' 156/143 

HVPO' HaYGIAH (Q.-p) 
III 31117 '1 /] 719/51 1 ]11 1619 40961118, lit 

pl1 7' 9"8 . 1561113' 118,11048 . P117 ' 1561143' u 8711048 

HYPODORIAN (A - a) 

III 9/ 8 pl1, 81/64 ]11 u8/ 81 171t6 III 
9/ 8 . 156/143 ' 118,11048 . pl1, . 1561143 . I 18,1:048 . ]lh7 

Enhannonk <s 11/,,99 ' 4991486 . B 1164) 

IoI IXOLvtllAN (B - b) 

lit 511/499 1561t,,} ¥] 104811197 101¥719 1619 111 

SI1/499 ' 499/486 . 81 /64 ' SI1 /499 ' 199/486 . 81 /64 ' 9/8 

LYD ..... '" (C--c-) 
l it 499/486 499/]84 41] 998,,19 499/188 1991256 112 

499/486 . 81/6.+ . s u /199 ' 499/486 . BI/&i . 9/8 . 5n/499 

'lfJ:YGIANo:>.-c\l.) 

lit 81/60t 6ot8/499 4/} 17116 l'U/ u8 971 /499 111 

81 /64 . S'1 /499 ' 499/486 . 81/64 ' 9/8 . 5u/499 '199/486 

DOaJAN(E.-e) 

III SII /499 IS612'1 ] 'II} ]11 768/199 u 8/81 1" 
S11/499 ' 199/186 . 81/6.+ . 9/8 . 5n/499 ' 199/186 . St/6.t 

IM'OLVDIAH(F- -E-) 
III 499/186 199/]84 1497/1014 ]11 499/P4 1991156 lit 

199/486 . 81/64 . 918 . 511/199 . 199/186 . 81164 . 511 /499 

HYPO.HlI.YGIAH (0..- g,I.) 

III 81/64 7191S11 719/499 ]11 14l/u8 971 /199 Iii 
81/64 ' 918 . 512/499 . 4991,.&6 . 81/64 ' 511/ 499 . 49g1416 

HYPODOJlAN (A-a) 

III 9/ 8 576/499 PI17 }h 768/499 118181 111 
9/ 8 . 511/499 . 4991,.B6 . 81 /64 • 5 I U199 . 499/186 . 81/ 64 

~. Th, inuru./s 'ftllt otrIfH spttitl in Pythllgwttm trDfing. 71:It tuning of tht pt­
Arrbyw mbllrmonic is nIIt.brcum, bllt lit fort it htr4 JlndividtJ Smfj~u, _taming tht 

py.brlm ulttr. B«thius's tlUling is wtd 11m. 
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6-IO. The intervalsoftbeDCtllVt speriuofPtokmy's 
intmu diatcmicgrnus. Su figuru6-] lind 6-6for 
nmtU! ofnotts. The diatonic tttrilthord is 16/1) . 

9/8. 10/9' The Lydian mode in this tuning isthe 
majortnllth in just inttm4ticm. The HypoJorWn K A 
1nOdt isnM: the m fnqrmodt as the flJUTth del''' is 

27h()mrtuJof~J· 

6-11: , The ;,utnIfIJsofthe anaue spu;tJoftht Pr4J­
tmy 's intmrt dillumit genus, rnJtT1td. The diaumic 
tttrathoni is 10/9 . 9/8 · 1611). The LyJilln ore 
mode in this tuning is thtmmtwmodt inju.Jt in­
ttm4ti01l. Th, DwiJm K E moJt is not the majar 

m04us thtsttOrlllikgrte is SO/9 insttA40f9/8. This 

Kille trllnspasd ttl e is JoJm RuJfolJ's tunmgfor tbe 
mIljfJf'JCJJit (Rtdfoltl 1928). 

MIXOLYOIAH (B - b) 

Although they are conventionally presented as sections of the two octave 

gamut, they were actually retunings of the central octave so that the se­

quences of intervals corresponding to the cyclic modes fell on the notes of 

the Perfect Immutable System (hypate meson to nete diez.eugemenon, e to 

e'). These abstract sequences of intervals are shown in 6- l z. Thus, in the 

D orian tonos, the mtelVllli sequence of the Dorian mode filled the central 

octave; in the Phrygian, the Phrygian sequence W2S central and the Dorian, 

s tone higher. In the Hypolydian tonos, the initisl A. proslambanomenos, 

was raised s semitone, as wu its octave, mese, the supposed tonal center 

of the whole system. 

From the original set of seven pitch keys (tonoi), a later set of thirteen 

or fifteen theoretical keys at more or less ubitrary semitonal intervals de­

veloped, irrespective of genus (Crocker 1966; Winnington-Ingram (936). 

In Roman times, the theorists moved the entire system up a semitone so 

MIXOLYDIAN (B - b) 

lit 16hS 6/S 4/3 64 /4S 8/S 16/9 1h 1/1 10/9 5/4 ¥3 4oh7 5/3 16/9 1/1 
16hS . 9/8 . 10/9 . r6lts . 9/8 . 10/9 . 9/8 

LYDIAN (C-C) 

lit 9/8 S/4 4/3 311 S/3 I S/S lit 
9/8 . 10/9 . 16ltS . 9/8 . 10/9 . 9/8 . 161I5 

PHltVGtAN (D - d) 

III 10/9 31127 4/3 40117 5/3 16/9 lit 
10/9 . 16IIS . 9/8 . 10/9 . 9/8 . 16hS . 9/8 

DOIUAH (E - e) 

III 16lt5 6/5 4/3 311 8/5 9/5 III 
16II5 . 9/8 10/9 . 9/8 . 16h5 . 9/8 . 10/9 

HYJ'Ol.YDIAH (F - f) 

Ih 9/8 5/4 45/32 311 17/16 IS/8 2h 
9/8 . 10/9 . 9/S . 16ltS . 9/8 . 10/9 . 16hs 

HYl'OPHltYGIAN (G - g) 
III 10/9 5/4 4/3 311 5/3 16/9 lit 

10/9 . 9/8 . 16/15 . 9/8 . 10/9 . 16II5 . 9/8 

HYl'ODOIUAN (A - I.) 

III 9/8 6/5 27ho 311 8/5 9/5 2II 
9/8 . 16ltS . 9/8 . 10/9 . 16IIs . 9/8 ' 10/9 

10/9 . 9/8 . 16II5 . 10/9 . 9/B . 16/15 . 9/8 

LYDIAJoI (C - c) 

1/1 9/8 6/5 4/] 31z 8/5 9/5 III 
9/8 . 16/15 . 10/9 . 9/8 . 16IIs . 9/B . 10/9 

PHRYGIAN (D - d) 

1/1 16hs )l1l7 4/3 64/45 B/S 
16II5 . 10/9 . 9/B . 1611 5 . 9/8 . 

D01UAN (E - e) 

1/1 10/9 5/4 4/3 3h 5/3 15/S zit 
10/9 . 9/8 . 16hS . 9/8 . 10/9 . 9/8 . 161t5 

HYl'OLYDtAH (F - f) 

III 9/8 6/5 27110 31z 171t6 9/5 1/1 
9/8 . 16/15 . 9/8 . 10/9 . 9/8 . 161t5 . 10/9 

HYl'OPHIlYGIAI'i (G - g) 
Ih 16ltS 6/5 4/3 311 8/S 

16/15 . 9/8 ' 10/9 . 9/8 . 16ltS . 

KY,ODOJUAN' (A - a) 

16/9 lit 
10/9 . 9/8 

lit 9/8 S/4 4S/31 ]Iz 5/3 IS/8 lit 
9/8 . 10/9 . 9/8 . 161t5 . 10/9 . 9/8 . t6ltS 



6-11. Inrrrwi ftflUtKUo/tbt IlCUVt I/Hduoftht 
tJb,trlut tttrwlKtrd a . b· c. a . b· c - flJ (c - 4"3ab) 
injwt inttmlltitmor I + b + .foo-. - b witb tht 
diljlllfrbvt ' I11ft lfJUlling l OO mlts in tht uri 

modulo 11 tfllRl ttmptrnntnU. In tbt Mit;" 
CtJtJJlog, c is tfliltl to tbe CI. 

MIXOLYDIAN 

Q·b·, •• ·b·(·9/S 

'''''~ 
b · "Q . b ·(· 9/S .• 

'HItYGIAN 

, . Q. b · ' · 9IS . Q. b 

DOIIAN 

Q· b · ( · 9/ S . • . b . ( 

HYPOLYDIA'" 

b· (· 9/ S . It. b· ,· It 

HY'OrHIIYGIAN 

' · 9/8 . It . b . , .• . b 

HnODOllA'" 

9/8 . Q. b . ,.It . b . ( 

6- Y3' Vogtl's tnlMripti01l "tht Grtrktttlutions. 
Only flu IIppn' DttItvt from mlll to nttt hyptrlJoUi", 
;, shawn. Vogtl's Gnwuln nottJtian hilS bun 011'''-
scribtdintll 'ht Amtrianfol7". His IIIttubavt bml 
tr.1lSpo1td up nt (J(flllt, Ilfld rbtJrt ",tlrlltdlllirb. btlr 
in thtorigirul.rt givm It. htrt . .f ' 21405 (406 
(mrs) rtplQCtl8116f (f08 (ellu), in Vogtl'l nming. 
In thl ~pperhlllfoftbt IrAit, 20f81( ll.f rtpums 

27116. 

that the central octave began on either E or F in modem notation. In this 

final form, however. the central octave had the interval sequence of the 

Hypolydian mode nther than the Dorian. 

The modal retunings could lisa be considered as transpositions of the 

entire Perfect Immutable System. The order o( the keys ran in the opposite 

direction to that of the homonymous octave species and the ocuve species 

could be d~cribed either by the positions of their interval sequences in 

relation to the untransposed Dorian or by the relative pitch of the entire 

Perfect Immutable System. T his duality is reflected in the two n0-

menclatures employed by Ptolemy, the "onomasia bta thesin~ (by posi­
tion) and "onomllSia btl dynamin" (by function). The cheric nomenclature 

in the natural key is used in the tables of this chapter and chapter 8 1$ it is 
the same for aU tonoi. The dynamic reftn .11 notes to the Dorian tonos (or 

which the cheric and dynamic nomenclatures are identical. 

Non "''"'a "'OTAT ION .... ." A 
'n1Tl! 5YNtMW£NON 18117 D,-

'A .... torn'£ '""I).IME"'ON 16/rS (INHAIMOH'C) ... 
PAMN'ETE SYNEMMENON, PAIAMUI! 9/ S (C HI.OMAT1C) B 

TlITI! DIUEUGMENON ,/6 C-
rARAN'l'TI! SYNDIMINON Jl / 17 (DIATONIC) C 
PA .... Nr;rE DIUEUGMINOH 615 (INKADI ONI C) C. 

896/7J 9 0,-
5 11"~05 (CHROMATIC) 0,. 
+1'3 (D IATONIC) D 

Nrn SYNtMMENON I n /81 ... -
64/45 ... 

NET! DIUlVOfoC1NON I" E 

Tartt HyptRBOWON 14/9 F-
' A .... N£"n HYnUOUION 8/S (IHHAaMONlc) F. 

uS/ 81 F 
)S8,v1l87 Q-

rAaAN£Tl KYJ'tU0 1.AlON 104811 11.f (CKltOMATlC) Q 
1619 (DIATO"'IC) G 

4481243 "'-
I S6 /1 JS '" NBTI HYnI.l0 L4.10H ," A 
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6-1+ UmuwIi UtTlJ(hflfMill Vogtl'Jtrlmuription. 

u.nos a~. 

64'6]. BI/So · H/~, 1,+12+449 
Sll8o · )14011IS" 911 11+41 +435 
]61J5 ' Jl4011IS" 81/S4 49+'P +4°8 
36/H ' 1561143' 3151156 49+90 +]59 
6416]. 16115' 3151156 11 + til + 159 
64/63' 118,11°48.8961,19 1,+114+35' 
Sp6/ ,19' 36/H . 13SlnB H' + 49 + 91 

1811, ' 1561143' uB,1I791 63+90+]45 
16115' 1140/118, . 1IS,h,91 111+41 +345 
18111' u8lroS ' 135/118 63+34]+91 
615 . H lp· 6416] 316 + ISS + 1, 
615 ' 1140/1187' 14]1114 ]16+.p+141 

,16816561 , ]6/H ' 1l15ho14 15]+49+ 196 

16115' U1S11014' 15611 4] IU+196 +90 
1811,. 1014/945 ' 111511014 6]+1]9+ 196 

,/6 . 1014'945 ' 1351118 16,+ 1]9+91 
1811,.81/,0' 10/9 6] + 15] + ISl 
81 /,0 ' 1140/118, . 9/8 15]+41 +1 04 

81/70 ' 156/143 ' 35/]1 153+90 + 155 
I]SIi18 . ,168/6561.81/70 91 + IS) + 153 
16115 ' lSoI14]' 14]/114 111 + 145 + 141 
]6135' pIS. 180114] 49 + 104+ 145 
S/,. SI/SO ' lSCh4] 131 + U + 145 
9/ S , ,16S/6561 . 143/ 114 104+ 153 + 141 
pl8 . 4O¢/]645· 1]5/n8 104 + 101 + 91 
H /]l . 1014/945 . p/S 155+ 139+ 1°4 
4Op6/3~5 ' lS/p . 143/11 4 10 1 + I SS + 141 

The Greeks named the modes &om their keynotes as octave species of 

the Perfect Immutable System, while the medieval theorists named them 

in order of their transpositions (Sachs 1943). T he two concepts became 

confused by the time of Boethius. For this reason the names of the ec­

clesiastical modes :lee different from those of ancient Greecc. In more 

recent periods, other ecclesiastical nomendatures were developed. 

Greek alphabetic notatioD5 

In addition to the thetic and dynamic nomenciaNres, which were r~ally 

tablatures derived from the names of the strings of the kitha~ or similar 

instrwnent, there were two alphabetical cipher notations, the vocal. and the 

instrumental. These were recorded for the each of the tonoi in all three 

gene~ by the theorist Alypius. The independent elucidation of Alypius's 

tables by Bellennann (1847) and Fortlage (1847) have pennitted scholars to 

transcribe the few extant fragments ofGredc: music into modem notation. 

Vogel (1963, 1967) has translated these cipher notations in to a tuning 

system based on Archyw's and Pythagons's gene~ (6-4). This set of tones 

includes a number of unusual tetra chords, most of which occur in sevenl 

permutations (6-13). Some of these are good approximations to the neo~ 

Aristoxenian types: 50+ 100+ 350 cents, 50+ 150+ 30ocents, 50+ 150+ 100 

cents, and 150+ I 50+ 100 cents of chapter 4. 

The Greek notations, however, were not entirely without ambiguity, 

and some unceruinly exists over the meaning of eenain pr~umed Men_ 

hannonic" equivalences, i.e. t'NO notes of the same pitch written differently. 

Kathleen Schlesinger developed her somewhat fantastic theories, detailed 

in chapter 8, in part from delibentions on the apparent anomalies of these 

notations. 

Concise descriptions of the notational systems may be found in Sachs 

(1943) and Hendenon (1957)' 

The oldest barmoniai or modes 

Although the melodic CInons laid down by Aristoxenos (330 BeE) stated 

that the smallest interval the melody couJd move from the pylcnon was a 

whole tone and that notes four or five positions apart must make either 

perfect fourths or fifths, both literary evidence and the surviving fragments 

attest to mixed scales and chromaticism (Winnington-Ingram 1936), as 

mentioned previously. A late writer, Aristides Quintilianus. gave a list of 

what he said were the scales approved by Plato in the Rqwhlu. These scales 
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are in the enhannonic genus and depart quite strongly from the conven­

tional octave species of 6-7' Since it is known that both diatonic and chro­

matic scales of the Slme name existed, it is tempting to try to reconstruct 

them. 6-4 contains Aristides's enharmonic hannomai, Henderson's (1942) 

diatonic versions, and my own chromatic and diatonic fonns. The chro­

matic versions are based on Winnington-ingram's indication that there is 

litenry evidence for certain chromatic versions (1936). The diatonic har­

moniai are from Henderson (1941), except in the cases of the Syn­

tonolydian and !astian where I have supplied a second diatonic which I feel 

better preserves the melodic contours. In the ~annonic and chromatic 

fomlS of some of the harmoniai, it has been necessary to use both a d and 

either a "or di because of the non-heptatonic nantre of these scales. C and 

F are synonyms for ~ and ~ T he appropriate ntnings for these scales are 

those of Archytas (Mountford 1923) and Pythagoras. 

These scales are very important evidence for the use of extrascal ar tOnes 

(diatonic lichanos meson, called hyperhypate) lilnd scalar gaps, which were 

alluded to by Aristoxenos as an indispensable ingredient in determining the 

ethos of the mode, Furthermore, one of the fngmenu, a ponion of the first 
stationary chorus of Euripides's Orestes, uses hyperhypate and the en­

harmonic in such a way as to prove that the middle tone ofthe pylmon 

(mesopyknon) was not merely a grace note, but a full member of the scale 

(WlOnington-Ingnm 1936). 

Ptolemy's mixed scales 

Still more remote from the conventional theory are the mixed scales listed 

by Ptolemy in the Harmrmiu. These scales are ones that he said were in 

common use by players of the lyra and lcithara in Alexandria in the second 

century CE (6-6). These scales bear some resemblance to modem Islamic 

modes containing 3'4-tOne intervals, :11$ does Ptolemy'S equable diatonic, 

I11I I . 1 Iho · 10/9. They offer important support and evidence for the 

combination of tetrachords of varying genera and species to generate new 

musical materials. 

Permutation of intervals 

Although traditional techniques can generate a wealth of interesting rna· 

terial for musical explontion, the G reek writers suggested only a $Illall 

fraction of the possibilities inherent in the pennutations and combinations 

of tetnchords. While Aristoxtnos mentioned the varying arrangements of 
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6-15. Prn1IUtlltio'IIIofstQlltntiAlfourrhs. Su 

Wilstm 1986forfimhtrdttltils. This txamplt btgi'III 
with tht DoriIIn modl of/ht $rltnMrd /lKtnding 

fol'm for dllnt] ami conJistmcywith othtr stnions of 
this trtlJtUt. Tbt siusrftJltfourrhsrllngefrom 6/r 

(J16 (mu) UJ 3S124 (613 (tnu). /mmIfH 7 in tbe 
origin4/ stqutnu is II firtd fourrh. Tht JiIlir of ptr. 

muudfourthsMt inlxJfdfou. Tht lim ttmzrhord is 
Archytlll's dummir. 

ORI CINAL SC41.E 

III !8h, 16/15 413 3h 14 /9 815 III 
18h7' 36/H . 514' 9/8. 18h, . }6IJS. 514 

FOURTHS 517:E .. III to 4/3 , I, .. 4/) to 815 61, 
) . 815 to 16hS ,I) ,. 16IJS UJ 14/9 lSI!4 ,. 14/9 to 18h, ¥) 
6. 18l1,to}h 81 /56 

7· 3h to II! ,I) 

OIJGINAl. SEQUENCE 

) , , 6 7 
, I) 61, ¥, }Sh4 4 / ) 81/56 (4 /3) 

PERMtrTED SEQUENCE 

) • 4 , 6 7 
¥, 61, 3Sh 4 4/ , 81/56 (4/3) 

NEW SCALE 

III 18h, 16/15 413 )11 14/9 t619 l I t 

18h1 . )6/35 . 51,! . 91t1 . 181z, . 8/, . 918 

the intervals of the tetra chord in the different octave species, the Islamic 

theorists, such as Safiyu--d-Din, gave lengthy tables of all the pennutational 

forms of tetrachords 'With two and three different intervals. However, the 

conSllUction of 5-,6-, and 7-tone sca les from permuted teuachords and 

trichords (gapped tetrachords) has been studied mOSt thoroughly by the 

composer Lou Harrison (1975)' Harrison constructed scales from aJl the 

permutations of the tetra chords and trichords and allowed different per­

mutations in the upper and lower parts of the scale. 

In cha pter 5, the melodic properties of scales constructed of either 

identical or dissimilar tetra chords, irrespective of pennutational order, are 

analyzed according to the perception theories of David Rothenberg (1969, 

'975, 1978; also Chalmers 1975)' 

Wilson's permutations and modulations 

Perhaps the most sophisticated use to date of tetrachordal interval per* 

mutation in a generative sense is Ervin Wtlson's derivation of certain North 

Indian chats (nga·scales) and their analogs (Wilson 1986a; r987). In "The 

Marwa Pennutaoons" (1986a), Wilson's procedure is to pennute the orde r 

of the sequential fourths of heptatonic scales constructed from two iden­

tical terrachords. These sequential fouMs are computed in the usual 

manner by starting with the lowest note of one of the modes and counting 

three melodic Steps upwards. The process is continued until the cycle is 

complete and one is back to the original tone. The resulting seven fourths 

are the same as the adjacent fourths of the difference matrices of chapter 

5, but in a different order. In abstract terms, if the intervals of the tetnchord 

ares ·M/ · 4/)b, the scale is III Ilb4 /) )11 )1111 )bh., and lit. Thesequenoal 

fourths from tl r are thus 4/3, 3/211, 31111b, gbl8, 4/) . 413, and 4/). It is clear 

that these fourths must be of at leut twO differentsius even in Pythagorea n 

intonation. 

\iVhile holding the position of one fourth constant to avoid generating 

cyclic pennutations or modes, pairs of fourths are eJ:changed to create new 

sequences of intervals in genenl not obtainable by the traditional modal 

operations. Both the choice of the positionally fixed fourth and the ar­

nngement of the tetrachordal intervals affect the spectrum of scales ob­

tainable from III given genus. 

6-15 illustrates this process 'With the enharmonic genus of Archytas. The 

exchange of the second and third fourths converts the upper tetrachord into 
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6-16. Modul4tkmJbys14umtilllfourths. nit 
ulI'lIple btgillrfllitb the DIrim mtJik foramsisrnuy 
'lJ}ith otber mti01l1 of thi! trtlltise. The siuSl)f tbe 
fourtbmmgt from. 6/5 (j16 Ctnu) UI 35h4 (65] 

emlS). In tbe urigirYl sefutnct the uuptittMJ fourtb 
it in IH»d fo«. In the rot4ud s14Utn£t tbe ICJI./e INu 
btm mDdII//y fJ""I'uted to ItptJrJl.tt the lJ«tptilm4/ 

fourth (in boIdflKt) from the rtlt. In tht jim 
moJuJJl.UdstfunIU tbe 615 (in bold.fou) b4Sbtm 
int~ttd bttwtm follTfb17 and I of the originJl.l 
series. In the SWJM modul4ted UflU1Kt the 6/5 (in 
boJdfJl.ct) bill bem mttrp0i4ttd bttwtm fourths 3 and 
4 ofth, origiTIIIlstries. The new utraclNJrd is 
Arrbyus's dilltc,nil. 

O.IG1HAL SCALI 

,I< 1811, 16IIS ¥) )h 14/9 '" ,I< 
18h, . 36135 . 5/4' 9/8· 1811, . 36/35 . 514 

FOtfltTHS "ZII. 

" III TO 4/3 4') 
,. 4/3 TO 8/5 61, 

). 815 TO I6/IS ¥) 
4· J6ltSTO 14/9 Hh4 ,. 14/9 TO 18h, 41) 
6. 18h,TO 3h 811S6 

7· 311 TO lit ¥) 
O~GINAL SEQUEI"CI , , ) 4 , 6 7 

4/ ) 6/, ¥) 3SI14 ¥) 811S6 41) 

llOTAnD SlQtI!NCI 

) 4 , 6 7 , 
4/) 3S12 4 ¥) 811S6 ¥) 41) 6/, 

JaW SCALI 

I I I 5/4 3Sh, 4/) 5/3 ISI8 )Slt8 2/1 
514' 18h,. 361]5 . 5/4' 9/8. 18h1 . 36/35 

Archytas's diatonic and yields a mixed scale, half enharmonic and half di· 

atonic. Further appl.ication of this principle produces additional scales until 

the original sequence is restored. Each of these scales could be modally 

(cyclically) pennuted u well. 

WLlson derives a number of the thats of NOM Indian ragas by operating 

on various arrangements of the tetrachords 1561143 . 9/8. 9/8, 16115. 

9/8 . 10/9, 18117 .8/7.9/8 ,16115. I3S1t1S· 3z1z7. and 10/9 . 1019 . 17115. 
He then generates analogs of these scales from other tetrachords, including 

those with undecimal intervals. 

In his 1987 paper, W11son described a complementary technique of 

modulation ("The Purn Modulationsj. This technique makes use of the 

fact that at least one of the fouMS differs gready in size from the rest. The 

exceptional fourth may be abstracted from the l.inear fourth sequence and 

interpobted between successive pairs to generate derived scales. AI the end 

of seven such interpolations., the linear sequence is cyclically pennuted by 
one position and the process of interpolation continued. After 41 steps the 

THE Llh'E.U SiQtIlINCE 0' fOURTHS 

4"3 35114 4"3 81/56 41) 4/3 

NODUUT£D nQUINC£ 1 

2 3 4 5 6 , 
6/S 4") Hh4 4/3 81/56 413 4/3 

NIW SCAU 1 

III 918 ,16 615 312 1419 815 111 
9/8.1811'.36/35' 514 . J8h7· 36135 . 514 

N ODV1.I.TED nOUENCE 2 

3 2 4 S 6 , 
4/3 6/ S 3SI14 4/3 811S6 4"3 4/3 

JaW SCAU 1 

III 918 , 16 +'3 31z 14/9 81S III 
918.1811,.8/,.9/8.18117.36135 . SI4 
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I. TlANSPOSmON B"" 

III "b 1" ,,6 41'3 4h1J lit 

1. TJ.UfSPOSITION BY 6 
1/1 "b lIb Ib 4/3 ¥t/) Ih 

J. TIlANSPOSITION BY'll ), MIXOLYDIAN 

III" b 4/3 4'1'3 4h/) 16/9 III 

.. . 11UNSI'OSITION IV )11, DORIAN 

III "b4/3 311 3,,/1 )bh 111 

S. TlIANSrOSITION BY l Ib 

1/1 "b "I) lIb "Ib 4 / )b 111 

6. TRANSPOSITION BY II" 

III "b 'I/) I I" bI" 4/3" III 

original sca le is restored, but transposed to a new and remote key. Wilson 

also provides an alternate derivation whicb better brings OUt the trans­

positional cbaracter of the process, In this case the linear sequence of 

non-exceptional fourths is tandemly duplicated to fonn a series of 

indefinite extent. Successive overlapping 6-unit segments of this series are 

appended with the exceptional fourth to fonn octave scales. After seven 

operations, the sequence repeats with a new mode of the o riginal scale, Tbe 

process is ilJusO"ated in 6-16. 

Non-traditional sCllle forms 

In the remainder of this chapter, some non-tradirionalapproacbes to scale 

construction from tettachordal modules will be presented, These ap­

proaches are presented as alternatives to the historiC21 modes and other 

types of scales which were discussed in the earlier parts of this chapter. 

The first group of non-standard tetracbordal scales is generated by 

combining a given teuachord with an identical one transposed by one of its 

own structural intervals or the inversion of one of these intervals (6- (7)' 

This process yields 7-tone scales, including three of the traditional modes 

if the interval is 4/). 31z, or with a slight stretching of the concept, 9/8 and 

31z together. The other tetrachordal complues, however, are quite dif­

ferent from the historical modes. 

, . TJ..t.Ns,OSrrION BY 9/8.311, IfYP(lDOIlIAN 

III 91890"18 t;b18 311 3a11 3b11 III 

8, TRANSPOSITION BY .. /31. 

til " I. .. /31. .. I] 411/)1. 161f)b III 

9· TRANS,OSiTlON BY ,, /3" 

Ill" I. 0/)<1' " I) 4h/)" 16194 111 

10. TRAfoi5POSmON BY alb 
III 11111." I. '1'11)1. ,,/3 IIIb J/r 

r 1 . TIlANsrosmoN IY b/II 

111 bill" b hIli " I) ,.h13" lit 
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6-18. C_plautftbt primtformDfArrbyus'l 
mburmtmit. 

J . 'nlANSfOSrTlON IY" 

III 281171611578;1719448/40541) lU181 III 

o 6} 1 n 116 115 498 561 1200 

2. TRAHSPOSmON IY. 

III 1811,16115 404B140S ls6/ns 4/) 6¥J11II 
06) 111 115 11) 498 610 1100 

] . 'J'LUoI,POsmOH IY 4/) MlXOI.\'PWi 

III 181111611 5 4/) 1 n181 6.V45 1619 2II 
06) III 498 561 6109¢ 1100 

4. TItANSi'OlmOH IY )11,OOIlL\H 

III 18/1116115;/))11 141'98/5 IiI 
06) In 498101165 814 uoo 

S. 'nlANSPOsmON IY 1/ ; 

lit 18111161155/441} 15/8 )5118111 
06] 111 ]9649910881151 noo 

6. 'nlANSl'OSmON IV 1/" 

lit )61}S 1911116115 9/7 41} 17/14 lit 
0496) Jl1435 499 11)7 1100 

6-19 provid~ enmples of the resulting scales when the generating tet~ 

rachord is Archyw's enhannonic, 18117 . )6/)S . 514. In this case interval d 

equals 19/17 and b is 161t S (18117' 36/35). 

As some of these tetnchordal compltles have large rps, one might try 

combining two of them, one built upwards from llr and the other down­

wards from lit to create a more even scale, though there are precedents fur 

such gapped scales, j,e" the Mixolydian hannonia (6-4)' 'While the nonnal 

ascending or prime fonn of me tetrachord-the one whose intervals are in 

the order of smallest, mediwn and largest-is used to demonstrate the 

tt:chnique, any of the six permutttions would serve equally well. In net, Ar­

cltytas's enharmonic and diatonic genera are not strictly of this funn as 181 

17 is larger than 361)5 and 8/7 is wider than 9/S. 

The next class of tetrachordal complexes are those composed of a tet­

rachord and its inverted fonn. 6-19 lists some simple uamples of this ap~ 

prolch; 6-10 lists the ruulting notes in Archytu's enharmonic tuning. 

These scales have six. seven, or eight tones, 

1. TltANsrosmoH IY 91'9 . JIl, HYf0001U.AN 

lit 9/9 1/6 615 ]11 14"98/5 J./J 
0104 16, )16101165 814 1100 

8. 'l"RANSPOSmoH IY 4"¥ 
UI 1811,16h S 94 }511141J 51] 111 

06) III ]86449498884 1100 

9, 'TlAN5POsmON IIY 4/3" 
lit 18111161tS 9114!) 48/}5 IU, li1 

06) 111435498 5479)] 1100 

10. n.u;IJ'OSmON IV III 
lit 145114] 18h, J6hS lSI17 -Vl lSlt8 lit 

0146) 112 4494981151 1100 

II , "RANSPOSmoN IY 6/. 

III )61]5 181a, 161tS 19m1S 4oIJ;8/)5 lit 
0496) m 161 49B ,561 1100 
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6-19. Simplt wmpkxlllJf pri11u find illvtrUd 

forms. T'W6 vmitmllJflht pstudo-~) H)'fJOIhriIm 
motk 11,., IhD'llm ttl iIIum'l1lt fbt tjficr of rwmillg 

tlu plllmnmf tlfthl prim, lind irlVtrud fannr. Tbt 

l'WtJ J(l1la tlTt IIOt mtldll oftlltb otbtr. 

I. -nAloISPOSITION AI'm IHVEIlSION IY tI, 6 Toms, A HEXANY 

III 11 b 4"lJb 4/3 4"/3 JII 

J . TUNSPOSITJON AN D INVERSION I Y b, 6 TONES, A JUX.,\NY 

III 11 b 4/} 4A'311 4h/3 III 

]. TlANSPOSmON AND 1NV1.!UION IY 4/],7 TON1!.S, IjI-Jo(IXO!.YDIAW 

III 11h4/3 r61f}b 161f)1l 1619 JII 

4. TRANSPOSITION AI'm INVERSION BY 311, 7 Toms, '!I-DORIAN 

III 11 b 4"3 ]11 lIb 1/11 JII 

S. TRANSPOS ITION .\NtlISVERSION IV lIb, 8 TONI!5, AN OCTONY 

III tI b 413 JIb 4/)1J2 4/}u 4/]b 111 

6. TUNSPOSIT ION AND IIolVlUION BY 1/11, 8 TONU, AN OCTONY 

111 II b ¥]I/t1 4"3112 4/] l1b 4/3 11 III 

7. TRANSPos mON AND INVE RS ION' IY 9/8 • ]Il, 7 TONES, IjI-KYPOOOIIAN' I 

III 918 3hb ]/111 ]11 31111 3bl1 III 

S. TRANSPOSITION AND INVE RSION BY 9/8.311,7 Toms, ,¥-HYPOooalAN' 1 

III 9/894'18 f}b18 3/1 lIb l/t1 lit 

9. TRANSPOSITION AND ISVEIUION I Y 111,6 TONIS, A JUX.,\NY 

III tI b4/3b 41]114/3 III 

10. TlANSPOSITION AND 1l'NtIlS ION BY 4/]b, 8 TON'lS, AN OCTONY 

III 11 b ¥3b 4/} 161# I61911b 16Ir;h III 

I I. TlAN5POSmON AND INVtaSION IV 4/311, S TONES, AN OCTONY 

tIl 11 b ¥}1I4 /) 161911b 1619111r61911III 

11. TITRACHOI,DAL HIXAt.'Y, 6 TONEI, A-MODI 

III bill b 4/311 413 4h/l ' llr 

fl . lU!.U'S GINUS MoSIC UM, 8 TOms, AN OCTONY 

III II b u 413 0;.0/3 ¥ll 4"b/l UI 

14. TllANSPOSTTION ANO IN'VUSION IV alA, STONU, AN OCTONY 

IIr bl, 11 b 4/]11 4/ ) 4h/}tll 4h/3 11 III 

r S. TltANSPOSrTlON.uro INVERS ION I Y All, 8 TOms, AN OCTaNY 

III , b 4"/}1J2 4/]b 4II/]b 4/] IIIb III 
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6-20. S;",pk trW1IpIUt1-{ the pr;"u -' invlnLJ 
forwu -{ Archyw's ~ itt wiOl."" mw. 
~, wrDu tf tht 'l'-bypot/4rin trtotk Mf IUum 
t\I iJlwrrm the ljJta of nwning ih, JiM_t " 
the ".-;- ."" Im.Jmd fomu. n, I1DIlUlu .,., 
"." -"" ~f ,.th flbtr. 

The 7-tone scaJet lie analogow to the traditional Greek modes, whose 

names are appropriated with I premed If' (for pseudo) to indicate their 

relationship to the prototypes. Although these 7-tone SClIIlcs were produced 

by pairing a tttnchord with its inversion, in principle any twO dissimilar 

pennutations would yieJd I heptatonic SC2le. nu, degne ofAwbility is not 

true of the 6- and 8-tone types for which the pairing of prime and inverted 

forms is mandatory. 

I . nANlPO$moJoo/ AND IJo.'VEUIOH IV., 6 TOlfU, Jo H%X.f.1iY 

III 18117 J6II S ]S117 41] 111/ 81 211 

0 63 In 449 498 56t noo 

1 . nANSPosm OH JoWD INViUIOH IV h, 6 TOHIS, Jo Hu.utT 

III 18h7 16115 " I] 48 /]5 6,,/45 lit 
0 63 111498 S'l16tO 1100 

] . TV.HIPOJlTION J..'m INVlUION IV ,,/3,1 TOW'I', . - MIXOLYDIAN 

III 18h, J6II5 ,,/3 513 n /7 1619 III 

06J III 4p1 88'19]] 996 1100 

" . TUNSPO.mOH J..>a> INnUIOH IY ]h, 7 TONb, II"-D01U4N 

JII 18/17 161t5 4"3 3h 1518171141/ 1 

o 6J 111 "98701 1088 11 37 n oo 

S· Ta.OI'$,o.mON".urD INVUSIOH IY l l h, 8 'TOW'lS, AN" OCTOMY' 

111 18h716/IS 1sIISi IJSh u S144/] 15/ 8111 

063 JIll1S]13 ]86 498 1088 1100 

6. TUN'IPO,mON".om IN"nUIOW IY 11. , 8 TONtI, AH OCTONY 

1/118117 16/,S l]Jhu '''311969174''] 1111411J 

0 6] I u 31] 371 4}S 498 11 37 1100 

,. 'RANSPOSITIO)oI AND IJon'ZI.$ION" IV 918 .. )11, 7 TONU, 

ljI-KYHlDORlAN I 

III 9/8 45/ ]1 811S6 311 1419 8/S III 
o 104 S90 639 701 765 814 1100 

8, TIl.4JoISPOJlTl ON AND IN"VU.sION" IV 9 / 8 .. 311, 7 'TOW'll, 

. - KYPODORlAH 1 

1119/8 716615 311 15/8 1111" III 
0 104167316 101 10881137 1100 

j). 'BANSI'O.rnoN AHl) IHVRU IO H IV III, 6 TOIIlU, A HaXAHY 

III 18h 7 161I S 5/4 917 'I I ) III 
06] 111 ]864}s498 11 00 

10. TV.H"srosmON.u.lD I"","SIOH IV 4/36, 8 TONES, JoH 

OCTO~ 

III 18h7 16/t s S/44/] 15116 "S11 8 S/] III 
06] 111 )86498 17] 8u 884 1100 

I J . TV.H"SKllmON' AND INV&IJION IIV 41].,8 TOIIlU, AN 

OCT.~ 

III JlIl7 161r 59/7 41] 4SI18 8r /49 n /7 alI 
06] III 435 498 811 8709]) 11 00 

I a. nTLo\CHOJJ)AL tnXANT, 6 TON'IS, A- MODI 

lit 36/lS 16lrS 917 4/] 48/lS l It 
04911143549854711CO 

t). IIILI.', GINUI MUSICUJ04 , 8 TONU, A)oI OCTON"Y 

lit 18117 16/1S 448/405 413 lu/ h 64/45 1191/utS l it 

06] I U I7 S 498 561 6tO 673 n co 

14. TLuuro.mON" AN'D IN"YUSIO,", IV W., 8 TOHU, AN OCTO,,", 

111 )6tH 18h716lrS 9/7 ]l41t45 'II] 481]5 11r 
0 496) IU4lS484 498S61 nco 

15. n,uurosmoH AN'D nwr.lSlO,", IIV.I17, 8 TONU, AN OCTONY 

IIr 18117 16ltS 17S/IH 5/4 lSI17 4/3 )S/l8 a/l 
06] 1 n ]]8 ]86 449 498 11 P n co 

lIS 'CALas, " ODIS, AND SVSTUU 



6-~1. The I J r 7 utrllJi( hu:rmy. Thefllaflr' l t1IIlJ 
hrmlinedfram tbe rMU u",tswbicbtllntl1in i •. This 
diagnnn W/U "",mud by Ervi" Wilsrm II1UJrtpn­

ttnlS tbe six tOllU ~f tbe bera", mapped over uJt six 
vrrrim oftb, rtgulaTrrtllbtdrllrl (Wilson 1989). 
& !h rriangWnr fa" ism wmtilll trmJtmant chorrJ 
of thl berll1lY barmOllk synmt. and ewry fJ4frof 
IImu stpllrJmd by II ,"mipa} JiltgollPl is II Jis­
Rmancr. The keynote is J·r. 

,,' 

, ' , 
NOTES AND IwrERVALS OF lItx..1.NY 

'h ,/6 , I) ,I, BI, lBIIS 'h - - ---
,/6 8/, 11110 81, ,/6 15/14 , • a • , d 

6-u.. CDnsu",m: ,bords oftht I J J 7 hexany. 

Tetrachordal hexanies 

The 6- tone complexes are of greater theoretical interest than either the 

seven or 8-tone scales. Because of their quasi-symmetrical melodic Sttuc­

rure, which is a circubr pennutation of the interval sequence t b II b I'd (II, 

h, c, and d not necessarily different intervals), they are members of a class 

of scales discovered by Ervin "Wilson and termed rotnbinillion prrJdua uu 
(Wilson 1989; Chalmers and "Wilson 1981; "Wilson, personal corrunuruca­

tion). The same structure results ifintervalll is replaced with interval Ii and 

intervals band t are exchanged. A combination product set o f six tones is 
called a hUllny by Wilson. 

The nOtes of the hexany are the melodic expansion of the intervals of a 

genenting tetrad or tetncho rd. They are obtained by fonning the six 

binary products of the four elements of the genentor. If these four de­

ments are labelledx,y, z, and w, the resulting notes arex · y, X · z,x ,w,y' Z, 

y . W, and ILl • z . In the case where the genentor is the dominant seventh 

tetrad, I I! 5/4 31z 7/4> written in factor form as I 3 5 7, the resulting henny 

is that of 6-1 I, where it has been mapped over the vertices of a regulllr 

octahedron. This diagnm has been named a "hexagram» by Wilson. 

It is convenient to choose one of these tones and transpose the scale so 

that it starts on this note. The nOte 3 . 5 has been selected in 6-: I . This note, 

however, should not be considered as the tonic of the scale; the combination 

product sets are harmonically symmetrical, polytonal sets with virtual or 

implicit conics which are not tones of the scale. Although the hexany is 

partitionable into a set of rooted mads (see below), the global III for the 

whole set is not a note of the scale. In this sense, combination product sets 

are a type of atonal or non-centric musical structure in just intonation. 

The four elements of the generator are related to the melodic intervals 

as x - t i t" ",h, z .. b ·t, and W _ II .1J2. t, although the actual tones may have to 

be tr:ansp05ed o r circularly permuted to make this relationship clearer. 

CHOW IIAaMONtC SUlIH.UMONIC 

'JS ,,' ),' ,,' )" ,,' , ,) 

'37 ,,' ),' ,,' ) ,' ,,' , ,) 
'57 , ,) )" ),' ,,' ,,' ,,' 
)57 , ,) ,,' ,,' ,,' ) ,' ) " 
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6-2). De tdrnhartW balmy. BlUtti on the 
gmmnmg tt~ III I b ,p3. Afur tn1lfjXJlitirm 
by a, it is tfUrotUmt,., ttmlplu Il &/6-19 tmd 

6-20. 

••• 
NOTES AND lNTIltVALS 0' HEXANY 

III hili b 41311 
III ]6/35 r6hs 9/7 

4"3 Jtl"3 11 

4/] 48135 

,I, 
,I, 

-------
:8h, 361]5 . , 

6-24. &smtiAl subsm &/ tht bUll7liu wed 0/1 the 
utrlldx1rth III • b,p3 tmd III 28127 I61I 5413 
(AnbytllS's rn.lHmrumif). Pur tht sde ojdllrity, 

the jaaor I (1/1) btU km qmjrttd fr- H, l'b, 
lind 1·413. The .sigm lire IlIso tkkwi Both 
bUllnit/IlN giIIm in their untrllT/JfJtlSld forms. 

The six tones of the henny may be partitioned into four sets of three 

tones and th6r inversions. In the hexagram or octahednl representation, 

the 3-tone sets appear as triangular faces or facets. The triads of 6-21 are 

tabulated in 6-11 . These chords are the essential consonant chords of the 

hexany, and all chords containing pairs of tones separated by diagonals are 

considered dissonant. 

Armed with this background, one can now proceed to the generation of 

hex.nies from tetrachords. Sarting with the teuachord III a b 4 / ) (the 

generator of complex 12 in 6-19), the generative process and the re­
lationships between the notes may be seen in 6-13. Archytas's enharmonic 

(III 18117 16h 5 4/); 1812 7 . )6/35 . 5/4; a _ 18117, b - I6h s) is the specific 

generator (see also 6-10, complex 11). This hexany has been transposed so 

that the Starting note t 'll is tIl. 

Tetrachordal hennies are melodic developments of the basic intervals 

rather than harmonic expansions of tetrads. The triangular faces of tetra­

chordal hexanies are 1-interval subsets of the three intervals of the original 

tetrachord. Since this is basically a melodic development, the faces will be 

referred to as essential subsets rather than consonant chords. (For the same 

reason, the tenos harmonic and rubhaT7nollic are replaced by prime and in­

verted.) These hex:mies may be pa.rtitioned into essential subsets as shown 

in 6-14. 

The generator of comple:r I of 6-19 and 6-20 (inversion and trans­

position by a) is the permuted tetrachord III bla b 4/) (Jir )61)5 r6lrS 

41); ]6/35 . 18127' 5/~ a - 36/35, b - I6h5). The generators of complexes 

1 and 9 are lit bla b 4h/]1I (IIr )6/)5 r6IIS 48/35; )6/)5 . 18117 . 9/7) and 

SUBSET 'RIME Il'o"VEaTro 

lit II b ¥, ",I, ,w, lib b II 

III .4/3 ... ,w, 4""3 4 / ] • 
III b 4/] II lib 4""J 4s1] 4/3 b 

II" 4/3 II b 41) #3 4"/3 tdJ 

," 18/17 t6hs 4"3 IIV81 64/45 448/405 t6IIs 18h7 

III 18127 4 /3 16ItS 448/405 64145 IIl/81 41] 18h7 

III 16IIS 4/3 18h7 448/405 IIlI8I ~/45 413 16IIS 
1811, 16IIs 4/3 18127 16IIS 4/3 ~/4S 111181 448/40S 
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6-JS· Tht 1 3 S 7 urrlldilO(trmy. Tbis sttwrurtis 

IIlsiJ lin Eultr's gm/U (Fokktr 1966; Eul" (739). 

' ·7 ,., 

,·7 

'·7 

,I, 

6-16. Esu ntillhbordstJftbt 1357 urrlldk 

IJrtDny. 

CH OR!) PlUME """"''''' 
fACE III I' ) I'S 3'7 5'7 1'5 3'53'5'7 

III 1'5 I 'S }-S 1-7 S'7 3-7 l-S'7 
III 1-7"5 S-7 1-) 3'73'5 }-S'7 ,.,,,,,,, III 1'31 -5 '-7 ]'S-7 ) -S ]-75'7 

1-7 5'7 lit 3'7 '-5 1'3 lS 3-n 
' -5 III 5'7 ) -5 3'71-) 1-7 ]-5-7 
t o] 3'5 3-7 III 5-71-7 1'5 ]-5-7 

OIAGONAL til 5-7 )·S ]'7 )'5-7 I'S 1'3 1-7 

,., 

til bill b 41]0 (tit )6/)5 161t 5 911; )6/35 . 18127 . I 3Sh 11) respectively. In 
these hexanies, the tetra chordal genenltors are bounded by augmented and 

diminished fourths rather than +'3 's, but the subset relations are analogous 

to those with perfect founhs, 

Tetracho['dal Euler genen 

The 8-tone complexes represent a different type of scale which may be 
aJled an inttnJo/ symmttric Jtt (Chalmers and Wilson 1981; Chalmers 

1983)' These scales have the melodic sequence d , b a b, d t which is ho­

mologous to the, b II b, d sequence of the hexany. However, these 8-tone 

scales Jack some of the hannonic and structural symmetries that char­

acterize the combination product sets. 

Wilson has pointed out that these sets are members of a large class of 

scales invented by Leonhard Euler in the eighteenth century and pub­

licized by A. O. Fokker (Wilson, personal communication). While they 

have been given the generic name of octony in analogy with the hexany 

and other combinJtion product sets, the tenns Euler genus or Eulef'­

Fokker genus would seem to have priority as collective names (Fokker 

1966; R2sch 1987). 

The generation of an octony from the I ] 5 7 tetrad is shown in 6-IS . ln 

this representation, the eight tones have been mapped over the vertices of 

a cube. This diagram may be alled an Woctagram_" The Octony may also 

be partitioned intO inversionally paired subsets, but the chords are gener­

ally more complex than those of hexanies derived from the same generator 

(6-l6). Chords considered as the essential consonances of a hannonic 

system based on the octony appear not only as faces (face chords), but also 

as vertices with their three nearest neighbors connected by edges (vertex 

chords) or by face diagonals (vertex-diagonal chords) (Chalmers 1983). 

Essential dissonances are any chords containing a pair of tones separated 

by a principal diagonal of the cube. 

With the exception of the generator itself and its inversion, each of the 

4-note chords consists of the union of a hannonic and subhannonic triad 

of the fonn tit % y and % y r ·y_ An analogous chord in traditional theol}' is 

the major triad with the major seventh added, lit 5/4]11 15/ 8, which could 

be construed as a major triad on IIr fused with a minor triad on 5/4-
As in the case of the hex:any, octonies may be constructed from tetra­

chords and their inversions (6-17). The clearest example is complex I) of 

uS CHAPTUl 6 



6-:l7. nt tttr4tbtm/41 ~O",. nis g-fOnt &kr~ 
gt71w it gt71mmd frvm the gtnmlliud tttriltb~ 
ala a b f11. 

<'13 

, 

," " 
, 

6-2.8. EssmtiAl substu of the fttnuDordllJ oaoniu 

III a bfl1 4rul III ~8h7 1611r .,11 (Anbytlls'l 

t71hllrmrmitj. Tbe temr. essential subset nub". 

th4n consonant choro is employed IU the 

tttratbordllJ «tOny is prirTIIm1y 4 ""Iodit Jtr71mm. 

6-1 8 which is generated by the tetrichord III (I b 4'3. ItS subset structure 

is shown in 6-18. The generating tetra chord lnd its inversion appear as face 

chords. The other chords are more complex intervallic sets. Like the 
hexany above, the octony should be viewed as a melodic rather than a 

harmonic development of the tetrachord. 

The other 8-tone complexes of 6- 19 are also octonies. The complexes 

generated from Archyus's enharmonic genus afe listed in 6-10. 

Tetrachordal diamonds 

The next group of non-traditional tetrachordal scales is even more complex 

than the previous constructions. The first of these are based on the Partch 
diamond (panch [1949]1974) which is an interlocking matrix of harmonic 

Non AND INTtRVAUi OJ OCTONY 

," • , ., 4/3 ""'3 <h/3 ",W3 ,I, 
," 18117 16IIS '148/40 5 413 III/SI 64"45 17911I 11 S 'h - --

lSh7 36/35' 1Sh7 ' 1]5/111 1811 7 ]6/)5 . 18h7 . luS/896 

d , , 

SUB$IT PRINI 

fACI III 4/3 40'/34 

III 4/3 4h/)b 
11t4b4b 

VERTU III II b 4/ } 

41'} lit 4O'/} 

iII/} II 41'3 
<'13 ¥3 , 

DlAGON,u, lit -o/I/} 411"} lib 

• 

fACl! I I I 4"] lu/SI I8h7 

l/r 4/} 6.t/45 16hS 
lit 2Sh7 16/15 448/40S 

VlIlTU: III JSh1 161t5 4/3 

4 /3 lit tll/Sl 641'45 
lu/SI zSh7 4/ } I6lts 

~/4S 41] 16lts 1Sh7 

DtAGONAl. 1/1 6¥4S Iu/S I 448/405 

119 SCALIS, WODES, AND SYSTUIS 

, , d 

INV}:RTED 

4A'b/3 lib b 411/3 
4IIbl3 lib II 4"'3 
4IIbl3 ¥/3 4Jl'/] 4/] 
4A'W] ¥o/} 4"'] lib 
#3 lib q6bl] b II 

4Obl]b 4h/3 lib IIr 
4JlW]1I lib qa/] tit 
4f'b13 II b 4/] 

, 

1791/111S 44S/405 16lrs 64/45 

1191/1115448/405181l71 U ISI 

179alruS 1Sq /45 JIl /SI 413 

1791/1J 15 64/45 lu/81 448/405 

448/405 1191lrllj 16115 18117 

64/45 448/405 IIr 179zlIu5 
448/405 lu/81 III 1791/u1S 

179z/Ill 5 z81l7 I61t5 41) 



6-19. TtrTllUJordAl diRmtm4I. Tht 
«rIW mduJIIT UtrllrhM-dAI dillmond in 
ArthJt'l~ tnmmnrmil tuning is sboum 
;n 6-JJ. 

cho rds built on roots that are the elements of the cOlTesponding sub­

harmonic ones. An example of what is called II s-/imit diamond may be seen 

in 6-30. This aample has been constructed from harmonic 1 3 5; major 

triads and subhannonic I 3 5; or minor triads. The structure is referred to 

as having a s-lintit because. the largest prime number appearing among its 

ratios is five. Diamonds, however, may be constructed from any chord or 

scale of any cardinality, magnitude, or limit. 

The simplest of the tetnlchord.1 diamonds consists of ascending tetra­

chords erected on the notes of their inversions. Either the octave or the 

4/3 (numbers I and 2 of 6-29) may be used as the intr:rvlI.l of identity in the 

diamond. In the latter case, the resulting structure is one of the rare ex­

amples of musical scales in which the octave is not the interval of 

equivalence. 

The second group of diamond-like complexes empJoys entire heptatOnic 

scales in place of mads or tetrachords as structural elements. Four examples 

are given, all derived from scales of the Dorian or "'-Dorian type in which 
prime or inven ed tetra chords appear in either or both positions relative to 

the central disjunctive tone (6-29, numbers 2. 4.5; and 6-34). The prime­

prime and invened-invened diamonds have prime or inverTed tetrachOrds 

in both halves of the generating scales. Because of the inversional synunetry 

l. THIRTIllN TONI! OCTAVE MODULAJ. DIAMOND 

III bIll II b 4/]b 4/] ' 4/3 ]11 ]1111 ]bh lIb 111l,1b III 

1 . EIGHT TONE 'O!JJITH MODULAR OlAMOND 

I I I II b ¥3b 4/311 411/]b 4/) 4hIJ II 

3. PitiME-PRII.n AND INVl:It'nD-ntVItRTED HEPTATONIC DIAMONDS, 17 TONES 

rlr bIll III 9/8 90flIS 9b/S ", /]h "I I), 4I1/3h 4/3 ¥l3114il"3 3M 4h/] 3/111 ]/lltb]1t 3WIQ ]/l/1 

3blt I619b 16/~ 16/9 l Ib 111l,1b lit 

4 . PRlM£-ItornlrnD tIltPTATONIC DtAMOND, IS TONES 

l it bt, II b III lib 9/S b2 4/3 b 4/31l4/ ] <filI3 3hb¥l331111 311 ]lIh ]bh III? I6191/1h 11,2 l Ib 
II, IIIb III 

S. I NVJ:RTED-PIUMI t1IPTATONIC DtAMON'D, IS TONES 

III bIn 11 b 9/S galS 9b/S 9fl1/81}11b1S 4/]b#/8 41]1141] 3h 31lh 161# ]bll r619flb 1619"2 

161gb 16/911 161911b 111l,1b lit 

t20 CHA PTER 6 



6-3°. Five-limit PIIrUh JillmMlli. lifter -Tbt /"'_ 

ripimt TtlrUliity Di-.-I~ (pnuh ('9-f9J '97-f. 
.,0). 8&ltJlllltht'J rwujwtri.J lllr/-fJh..u 
;umvtrntm, thtNhhMMmit I J r",;_triM~, 

I/r ,pJ' 

6-]1. Eigbt'-finmb-.lul.rJU~ 8&ItdlllJ 
,bt tttrMhwrl.It • b,pJ. 'Ilitb,pJ .,the inttnMl 
of~lmtt. 

6-]1. Thintm-ttmt 1KUtI, moJlI"'~ t,trIJCh~1 

Ji"""'" 

," 

6-]]. Tbirtml- tr/Plt «r.w mDJuM~ ILtr.rhoru! 

di.",rmd b~ut IIIJ /frrhyws't mbllrmt/n;, gmlll. 

," 

121 ICALas, WODII, AND IYSTUn 



6-3+ Tttnl(hor@lheptlltrm;cdi6mantis.Thm 
tlhlts mlly ht "/Ilmd 4 5 dew'll! (Joe/twiu to bdng 
UJt dillgolllli of 11 J 'I mto vmiatl JlGSitirm lind (1)711-

pll7·td tofiWll"t16-J o-J J. The Kllltdtrivtd from tht 
P,.imt form of the un"llcbonJis mn in tlu I"ightmMt 
cobnnll411d ju mvtllion ill tht !Iottom rDIII. 

PRIMt-PIlIM E 

," bI. I ,bI' J" 3bll" 3bh 

./b ," • ",18 ]lIhh J" 3"h 

,f! ,I. ," ,18 3hh 3116 J" 

161r;b 16/9" 16/9 ,I, 
"'" 4136 '/J 

, /J ¢fJ' ¢fJ JbI, ," II. I 

46/)11 ,/J "'J 311/1 ./b 'f> • 
4/3h "J' , /J J" ,f! ,I. ," 

IWVtRTlO-1 NVlIITED 

," II. 4/]h J/u J" 3blllf ,I. 
./b ," 4/3b 311b lllllh J/' ,/b 

Jof, 3hll ,I. ,18 ,./b 911111 J" 

"'J ¢fJ 16/9 ," • b ' /J 

"J 4h/3" 1619'1 ,I. ," W. 4/]jI" 

"'J' ' /J 161f}h ,/b ./b ,f> 4/ ]h 

• • " J Jf> 311h 3hh ," 

of the diamond, both scales are identical. The prime-invened and in­
verted-prime dU.monds are constructed from the corresponding tetra­

chordal forms and are non-equivalent scales, as in general, tetrachords are 

not inversionally symmetrical intervallic sequences. 6-35 and 6-36 show 

examples of these diamonds based on Archytas's enharmonic genus ~nd its 

inversion. 

SteU~ted tetnchordaI hexanies 

The laSt of the non-traditional tettachorda l complexes to be discussed are 

two examples of stella ted hexanies. Hexanies may be stellated by adding the 

eight tones which complete the partial tetrad or tetnchord on each face 

(Wilson 1989; Chalmers and Wilson 1982). The result is a complex of four 

PIUMt-INVlllTtD 

," bI. 4 /36 3h6 1/611 1/61 ,I. 
dl ,I, 4/ 311 )hll 1/h l Id ,/b 

31111 JbI, ," 9/8 31lh ]hll J" 

.,../J "'/J 1619 ," 4/3h 4/311 "J 

J, " "'/J ]hll ,f> W. b 

" .1 4'/J 3111l ./b ,f> • 
• b '/J J/' ,/b ,I. ," 

INV IIITED-rll I MI 

,I, bI. b 9hl8 9"b18 ~J /8 3bh 

./b ,I, • ,.18 9"1 /89"b/8 ]1111 

,/b ,I. ," ,18 
"" ,,18 J" 

161r;b 16196 1619 ," • • '/J 

161(}1111 161(}111 161911 ,I. ," II. 4/ ] 11" 

t6l9Jn 161(}11h 161g/J ,/b db ,f> 4/3h 

"J' 4/311 ' / J J" ]1111 JII, ,I, 

I:l:l CHA PTER 6 



prime and four inverted tetrachords with a toul of fourteen tones, though 
certain genen may prodllce degenerate complexes with fewer than 14 dif­
ferent notes. 'Wilson has variously tenned these strUctures "mandalas" from 
their appearance in cenain projections, and "tettadekanies" or "de­
btesseranies" from their fourteen tones. Their topology is that ofK.epler's 

stella octangula, an 8-pointed star-polyhedron (Coxeter 1973; Cundy ilnd 
Rollet[ 1961). 

The prime fonn of the tcO'achord III a b 4/3 generates the hexany tones 

a, b, 4/3. 44/3, -.Ju'3 and ab (a '" III 'a or I·a, etc.). This hexany is equivalent 

6-35 . Tetradllwd/JI dill",rmdr IHlStd rm Artbytgs's mh.mnonk, in ratifN (lnd tmrs. 

1 ]-TO"''' OCTAVI! MOD!Tl..Ul DIAMOND 

,h ]6/]5 18h7 16IIs ,/4 917 "', ]I, ''''9 BI, "" 17h 4 )shS 'h 
0 49 ., 

'" ,8' 435 498 7'" 7" 8'4 ,,88 1137 lISt "00 

S-TONE T£'I'Lo\CHOan MOO IlLA!! DlAMO~D 

'h 18117 16/15 ,/4 917 35h 7 "', <"35 
0 " '" ,8' 435 449 498 547 

'IJM£-PRlM£ AND INV£IIT£I)-INVl.RTED H£PTAT ONIC OI.U(ONDS, 1 7 TONES 

,h ]61H 1 8/1 7 J6hs 918 716 6/, ,/4 917 3Sh'7 "', 4 S/H lulSJ 

0 49 ., '" '04 "7 ". , 8' 435 449 498 547 ", 
45/ ]1 6414' 81/56 ]sh 4 3" S¥3S ''''9 BI, ,I, Il / 7 ,6/9 15/8 17h 4 HitS ,h 

'9" '<0 "9 '53 70' ?S' '" 8'4 8., 9lJ 99' ,088 1t 37 IIsl "00 

PlUME-INVERTED H1JI'TATONIC D IAM OND, 15 TONU 

,h ]6135 18117 1611 5 78.V719 448/405 918 156121 5 ,14 917 "', 111/ 81 

0 49 '3 '" ". ' ?S '04 '" ,86 435 408 ", 
45/ 31 64145 SIIs6 ,I> ''''9 BI, 2ls/ IlS ,6/9 405/114 711}1]91 ,,/8 171t 4 HitS ,h 

'9" "0 "9 70' 7', 8'4 977 9.- JOI S 1°74 ,088 1I17 11 51 " 00 

INV'EaTW- PIJ""E HEPTATONIC D IAMOND, IS TONES 

," 36/]5 18117 1611 5 918 7/6 6/, 98/8, 56145 "4 p h 5 ., "7 ", lJo J79 386 4'7 0 49 '" '04 

<;17 "', 3" ''''9 1Slt6 BI, 45/18 81 /49 ,I, 1217 1 S/8 171t4 HitS ," ,6/9 

4J5 498 70' 7" 773 8'4 8" 870 884 m ... 1088 11 37 JIst " 00 
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6-)6. Tth'rlwrn'dIll htptlltonit diarrwndJ bud em An:hytllJ's mb"rmtm«. The 
gmtrltting IttrlUhorJs an lit 5'4 917 ¥J and tic 1812, 16lrr .pJ. 

,."'ti-flIM! 

' h ,61], 16/1 5 61, ,,, 54'35 81, u, 

35118 'h 1811, ,16 35114 ,,, 14/9 }5/18 

"IB 27114 ,h 9/8 45/)1 81/56 ,,, 1419 

,I, n /7 1619 u, ,I. 91, ¥, lu/81 

P1UME-INVIAT£l) 

]61]5 91, 81/56 .qoS/J14 

,h ,I. 4S/Jl US/uS 

81, ,h 9/8 45')1 

6¥4S 1619 ,I, ,I, 
.1, ."', ~/45 81, ,h ]6/35 I6ItS 448/40 5 l s6/ns 6.j./45 8/, u, 
35Il , 4IJ 111181 '¥9 )SIIS u, 18/1 7 ,841719 448/405 I nIB] '¥9 35ItS 

,I. 91, . 1, ,,, 15/8 17h tf ,h 1811, r6IIS ¥, ,,, 15/8 

INVERT'lD-INV'.TEO INVERTED- PRIME 

,h ,61], 91, 81/56 Y' ,4IJ, 17II4 ,h 36/35 16IIS 61, 56/45 

35118 ' h ,I. 'lSlp 3511 4 ,h IS/8 )SirS 'h 18/1 7 ,16 gB/81 

'¥9 8/S 'h 9IB ,16 61, ,,, 15/8 1711 4 ,I, 9/8 ,16 

lulBl 6¥4S 1619 'h 18/17 16IIS ¥, s" n /, 16/9 ,h ISh, 

¥, 48/lS n/, 17ft .. 'h J61JS 91, 4Sh8 81/49 n /, 171t4 'h 

HIl, ¥, ,I, IS/8 15118 'h ,I, 15116 4Sh8 S/, 'S/8 3SlIB 

18h, I6liS ¥, Y' '¥9 81, ,h ,I. 91, ¥, ,,, '¥9 

6-37. S.d/fUM haanitsgrnm,wJ by .he prime tltrtlthflrd III a b.pJ. The htXllllynIJUftma., b, -PJ, .b, .,IIJ. tmJ 'fblJ. The 

a utr" nottJllrt (11l)l .. ,Il, a2, b2, ,6/9, Jabll, ..,ablJ, ..,lIjb, "nd 4b1Ja. Tht JttlmalUlLmd hu,,", isbfl.m! Dn nwmbtr I of 
figure 6-19. lnst4nwo/tfl.ch,rrbllmi01lAnhY'''J's mbllm"mi". Tbf jim is gmerfl.ud by prime utrlld]()rd III 18117 161l r 
-P3. Tbf bUlmy now fl.I·t 21127, 1611 r, -Pl, .,...,81.,05, Ilu81 , ilmi 6";..,5. TDt ItCfmd is billtd on (I) "f 6-20. 

fIRST STll.UTED TtTaAC HORDAL HlXANY 

,h • • .' •• '" 4il/3b 4 /3 6,b13fl. ..I, "I, ....,b13 3fl.b12 1619 111 

'h t8h7 16/15 784/719448/40S lS6/125 35127 4/3 ,\8135 112./81 6,\I,\S 17911t1l S U41t 35 1619 111 
0 6, '" ,,6 '7> '" .49 498 5,\7 S6, 6'0 6" 8" 996 1100 

SECOND STELlATID TrfRJ,CHORDAL HEXANY ,I, bI. b1l il2 • "'I. '" .v3fl. ,\/3 ¢/3il ¥" "I, 6,b 113" 3&2l2il 1619 lit ,I, 36/35 Ug6hHS t6l!5 191/17S 2 56/H S 917 4/3 48135 I 1l/8! 6¥4S 156 /175 188h7S 16/9 'h 
0 49 98 '" ,6, '" '\35 498 14' S6, 610 6'9 86, 996 1100 
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6-)8. (a) Burntial utrlubords of tbt firn !u/Jaud 
bUI",Y. FI11' tbe JIIit of cla,ity, tbe fllal11' I (III) 
blU btm qmjmd from I . a, 1 . b, I . -fI" Itc. Tbl 

· rigns 1m IlIso dtkrld. 11, boldfllCld notl! in llItb 
cbot'd ttrt tht 1tIIrting Plotu oftbl primt tmd 
mllaud utrlldxwds, III a b fI, lind -fI, flJa 
"pJb l/r. 

," • , 4/, 4/ , 4/]11 4/]b ," "', 4#/] ¥o/} 1619 ., , • JIIbl1 

• ., .. "", "", 4/3 'fII/]b • 
• .. .. "", 4b/] 4h/]1I 41] • ,I, • , "', 4RbI] 4b/] 4"/] .. 

to complex 12 of 6-19 when transposed so as to begin on the tone a. The 

stellated form of this haany is the first of 6-37, while complex I of 6-19 

yields the second of 6-37. The eight supplementary tones of the first stel­

lated haany are III. 01, b2, 16/9, 4Jl/3b. 4JlhI3. 3abh. and 4b/3a. These notes 

may be deduct:d by inspection of 6-23, the tetnchordal huany. The first 

four exm notes are the squares of the elements of the generator, III , a1, b1, 
and 1619 (z2,y,z2, and w2) from III 0 hand 4/3. The rem.ainingfour notes 

are the mixed product-quotients needed by the subhannonic faces. These 

have the fonn r·y·zIw (]obh), r-y.wlz (4A/3h), :H'wly (4b/3 1l), and y·z·wlr 

(40bI] ). Two stellated hexanies based on Archytas's enharmonic are shown 

in 6-37. 

The notes of the second type of stella ted henny of 6-30 are derived 

analogously by replacing a in the prime telrachord with bla. The tetra­

chord III 28127 16!t5 4/3 in the first type is thus replaced by III 36/35 

16IIS 4/3. 
The essential tetnchords of me first stellated henny are seen in 6-38, 

and those of the second may be found by analogy. The component tetra­

chords of the first stellated henny derived from Archytas's enhannonic are 

listed in 6-39. Those of the second kind m ay be derived by replacing the 

1812, of the first tetra chord with 36/35. The other tetra chordal hexanies 

of 6-18 also generate steUated hennies, but their tetrachords are bounded 

by intervals other thlln 4/3. 

US SCALU, MODES, AND SYSTEMS 



7 Harmonization of tetrachordal scales 

SCALES BASED OM tetrtchords trc found in the musics of a large part of the 

world. Although much of this music is primari ly melodic 2nd heterophoruc. 

this is due neither to the intrinsic nature of tetracho rds nor to the scales 

derived from them. Rather, it is a matter of style and tradition. Many, if not 

most, temchordal sales have harmonic implications even jf these im­

plications are contrary to the familiar rules of European tonal harmony. 

The melodies of the ancient Greeks were accompanied by more or less 

independent voiets, but polyphony and harmony in their tr2ditional senses 

appear to have been absent. "A feeling for the triad," however, does appear 

in the later Greek musical fngments, but this may be a modem and not 

ancient perception (Wmnington-Ingram 19]6). 

The scales o f North Indian rnuslC are also based on tetrachords (Sachs 

1943; Wilson 19861, (987). In this music, drones emphasizing the tonic 

and usually the dominant of the scale are essential elements of per­

formance. Their function may be to fix the tonic so that ambiguous inter­

V2ls are not exposed (chapter 5 and Rothenberg 1969, 1978). 

Islamic music of the period of the great medieval theorists Al-Farabi, 

Safiyu-d-Din, and Avicenna (Ibn Sina) was likewise heterophonic rather 

than ha.rmonic (Sachs 1943; O'Erla.nger 1930, 1935. I938).ln recent times, 

however, some Islamic groups have adopted certain elements of tonal 

hannony into their music. 

Hannonizing tetrachorda.1 scales 

Many tetrachordal scales are nevertheless suitable for harmonic music. The 
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7.1. EnJogr1lfJ~ bllnmmitJltiOfJ of rrtrMh",.dDl 
!(JIlts. Tbe IldiJilion ofth, t/lbrmil918 btlor» III to 

tbt rnblrmtmic lind tbTVmlltic gt1ltTl wbrrr it 'INS 

tlllltd byprrlrypiJlt is IIttuttd both thtflrtliCilI/y IIIJJ 
musilllUy (Witmington-Ingrnn 1936, lJ). The 

dorud 1i1ltl indiam thl 10000rr OdIVt of thl 

m inim afthl trilldI on ~3. 

7·Z. EnJogenlJUS bllntlO1li7.lltion of AlTbytlll's 

tnhllnllimic. 

Lydian mode of Ptolemy's intense diatonic genus is the JUSt intonation of 

the major mode. The diatonic Arabo-Per,;ian scale hhidjoz.i, is more con­

sonant than the Il-tone equal-tempered tuning of the major scale 

(Helmholtz [IB77] 1954)· 
Hall'}' Panch pointed out that many of the other tetrachordal genera 

also have hannonic implications which may be exploited in the conten of 

extended just intonation (partch (1949) 1974)· As an example. he offered 

Wilfrid Perrett's hannonization of a ver,;ion of the enharmonic tetrachord. 

Partch added a repeat to Perrett's progression and transposed it intO his 

4)-tone scale (partch [I949] 1974; Perrett 1926). 

Partch also challenged his readers to limit themselves to the notes of the 

scale. 7-1 depicts the triadic resources of a generalized tetrachordal scale in 

which both tetrachords are idenOa l. The dark lines delimit triads which 

are available in all genera while the light ones indicate chords which may 

or may not be consonant in certain genera. 

The three rub-intervals of the tetrachord are denoted as 0 , h, and 4 / )oh, 

resulting in the tones, Ih, II, ab, and 4/), duplicated on the 312. Because 

there is both musical and literary evidence for the customary addition of the 

note hyperhypate a 918 whole tone below the tonic in the enharmonic and 

chromatic genera (Winnington-Ingram 1936. 25), it has been included. 

The inversion of this inteIVai has also been added to allow the construction 

of a consonant dominant triad in some genera or permutations. 

The types of these triads depend upon the tuning of the tetra chord. In 

Archytas's enhannonic genus, the triads on 4/3 and B/9 will he septimal 

minor, 6:7:9. The triad on /J (1Bh7) is the septimal major triad, 1:4:18:11. 

The triad on lib (16h 5) is a major triad, 4:5:6, and the alternative triads on 

4/3 and B/9, are minor, 10:U:1S. The tonal center appear,; not to he the 

III , but rather the 4/) or mese. These chords are shown in 7-1. 

The tonal functions of these triads are determined by the mo d e or cir­

cular pennutation of the scale. The Lydian or C mode of Ptolemy'S intense 

diatonic, in its normal form, 16h S' 9/8. 1019, is the familiar major mode 

with 4:5:6 triads on Ih, 4/3, and 31l. The reverse arrangement o f this 

tetrachord, 10/9 . 9/8 . 16h5, generates the natural minor mode with 

10: 12:15 or subhannonic 4:5:6 triads on these degrees. This scale is not 

identical to the Hypodorian or A mode of the first scale because that scale 

has a 17ho rather than 114/) as its fourth degree. The chordal matrices and 

tetrachordai forms of these scales art: shown in 7-3 . 
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7-3. The tF5:6 trilldllnd itsderived tritri4dit stilk. 

The tritrUlJkrJrmlltrixform isthe C rJr LyJim 
m«J,e of thl tln"llcimdllllCtlu. 'fbI ttmif of fb, triJzJ 
isderuJud tor Ill, the thirJflTmfJiJlnt, m rmdtbe 
fifth fIT Juminllnt, d. Thl tttrlllbrn-dal fimn is the E 
fIT Dl1ri4n modell/the tritrUuik 1(11/,. 

SUllOO,,"UNANT 4/] Sl] III 

T OW IC III S/4 ]Iz 
DOMINANT ]11 I SIS 9/S 

l Id mid 111 
III m d 
d d·m J1 

lit 91S S/4 4/] ]11 513 ISIS all 
9/8· 1019 ' 1611S ' 91S. 1019' 9/S. 16IIS 

'nI! T!'JUCHORD.u. .ORM 

IIJ I6h S 615 4 /3 ]Iz 8/5 9/5 III 
16II S . 9/S. 10/9 ' 91S. 161IS' 9/S· 1019 

(16/15 ' 9-'S· 10/9) 

THl! IO: Il :1 S TIllAD .. rr5 DE.RInD TRlTRlADlC 

,=. 
StIBDOMINANT 4/ ] 8/S III 

TONIC til 6/5 ]11 

DOMINII.NT ]11 9/5 9/8 

lId mid III 
111m d 

d d·m J2 

lit 91S 6/S 413 311 SiS 9/5 1/1 

9/8. J6115' 10/9' 9/8. 16/15 ' 9/S. 10/9 

TH"! T!"nAClIOIDAL PORM 

lit 1019 514 4/3 311 SI3 ISI8 lit 
10/9 . 918 . 161t5 . 9/8 . 1019' 9/B . 1615 

(10/9' ~B. t61t5) 

The seven modes or octave species of the reversed tetnchord scale are 

the exact inversio ns of those of the major scale above. The C mode of this 

scale is the diatonic sCile of John Redfield (1918, 191-197). Redfield as­

signed Hebraic names to these modes and tenned the triads with the 

comma-enlarged fifth "Doric." 

The mode that is the inversion of the major scale may be hannonh.ed 

with three triads built downwards from 1lI, 3/ z, and 4 /3. An otherwise 

obscure composer named Blainville wrote a short symphony in this scale 

and was ridiculed by Rousseau for doing so (perrett 1931 ; Partch [19491 

1974). This kind of inverted harmony was called the phonic systnn by the 

nineteenth and early twentieth century theorist von Ottingen (Helmholtz 

{18n] 1954; Mandelbaum 1961) in contrast to the traditional tonic 

system. 

Tritriadic scales 

The scales derived from tettachords with 9/8 as their second interval may 

be caUed tritriadia because they may be divided into three Diads on the 

roots III,4/3 , and )11. They are harmoni:r.able with analogs of the hmiliar 

1 IV (I) V 1 and 1 IV (Vll) 111 VI (II) V t progressions (Chalmers 1979, 1986, 

1987, 1988). 

In general, however, the vn and II chords will be out of tune (Lewin 

1981) and probably should be omitted in the progressions unless extra 

notes are employed. The composer Erling Wold, however, has made a case 

for a more advenrorous utilization of available tonal resources (Wold 

1988). Partch ([1949] 1974) has done so too in a discussion of a letter from 

Fo.r.-Strangways concerning the alleged defects of just intonation and their 

effect on modulation. 

The three primary triads on III, 4"3, and 311 are of the same type, but 

the triads on the third (mediant) and sixth (submediant) degrees are of the 

conjugate or 3/1'5 complement type. For enmple, the primary triads of 

number II of 7-4 are major, while the mediant and submediant mads are 

minor. In number Ib, the modalities are just the reverse. In addition to the 

principle triads of these scales, triads on other degrees may also be usable. 

Similarly, in some tunings, seventh or other chords may be useful. 

Phonic or descending harmonizations are also possible in certain modes 

of tritriadic scales. Lewin, in (act, proposes what might be caUed both 

phonic major and minor harmonizations (Lewin 1981). 
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7-+ Ttinilldicfth'/uhrmls.1 n6lldrfor ~imJll~, · 

.mI SP for ~sn'ittly proptr- (ROIhmhtrg 1969. 
1975. 1978). Injun illt,;nntioll, trin'i(lditsu/u tm 
tilhtr m'inly prop"' In' imp/"optr. 

UW> !.I£o. en TETlACHORD .. ~S:6 5/4 586 16hS' 9/8. 10/9 

". 10: 1J :IS 6/5 3" 1019' 91B. 16ltS 
a. 6:7:9 ,/6 '" S/7' 9/8· 1BI17 
n. 14:18:11 ,I, 435 18h7 ' 9/8· BI7 

3'· IS:21 :17 1119 54' uh t·9/8.BS/S I 

5'· H :17:B 17/n 555 88/S1 . 91B· n / ll 

¥ . 16:)1:)9 16"3 35' ')"1 ' 9/S. US/H 7 
4'. 31:39:otB )9/32 l4' u8h17 '9/8' J3Itl 

5'· n :1B:33 I41t I 4" n /!! . 91B . 111/99 

5'· lB:33:ot1 n M "4 111/99' 9/S . n /n .... to:I J! IS 1)1J0 454 40/39 . 9/ 8. 51/45 

". 16:)0:39 'Sit ) '4' 51 /45 ' 9/S. 40/)9 

". 11:16:33 13h l '" 44/39' 9/S . 10+'99 , .. 16:n:)9 J3h6 4' 3 104/99' 91B . 44iJ9 

". I'P 7:11 171t4 JJ' 5615 1 . 9/S· 6B16) 

The generalized Diad is denoted as t:m.:d, after Lewin (1981), where tis 

the tonic, m the mediant, and d the dominant. In principle, any tetr2chord 

containing the interval 9/8 can be arranged as a tritriadic generator, but the 

majority of the resulting triads will be relatively discordant. If the mediant 

of a triad is denoted by m, then the tetrachord has the form 4/3'" . 9/8 . 

8m/9, where 4/3m' 8m19" 3llz 7. The conjugate tritriadic scale is generated 

by the permutation 8m19' 918. 4/3111. The magnitude of m may range from 

9/ 8 to 4/3 and generate a seven tone tritriadic scale, though the Ro­

thenberg propriety (chapter 5) of the scale and the consonance of the triads 

will depend of the value of m. 

Triads with perfect fifths (d. 312) whose mediants (m) are greater than 

ph7 and less than 81164 generate stricdy proper scales (chapter 5i Ro­

thenberg 1969, 1975, 1978i Chalmers 1975)' Strictly proper scales tend to 
be perceived as musical gestalts and are used in styles where motivic 

transposition is an important structural element. Improper SC3les, on the 

other hand, are usually employed as sets of principal and auxiliary or or­

namental tones. 

Only a limited number of acceptably consonant triads exist in just in­

tonation and also generate useful tritdadic scales. The most important of 

these have been tabulated in 7-4. As indicated above, triads I a and 1 b 

gener.ue the major and natural minor modes, and nand 1b generate the 

'ROnIETY .. ". H :4l :S1 lIlt7 5" 6B163' 91B. S6/SI " 
" ". 16:19:14 191t6 ", 64/57' 91B . 19h8 

9'· 38:4B:S7 1411 9 404 191t S · 91B . 6¥S7 
,~. 64:81 :96 8r /64 

4
0

' 
IS6h43' 91B. 91B 

" 10 ... S4:64: B1 p h 7 '94 91B. 91B· 156114) 

" II ... . 16:34:39 171I ) "4 51151 . 91B . 1)6/1l 

" I n . )4:)9:51 39/ )4 '5' 1)6/117' 9/S· plSl 

" !l .... 14:16:H 8/, '5' 716 . 9/8 . 64/6) 
liB. 16:U:l4 11/16 4" 64/6) . 91B . 716 
I) .... 10:2 ):)0 1)110 '4' Sol69 . 91B . 46/45 
1)8. 46:60:69 loll) 460 56/45' 9/S . 80169 ,,,. IB: l) :17 l)IIB 4'4 141'1 3 . 91B . 91/81 
'4'. " '54''<> 171l ] ", 91 /S I ' 9/ S . 14/1) 
IS ... · 3B:46:57 1)1t 9 JJ' IB4"71' 9/8. 76169 " " 15'" 46:57:69 51/46 37' 76169 ' 91B . IB41I71 " 
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7-S' Mixed tritriJldUltllks. nt triIIthllr, 4:$:6 
1M 6:7:9. (poole 18ro). MixtdsalumllJ o/tm lit 
t/tet1mfiDltd in~ t1IIO tdr'Hburtis tMd II Jisjunaiw 
tlme;"tMn ,h.,. -'lV.4]. Pllr1U'I1N1r1h 'ssak UII 

modi ofPlI01t'l.lt mIIJ"a:mmJI.td.s1l ttmi.t:-Jar 
triM, II tltmIinimt sevtnth dMrll, t:Ir /I septi",.,l mi_ 

trilld (6:7:9) Dr1 thuwpmDrlic (F617IrWmb 1918, 
1969). 

'OOLE'. "DOUllLI DlATONlC· OR 

"DICHO.o..u. SCALI.-

SUBDOlollNANT ¥3S/Jlh 116%111 

TONIC 1115' 4)11 III md 
DONlNANT )11 7/4~8 dsJl 

1/1 9"8 5/4 41'3 )11 51) 1'4 lit 
9"8. 1019 ' 16115 ' 91'8. 1019' 11110·817 

AI. TEaNAT11'ITU.CHOIlD.U. FOIlM 

III 1019 7/6 +'3 3h 51] 1619 III 
1019 . 11110 ' 8/, . 91'8 . 10/9' 16h 5 . 9"8 

'DN'WOIlTH'S sc.u.l!. 

StlJlDOMIN.oUO" Ilh611h61II 

TONIC III 5/4311 

DOloInUNT )11 15189"821116 

hdl lid 

lis ". d 
d 1i.",,/2 J'1 

til 91'8 5/4 11116 )12 17/16 IS/8 111 
918. 10/9 ' 11110. 8/7 ' 9"8 . 10/9 . 16115 

TETaACHOIlDAL 'ORlo( 

III 9"8 5/4 41'] ]11 5/3 7/4 III 
9"8 . 1019 . 16115 . 9"8 . 1019. 11/ 10.8/, 

COrTesponding septimal minor Uld scpcimal major scales. The septima) 

minor or subminor scale sounds r"Ilther soft 'lI1d mysterious, but the sep­

timal major is surprisingly harsh and disa>rdant. Triads 9a and 9b are vir­

tually equally tempered and sound very mu c:h like their u -tone 

c:ounterparts. The scales based on 102 and lob are the PytIugorem timings 

of the major llnd minor modes in whic:h the thirds are the brilliant, if 

somewhat discordant, 81 /64 and 31117. 

Triads with ,mlkrimlJJ, tridtci"ud, and Itptnllkrim41 thirds (nwnbe.rs 3a-

8b of 7-4) are less consonant than those discussed above. However, these 

triads ue still relatively smooth and may be useful in certain contexts. 

Their tttnchords are also interesting melodically as they appronmate 

cerWn medieval Islamic: and neo-Aristoxenian genera (chapter 4). ·The 

tetrac:hords generated by the even less hannonious triads 24 :31 :36, 

64:75:96, ]4:40;51, 30:38:45, and 14:19;36 and their conjugues will be 

found in the Main Catalog. 

Scales with mixed tri.ds 

Tritriadic scales may also be constructed from triads with different med­

iants, provided that J remains 31z. An example where the tonic and sub­

dominant triads are 4:5:6 and the dominant triad is 6:7:9 is shown in 7-5 

(Helmholtz. {IB77) 1954, 474). The tettachordal structure may be de­

scribed as 9/8 . 8m19 • +'3m (where m is the mediant of the tonic triad) for 

the lower tetrachord and 1%/3 . sI~ · lis (where r and r are the sinh and 

seventh of the scale) for the upper tetrachord. However, as 7-5 indicates, 
nmed tritriadics may often be divided into [wo tetrachords and a dis­

junctive tone is more than one way. 
Farnsworth's sc:tIe, also shown in 7-5, is a mode of Poole's Double Di­

atonic (Farnsworth 1969)' It nu.y be construed as a major triad on III, a 

dominant seventh chord on 311, and a subminor triad (6:7:9) on 9/8. . 

In chapter 5, the limits on the propriety of mixed modes are discussed. 

Ellis's duodeDes 
Composers may find the intrinsic: hannonic resources of tetnc:hordal 

scales rather sparse, even with the addition of one or more historically 

motivated supplementary tones. 1\vo simple remedies immediately come 

to mind . One is to enlarge the c:hain of chordal roots of tritriadic scales 

to encompass four or more triads. This procedure may tend to hide the 

tetnchords beneath a mass of chords, but by way of compensation, 
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7-6, Prntatrilldic SctIlts. A pmUJtriadic if an tX­
paruil)ll ~f a flit/ladi, by Ibt flridiritm of the flIb­

dtmtinflnt rif thl sulxlmninnnl find rbl dbminanr of 
tbl d~ninant. An ./rn7lJltfut frnm bill II third 
drnninl1nt in pum oftbt Itcrnld mbtJDminnnt lind iT 
aMt aJtbt stlllt alntllt. 

more tetrachords are created. The process may be seen in 7-6. The parent 

tritritdic scale contains five tetrachords, all of which are permutations of 

1611 5 . 9/8 . 10/9 (I I 2 ... 204'" 181 cents). The new pmtJItrimii(scale contains 

4z tetracnords of six different genera. 

The second solution is to extend both the d and m axes to generate 

structures analogous to A ]. Ellis's duodtnu . the twelve note "units of 

modulation" in his theory of just intonation in European tonal harmony 

(Helmholtz (1877] 1954). The duodene generated from the 4:5:6 triad and 

some analogs generated by other triads are illustrated in 7-7. These scales 

likewise consist of large numbers of tetra chords of diverse genera in a 

harmonic context. 

Perrett's hannonizations 

Wilfrid Perrett, an English theorist, developed some highly imaginative, if 

controversial, ideas about Greek music and its ea rly history. In Slnnt QIm­

t;ons ofMwi'lll Theory, Perren harmonized a version of the enharmonic tet­

r.lchord (2 tho· 64163 . 514) which he attributed to Tartini, but it is more 

likely that Pachymeres has priority. Perren used familiar toruc, sub­

dominant, and dominant chord progressions by adding tones, effectively 

embedding the tetrachord in a larger microchromatic gamut {perrett 1916, 

1918, 1931, J934). It is this harmonization that Partch quoted in Gmtru of 

TIlt 4:5:6 TltIAD AND A DlRlVW PlNTATRIADIC Sc:Al.a 

16191019 +'3 1/J2 m1J2 11t1 

SU8DO/oI INANT 41] 5/3 2/1 1/d mld 1/1 

TONIC 1/1 5/4 ]11 1/1 m d 

DOMINANT 311 ISl89/S dd-mtP 
9/ S 45/12 17/16 d2 m.dl dJ 

tl! 10/9 918 514 41] 4Slp ]12 51] l71r6 1619 15/8 lit 

10/9 . 81/80' 1019' 16/t 5 t 35/ I1S , 161t 5' Io/9 ·8 1/80. 1S6h4]· t 35/128.16/1 5 

T fi'nACHOIlD$ IN SCALE 

RATIOS C<~ NUMIIA 

I. SI/So· 1561143 . 5/4 u+90 +]9li J 
1. 156114]' 135/12 8 .61S 9° +91 +3 16 J 
], tH/I1S, 161tS ' ph7 91 + 111 + 194 

, 
4. SJ/So· 10/9' 31h7 1l+lS1+194 7 
5- 161t S ' 9/ S · 1019 III + 104+ J81 " 6. 1561143 ' 9/ 8 . 9/ S 90+1 04+104 J 
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7-'1' EJliJ-'JlJuCNimu. 'lOis ublt is bIIstd on Htl_ 

holtz [1877J 195 .. 457-464. The /Uti /nve bun re-
vtrstdJrom the orignl/II in which tht ,hllin 01111'1 
'WlUvmiaJl. Nott the imtrlocl:ingprinu (""*") 
II1UI "mjuglllt (minlJr) rn4lh, Tbt 'F5:6dUOlknt 
(Ontllim H tttT"~hlJrdt of divtrSt gmem. 10: 1l: I 5 
is II crmjuglltt dWNlme which should be trmf/Nlrtd 
'With fhttmubtlutofwhich itisnot II ~. -It ton-
uins 48 utr«horJ.s of difJ'tr-mt gmerll. 6":9 is II 
_-tmilln duNmt. Ittonuim 61 tetrlltbonhof 

VllriOW gmerll. 

7-8. Ptrntt's hIIrmm1ir.ation of PlUbymtru's tn-

hllrT1l(JTlic. The numbmundtr tbe 1Iott rlltWs r'pn-
smt the hll,-",qnicfanonor Pllnch "'Identitiu· oftht 
chords. Tbt uppermost !lOice cmlJlim the umuoftht 
tm'II,hord, Tht rlltilJS of udJ of fhuhordaham-
ponenu lin shuam btw. Asterisks indium the 1'0011 
of hllrml11lit cbonls, "OtornlJi,its" in P/Irtlh 's M-

",mcllltllrt. The 181r S do6 not oal/r in tht Plln,h 
lIImut, Dutil trilnspMed flenl'm is IIVllililbit in 

Pllrtcb'ssyftmJ1tII11ingm III - Sl). Thtpiuhtsof 
the tttrfUbrwd Ibm bea>mt Sl) 714 16i9"nd 1019. 

Q Music (partch [19491 1974, 111). Perrett placed the tetrachord in the so­

prano voice and added sufficient extr.I. tones in the lower registers to obtain 

the desired chord progressioo. 7-8 simplifies Partch's presentation by leav­
ing outche repe3ted chords under 16/rS. 11110, and III that follow the one 

under 4/] , and by transposing the pitches from 51] to Ih . 

Perrett also devised hannoniz.ations for a number of other tetrachords 

listed by Ptolemy. These harmonizations are shown in 7-9 where they have 

been trans~d to III 2nd tabulated in a standard fonnat. 

Perrett also discovered a harmonization of Archytas's enh:anllonic, 181 

17 "]6135 ' S'4. a much more plausible and consonant tuning than the 11/ 

10 ' 64/63 ' 5'4 he chose initially (perrett 1918, 95). He expressed the $0-

lution in the I7I-tone equal temperament and later translated it intO a 

nADfTlONAL DUODEm BASED ON nn 4:5;6 n.tAD 

,/J , /4 15/ 8 45 /31 

4/J ,I, Jh 9/8 
16115 8/, 61, 91, 

DUOO ES!. IASl.D ON THE r O; U !IS TIUAD 

8/, 61, 91, 17110 

4/J ,h Jh 9/8 

[0 /9 ,/J ,/4 I S/8 

OUODlNE BASID ON TIt! 6;7:9 T RIAD 

,.,t9 716 7/4 lIII6 

4/J ,h Jh 9/8 
8/7 n/7 917 17/:4 

,h 1IIzo 161zS .,tJ , 7 8 , 
4 6 7 4 

J , 6 J 

5. UI 7 - 1IIzo 8 _ 16hS S·4 /] 

4 . 815 6-9/5 7 - 1811 S 4- J6h s 

]·6/S 5-]11 6.8/S 3 · 8/S 

1 - 8/5 t .615 1 - 16115 I " 16/15 

815 • 615 .. 16/15 .. I6IIS • 
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7"9· Ptrntt'sothtrUtTllfbard bamumiultions. Tbt 
,unlUS !flr'numhtn J ,",d 4 IIrt Pnrtrl 't; the 
mrll,bard it lIaJU1lly Arrbyt/1.t's diatonic tmd 

Prolnny't tonkdilltonic genus rtarrllnged. In 
tltrtrrdingftnm, the UtTlldXfrdo! nlmllHrr l lltu16 it 
18117.1 $114 ' 6/5, l1okmy'ss(}ficbr~tic. 

J . lNVERTID PTOLEM .... 'S SOFT CHROMATIC 

.h 61, 917 4 /, , , 9 7 
4 6 7 6 , 4 , 5 , 

l. PTO LEI.IY 'S SOFT CHROMATIC 

. 1, 18/17 10/9 41, 

6 7 5 6 , 6 4 , 
4 , , 4 

3. PTOLllln's U SOFT D1ATONI C,ft 

RE/olRAJoOGED 

.h 18h7 716 4 / , 
6 7 7 , 
, 6 6 7 
4 5 , 6 

i . rroLlWY's "50FT DlATO"'IC,ft 

RltAIlRANGI:D, Al.Tl.R:-IATIVI: CHoms 

.h 18h7 716 <" 
6 7 5 

, , 6 4 7 

• 5 , 6 

17-limlt just intonation (Perrett 1934, 158). This harmoniUttion is shown 

as nwnber 7 of 7-9. 
I have devised another harmoniUttion, which is noteworthy in that the 

movement between the roots of last twO chords of the cadence is by a 40/ 

27 nther than a 311. This example is shown in 7-10. 

These hannoniUttions are n.ther simple, with few nonharmonic tones 

or passing chords. More sophisticated techniques including the use of 

subharmonic chords would seem appropriate. 

More complex treattnent is obviously possible in larger microchromatic 

sca les such as Partch's 4}-tone gamut. \Vith the help of a computer, 4011 

occurrences oftetrachords and 1}0 1 heptatonic scales in which both tetra­

chords are identical have been found in this scale. Among these are me in­
stances of the fukmait w/umtt, Partch's name for the major mode, and a 

number of other tetra chords from Ptolemy's catalog. Smaller systems such 

as Perrett's 19-tone scale have considerable tetrachordal resources; 269 

tetra chords and 51 heptatonic tetrachordal SC2les occur in this gamut. 

5. AIlCIIYTAS 'S DIATON IC 

.h 18h7 )1/17 <" 
6 '. ,6 .6 , " " " 
4 9 9 

, 
, 4 6 , 

6 . INVERTED PTOLUn-'S SOPT CH ROMATIC, 

Al.TUNAT!Vi. CH01lDS 

. 1. 61, 917 <" , 5 90 . 0 

4 6 70 '5 , • 6, " 
4' .0 

7. ARCKYTAS 'S INItARM ON[C 

.h 28h7 16/15 <" 
8-16 " " 6 
5-10 '0 '. 5 
3-7 7 '7 • .-. 4 '0 
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7-10. AMthw btmmmizlltioo of Arr:bytJlS's tn­

hll171lD1lK. Tbtrootofthtrhordunder l8h7 is 40/ 
l7 tI Jytlt01lK tumma hmrr thl11l Jh Tht Itptim4J 
tttnl4 Dr! 161I r LIth tI m4jor third.. 

./. 18h 7 16115 ¥, 
5 7 

, 
5 

• 6 7 • , 5 6 , 
• 

Many of these tetrachords closely approximue divisions based on higher 

harmonics or eqwl temperaments, such as those found in Aristoxeruan 

theory. Because they are composed of secondary or multiple number ratios 
whose factors are limited to t I I their tones may be harmonized by com­
paratively simple harmonic or subh:mnonic chords in a tetradic or hexadic 

tatw<. 

Wt.lson's expansions 

Perhaps the most innovative technique for harmonizing tetrachords is 

due to Ervin Wilson (personal communication, 1964). Wilson's technique 

is based on sequences of chorns of increasing intervallic span linked by a 

common tone. Wdson's have the property that the successive differences 

between the chordal facto rs follow a consistent pattern. This pattern is 

tenned the unit-proportiqn (up). It controls both the rate of intervallic ex­
pansion and less directly the degree of consonance. For harmonic chords, 

it may be expressed as a string of signed, positive integers, i.e., the unit­

proportion of the major triad 4:5=6:8 is +I +t +2. Subhannonic unit­

proportions are written with prefixed - signs; the unit-proportion of the 

chord 8:6: S:4 is - 1 -I -I. Sequences of chords with identical unit­

proportions make up an expansion which progresses from a dense, rel­

atively discordant chord through chords of decreasing tension to a suble 

consonance, usually a triad with the root doubled. 

Sequences of such chords may be used in many musical contexts, and 

somewhat similar chordal sequences have been explored by Folc.lcer (t966, 

1975). Wilson's expansions are particularly amactive when applied to tet­

rachords and tetra chordal scales. 

The application ofWlIson's technique to tetrachordal scales is best seen 

by example. Wilson's original aamples were harmonizations of the in­

verted enharmonic genera, til 5/4 9/7 ,,/3 (A.rchytas) and f it 5/4 13lto 

4/) (Avicenna) approximated in ll- and 3 H one equal temperament. 

These examples have been translated intO just intonation and are shown in 

7-11 . An optional 7:8:9:t 1 chord has been added to Wilson's o riginal pro­

gression for the invened Archytas's enharmonic. 

Although one may limit the harmonizati on to a single tetrachord, it is 

more likely that one will want to harmonize aU seven tones of the scale. 

Several solutions to this rather difficult problem using both hannonic and 

subhannonic chords with varied unit-proportions and different common 

tones are given in 7-n. In these examples, either the 4/3 or 312 is held 
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7-11. WilJon'ux/Hlnti,n rublliqut. ThtJtuf 
rotifM liN fhl rbl".dlll lom.f reiolilJf 10 1/1. ( I) is tht 

JIISI illtrtnotion IIrnitm ofWiJs(JIl 's jim txpsmsi01l 
bal7tlDlliulI ion witb tbt lau,.odJilion of on 0p,;01/41 

789 I I rbo!"d 1I1lbrbtginning. Tht origmalwlU 

IIl1l1miud l Oll - 10m ,quill ttmptrlmltnl. (l) if Ibr 

jllSt illlOntllitm tIn"1it1ll ofWi/~1I ~ second tltpfl1/siDn 

IW7nmiulirm. Tbtorigm81wIU '1U8nliud 10'; 1-

tom t'llllllltmpt' ·llmtnl. In bothcllfU, tbtuddtd 

tontS IIrt in ligbtlr tJPt. Thtoplionllicbord iJ in 

parmlhtstf. 

constant throughout the progression. A passing chord containing intervals 

of ' 3 and 1 S is used in number 1 to make the progression smoother. These 

intervals are conditioned in part by the unit-proportion of the set and in 

part by the intervals of the tetJ1lchord. The major caveat is to limit the 

number of chords and ema tones when preservation of the melody o f the 

tetrachord is important. 

E.tcept for octave transposition of some of the chordal tones and ocas­

sional passing chords there has not been much study of harmonic elabora­

tion (Wilson, personal communication). This is true of the endogenous 

and tritriadic approaches as well. The Standard techniques, however, would 

appear to be applicable here as in traditional practice, but only more ex­

perimentation will tell. 

AJthough the majority of this chapter has been presented from the 

viewpoint of just intonation, these sca les and their various harmonizations 

are equally vtlid in systems of equal temperament which furnish adequate 

approximations to the important melodic and harmonic intervals. 

I . INVERTED ARClfYTAS ENHARMON IC, HARMONIC CHORDS ON JIl, UP. +1 + 1 +1 

,I, 

• ," 

, 
15/14 

,/. 
(, 

(7/6 , 
9/8 

, 
,/. 

./, ¥, 
8 

¥, 
7 

11/16 

• ." 

,,, ,,/8 
1711 " 

,I, 

• H) ,,, 1116) 

8 ' 0 
,I, ,,/8 
, • , I< 2711 4 

• 8 
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I. INVERTED AVICENN" 's ENHARt.40NIC, HARMON IC CHORDS ON ]11, UP. +] +] +6 
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7-11. TrW l:cpilmicn blwmtmizlttUmJ. Tht tu(wsive dijftr'mces or 
lDI;t proportions art positive in ba1'm(1n~ chortU, 11lgativt in ~ 
bllrmt111~. Tbenun-SUllllradtkJrones IITt in ligbu,. tJPt. Pllmng1U)tu 
aN in paN1llbms. 

t. DWYWOS'S CHJtOMATlC, SlIBHAIlMON'IC CHOWS ON' 4!J, 
UP - - 5 - ]-J 

III 16/1 51019 "', ,h 815 5', 

, 0 '5 
10/9 "', 

'5 . 0 

16115 "', 
.0 '5 

," "', 

" . 0 

solH sf, 

'7 
80151 

n 

51, 

'5 
1619 

'0 

", 
1 . HAIlMONlC CHOA.OS,]11 COM MON', f'ASSING NOTU iNSlIITW, 

," 

6 

," 

UP. +I+1+] 

7/6 5" "', ,I> 7/ 1518 III 

' 5 ,6 ,8 .. 
5" "', ,I> 7

" 
(11) (I]) '5 (18) 
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9 '0 " ' 5 
9/8 5" ,I> '5/8 

7 • u 

716 ,I> ", 
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'0 8 
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• 7 
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4 . INVEJ.TE.D DWYMOS'S CHllOMATIC, HAll.MONIC CHORDS ON 311, 
UI' • +J +] ""5 

,I, 615 5" "', ,I> 915 15/8 III 

.0 " '5 ,0 

"5 33 12 S ,I. 915 

'5 '7 . 0 '5 
9/8 51/ 40 ,I> 1518 
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8 Schlesinger's harmoniai, WIlson's 

diaphonic cycles, and other similar 

constructs 

Tnl HARMONIA! WEllE proposed by the English musicologist Kathleen 

Schlesinger as a reconstruction and rediscovery of the original £onns of the 
modal scales of classical Greek music. Schlesinger spent many years 

developing her theories by experimenting with facsimiles of ancient auloi 

found in archaeological sites in Egypt, Pompeii, and elsewhere. Later, she 
extended her studies to include flutes of ancient and modern fol k cultures. 

As. result of her researches, she questioned the accepted interpretation of 
Greek mwical notation. The results of these studies were previewed in a 

paper on AristOl:eIIUS and Greelc musical intervals (Schlesinger 1933) and 
were presented at length in her major work, The Greek AulDs (I939)' Her 

writings are a major challenge to the traditional tettachard-based doctrines 

of the AristQxenian and Ptolemaic theorists. While there are compelling 

reasons to doubt that her scales were ever a part of Greek. musical practice, 

they form a musical system of great ingenuity and potential utility in their 

own right. 

This first part of this chapter is devoted to an exposition and analysis of 

her work. Various extensions and addi tions are proposed and near the end 

related materials, including Wilson's diaphonic cycles, are discussed. 

The Schlesinger harmoniai 

Schlesinger's harmoniai are 7-tone sections of the subharmonic series 

between members an octave apart. In theory, they are generated by aliquot 

divisions of the vibnting air columns of wind instruments. The same 

intervals, however, are obtained by the linear division of half strings. As 

string lengths are conceptually simpler than air columns, this discussion 
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8- I. ThtdilltOllk Pnfia J",mUUlbk System i1l tbt 
DoriJIn ttm{lJ lI«unJing to &bltsingtr. &tb diaumic 
harmo1lia may bt taktn /U tin (I(f/llJe Ipuiu of this 
system. (As t/S~hm, IH Vf1ritrnu frum Sthluingn; 
bypflUmtsOn is egUfltulwith E ratbtrtb.n FJ Tritt 
JJ1Imtmmon is l't'luirtd fin·tlu hJpo-modts, hi 
'Which itrtp/tJtts ptrntmtst. Thtdiatonic 
synmt'11lt1l()1l tttrachuTrhonsiIU of tbt numMTJ' 16 
IS IJandfl. 

Non M.D. TItANS. 

PliOSLAMIANOM INOS 3' • 
HYPAT! HYPATON " • 
PAIlHYPATI HYPATON " C 

L1CHAN05 H'tPATON" '. D 

HYPAn MtsON " • 
PARU'I'PATii MESON '0 • 
L1CHANOS MESON 

" C 

MES£ 
" 

, 
TR ITE SYNIMM£NON '5 ~ 
PARAMUI '. b 
nU1'IOIEZltlGMINON 'l 

, 
PAIlANttlDIIZEUGMENON " d 
NE1'[ OIEUUGMENON " 

, 
TRITE HYPERIOLAION '0 r 
PARANttE HYHRJOLAIO N 9 g 
NET[ HYfERBOLAION , 

" 

will refer to the former for clarity. The numbers or modal dtttrminllnu 

assigned to each of the notts are to be understood as the denominators of 

ratios. The sequence 11 20 IS 16 is a shorthand for the notes 22122 22.120 

111r8 11ft 6 or III I Jlro 1119 I II8 above the tonic nOte 2.1. 

The octave rather than the tetrachord is the fundamental module of 

these scales. Although the scales can be analyzed into tettachords and dis­

junctive tones, the tetracbords are of different sizes which, in genU21, do 

not equal4/J. Furthermore, each interval of the scale is different; the series 

of duplicated conjunct and disjunct tetrachords of the traditional theoriru 

(chapter 6) is replaced by modal heptachords which repeat only at the 

octave. 

The familiar names for the octl!ve species are retained, but each modal 

octave is, in effect, another segment of the subhannonic series, bounded by 

a different modal detcmUnant and its octave. 8-1 shows the fonn the Per­

fect Immutable System in the diatonic genus tl!kes in her theory. 

The modal determinants have many of the functions of tonics. As such, 

they serve to identify and define the hannoniai. Schlesinger also considers 

that mese itself has tonic functions, a point which is controversial even in 
thc standard theory (Winnington-Ingnm J936). 

The relations the other octave species have to the central Dorian octave 

is shown in 8 - 1. The seven hannoniai may also be constructed on a common 

tone, proslambanomenos, by assigning their modal determinants to hypate 

meson. In this case, there are six additional keys or tonoi which are named 

after the homonymous harmoniai. The Dorian and the other modal OCtaves 

are then found at corresponding transpositional levels in each tonos. Con-

" MH ~ U< HM 'M ~ " n .M n> .0 NO ~ .M "" 
3' " " '. " ' 0 " " '5 '. 'J " " '0 , , , • , D , • , , • b , d , f g " 8-1. The diatonil halW/(milli lIS (l(fflVt MIXOLYDIAN " " '. " ' 0 " " '. Iptdtsof tht Ptr[m Im11llllabit SJnmt in LYDIAN " '. " '0 " " '. '3 

the Dorill1l tll1Ul1. O,btT ttmoilll't dejintd PHRYGiAN '. " '0 " " '. 'l " by aISigning their modal dttmnillllrltJ to DORIAN " '0 " " '. 'l " " hyplltt mtIOnllnd protuding througb tbe KYPOL'tOIAN '0 " " (IS) 14 'l " " '0 
mhba'71Ionitun'u. nt Dorian, buwtvw, HYPOPH1YGlAN " " '5 '3 " " '0 9 
il tht hlJIis fin' Schluing""I theory. UYl' OOOJIAN " '5 '3 " " '0 , , 
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8~3. Schlaingtr's diafrmic hllrmQ1'liai 111 t_i. 
FJull1htrt rht gWu difftrtnt fomu, mMt J'l4tahJy 

Wlriantsofthe Lydim, with l7 iNtNlldo/26, lInd 
Dorian, with II inswuiafll (Slhltsingtr 1939. 
1-3$. 14%). A tritayl1f:mmmtm (oll!d In definedm 
ellch trmM, hilt Sthhsmgtr (host not to do 1fJ. 

&bksmgtr ((}/'/(t1fleJ of the HypolydiJm hllT7l7l)1lill in 
t'IJJD forms with s $ IIlttrNltingwith 14 (Ibid., 
26-l7). Htr theory dml4nU that the Dori.tm tritt 
syntmmnwn (1$) be ~td i." 4// tht hypq-mtxlu, 
hilt Jbt II/kwS the IIJrtr7liltu", in the Hypclydian 
hllml#1/u,. 

IoUXOLYDlAN 

LYD~ 

PHaYGlAN 

DO'~ 

HYPOLYDlAN 

comit2ntly, there is a seven~fold differentiation of the runing of the other 

notes of the Perfect hnmutable Sysrem. These tonoi are shown in 8~]. 

Anomalies and inconsistencies 

The clarity and consistency of Schlesinger's system, however, is only 

apparent. Once one goes beyond the seven diatonic humoniai, anomalies 

of various types soon appear. 

Schlesinger explicitly denies harmonia status to the octave species run· 

ning from proslambanomenos to mese, calling it the bllStard Hypoti4ri1m or 

Mixophrygian. She rejects it because it resembles the Hypodorian an octave 

lower but differs in having 8/7 rather than 1611 5 as its first interval. Yet this 
scale had a name (HypermiIOlydian) in the mndard theory and was 

rejected by Ptolemy precisely because it was merely the Hypodorian 

transposed by an oct1llve. 

Each of the diatonic harmoniai also had chromatic and enhannonic 

forms derived by subdividing the the first interval of each tettachord and 

deleting the fonner mesopyknon. This process is identified with uta­

pyJcnosis and is analogous to the derivation of the genera in the standard 

theory (see chapters 2. and 4)' These forms are listed in 8-4 for the central 

octave of the Perfect Immutable System in each homonymous tonos. 

It is also here that some of the mOSt serious problems with her theory 

occur. Although aU of the diaronic hannoniai occur as octave species of the 

Dorian, and of each other, the chromatic and enharmonic forms of the 

other hannoniai are not modes of the corresponding fonns of the Dorian 

hannonia. Rather, they are derived by katapyknosis of the homonymous 

tonas. The symmetry is broken and the modes are no longer identical in 

.. HH 'H eM H" '" .... " .M ~ ,. ND TH ' H NH 

A • , 0 • • , • b , d " f " " 
4+ .. 36 l' " ,6 '. n ' 0 " , 6 '. '3 u " ,0 36 l' " ,6 '. n '0 " ,6 '. ' 3 " " ' 0 

36 l' " ,6 '. n ' 0 " ,6 '. '3 u " ' 0 , 
l' " ,6 '. n ' 0 " ,6 '. '3 n " ' 0 , , 
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8~4' Schlaingu's cJm;'11fllti, lind mhllmtqnic hllr­
mtm;lIi (Schluingu 1939, llV. It isdtllrthllt thm 
trll/a IIrt not rimply moJrJ 11{ fh, f)o,.iJln chrrmuuic 
lind tnh0lT110nK gtnm, but .I't dmvtd from tbt 
h_nymow lonoi. Tbt chrrmuJric and mharmonic 
fm/fs art drritltd by two fll(CWitit dD,u/ingr if tbt 
moJol dtrmninRnr foIkrwtd by nol, fflrni01l ttl 
obtllin !ht dtsir"td mlkNiic am/aIllY. Tht upptr tttra· 

chords 11{ tht dJrutM/ic lind tIIh,lm,onit formr oftht 
Dorianllnd HypoIydiJIn bllml(millitll" ;dtnt;,". In 
the Hypdydian hamumill JO (IS) lIIJIyl'tpillct 28 
(Ji). The Hypophrygiflnlltld HypMorilln hl1,'.. 
moniai bow II tingl, mhflff1Jtmic-cbrrnMtic folm. 

different tonoi. Even the modal determinants of the harrnoniai may be 
changed in different tonoL 

Other inconsistencies and anomalies may be noted. The chromatic and 

enhannonic forms are incompletely separated since the enharmonic and 

chromatic forms of some harmoniai share tetrachords. Even these pre­

sumed canonial fonns do nOt agree with the v:arieties she derives else­

where in The Greek Autos from her interpret:ation of the Greek noution. 

Beause of certain irregul:arities in the notation, she claims that the 

modal detenninant of the Lydian harmonia must h:ave been altered at some 

period from 16 (13) to 17 and that of the Dorian from 11 to 11. These 

changes of modal determinants would not only have disrupted the tonal 

relations of the origina l hannoniai, but would also have affected the tonality 

of me rest of the system in all three genera . Since the Dorian harmonia was 

the center of the system, this would not have been a uivial change. 

The question of modal determinant IS 

Another problem is the status of IS as a modal detenninant. Schlesinger 

strongly denies the existence of a harmonia whose modal detenninant is 15. 

Yet one of her &c:simile instruments plays it easily. She also states that 

hypate hypaton could be tuned to 30 in the Hypodorian hannonia where 

it generates a perfectly good hannonia of modal determinant 1 S with the 

octave at trite synemmenon (8- z). 

The inclusion of modal determinant I S is, on the whole, quite prob· 

lematical. It enters originally as the Dori:an aite synemmenon ~), the only 

accidentllli in the Greater Perfect System. Although SchJesinger mentions 

what she calls the conjunct Dorian hannonia where IS substitutes for 14. 

and elsewhere allows IS to freely alternate with 14> she uses trite syn-

KAIlMONIA CIIROMATIC ENlLUIMONIC 

MIX OLYDlAN 181726ul0191814 56 55 54 44 40 39 38 18 
LYDlAN 16151410 181716 13 515 1 50 4036353416 
PllAYGlAN 1413 U 1816 15 14iJ 484746]63231 3014 
DO AlA N 444140 ]118 171611 4443'P]2181 7 16u 
HYPOLYDlAH 4038]618 1625 1420 40]9381816 15 J4 10 
HYPOPHRYGIAN 363534 26242] 11 18 3635 3416 14J31118 
KYPODOIllAN 313' 30 1412 21 2016 31 31]0 1411 U 10 16 
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emmenon mainJy to construct the diatonic hypo-modes. This is very much 

at variance with the usage of this note by the standard theorists whose 

Hypodorian, Hypophrygian, and Hypolydian modes employ only the 

nann al notes of Greater Perfect System. 

For these theorists, trite synemmenon and the rest of the synemmenon 

tetrachord are part of the Lesser Perfect System md are used to primarily 

illustrate the melodic effect of modulations to the key a perfect fourth 

lower. Bacchios also employs it to illustrate certain rare intervals such as the 

ekbole, spondeiasmos, and eldysis (chapters 6 and 7). The combination of 

the Greater and Lesser P erfect Systems to form the Perfect Immutable 

System is basically a pedagogical device, not a reflection of musical prac­

tice. Furthermore, the Lesser Perfect System terminates with the syn­

ernmenon temchoro, but to complete Schlesinger's hypo-harmoniai the 

note sequence would have to switch back into the notes of the Greater 

Perfect System. Although chromaticism and modulation occur both in 

theory and in the surviving fragments (Winnington-Ingram 1936), this use 

of synemmenon would seem to be most unusual. 

Historica1 evidence 

Much of Schlesinger's case for the harmoniai is based on fragmentary 

quot2tions from classical Greek writers. This evidence is dubious suppOrt 

at best. 

T heorists suc~ as Aristm:enos complain about the unstable pitch and 

indeterminate tuning of the aulos (Schlesinger 1939). Aristoxenos claims 

that the intervals of music are detennined by the perfonnance skill o f the 

player on both stringed and blown instruments and not by the instruments 

theJt'L5elves. This polemic may be interpreted either as referring to the 

inherent pitch instability of the instrument or to the difficulty of bending 

the pitches so as to approximate a scale system for which it is not physically 

suited, i.e. the standard tetrachordal theory. Whatever the correct inter­

pretation, the passage does suggest that Schlesinger's harmoniai played 

little or no role in G reek musical pC2ctice in the fourth century BCE. 

The problem lies with our ignorance of the Greek music and its mode 

of perfonnance. It is quite possible foi' an instrument to be musically 

prominent and at the same time difficult to play in acceptable tune. Schle· 

singer may well have been right about the natuC2l scales of auloi and still 

be entirely wrong' about their employment in Greek music of any period . 
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The harmoniai in world music 

Schlesinger also tries to bolster her argument by appealing to em­

nomusicology. Her case for the employment of the hannoniai in non­

European folk lmd art music gives the impression of overpleading, ~pecially 

in her analysis ofIndonesian tunings. lt is true, however, that wind instru­

ments from many cultures often have roughly equidistant, equal sized finger 

holes. For example, the scales of many Andean Butes do appear to resemble 

sequences of tones from the various harmoniai, although the scales may not 

be identical throughout the gamut (Ervin Wilson, personal communica­

tion). The scales on these instruments are usually pentatonic, ramer than 

heptatonic. Often one or more tones will diverge from the heptltonic pat­

tern, particularly with respect to the vent, which is tuned to bring out the 

pentatonic structure. Nevertheless, some of the harmoniai sound very sim­

ilar to the scales heard on recordings of Bolivian and Peruvian music. 

Hence, these data may serve. as at least a partial vindication of her ideas. 

Empirical srudies on instruments 

In Tht Gruk AU/OJ, Schlesinger made use of a large body of data obtained 

by constructing and playing facsimiles of ancient auloi. She also studied 

Jlpple fluteS and other folk wind instruments. These studies deserve critical 

attention. 

The chief difficulty one has in evaluating this work is its lack of rep­

lication by other investigators. H owever, there are two published experi ­

mental studies which are relevant to her hypotheses. 

The first is that of Letter, who made the assumption that two of the 

holes on the surviving auloi were 4/) or llr apart (Letter 1969)' From 

measurements on these instruments, he determined the probable reed 

lengths. His measurements and calculations yielded a number of known 

teuachords, including nix I . IIIr O' 10/9,9/8 .88/8 1' U / Il , 9/ 8 . 16hS . 
10/9, 141r) . 817 . 1)1r 1, and some pentachordal sequences, but Little con­

vincing evidence for the subharmonic series or the hannoniai. 

More recendy, Amos built modal flutes with holes spaced at increments 

of one-eighth the distance from the 6pple to the open end and the studied 

the resulting intervals (Amos 1981). This procedure, however, is not really 

in accord with Schlesinger's work. She employed nmer complex formulae 

involving corrections for the diameter and certain other physical param­

eters to determine the spacing of the holes of modal flutes . 
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The pitches of Amos's Butes were measured by audibly comparing the 

flute tone to a calibrated digial oscillator and minimizing beats. Amos's 

results show that the resulting intervals are subje<:t to wide wriation from 

flute to flute and depend upon humidity. wind pressure, fi ngering, and 
other parameters. 

While not strictly companble to Schlesinger'S results, the results of 

these investigators suggt;st that one should be cautious in extrapolating the 

tuning of musical systems from the holes of wind instruments. 

Schlesinger herself made the same caveat and st2ted that the aulos alone 

gave birth to the harmoruai. She claimed that the acoustical properties of 

the aulos are sim pler than those of the flute, and therefore, one can accu­

rately deduce the musical system from the spacing of the fi nger holes of 

auloi. People who have made and played aulas-like instruments are less 

certain. 

Lou H amson found the tnlditional Korean oboe, the piri (and the 

homemade miguk. pili), to be difficult to play in rune and noted its tendency 

to overblow at the twelfth (personal conununication). J im French, who bas 

spent a number of years researching the aulos from both an archaeological 

and an experimental perspective, has discovered that the type of reed and 

its processing are far more crucial than Schlesinger implies. H is results 

with double auloi indicate that the selection of a particular reed can change 

the fundamental by a 4/3 (personal communication). Duplicated tetra­

chords are thus quite narural on this kind of instrumenL H e has also found 

that sequences of consecutive intervals from humoruai such as that on I6 

(Hypodorian) are relatively easy to play on these instruments and may be 

embodied in historical examples and artistic depictions. 

Composition with the hannoniai 

The question of whether or not Schlesinger's harmoniai are relevant to 

Greek or world music may be of less importance to the experimental 

musician than their possible use in composition. Her most fruitful con­

tribution ultimately may be her suggestion that the hannonia be con­

sidered a "new language of music" (Schlesinger J 939). 

Schlesinger tuned her piano to the D orian hannonia in which C (at 256 

Hem ) equals the modal determinant ;1. 1 . Thus she used only an J I- pitch 

gamut. For som e unstated reason, she did not give a tuning for the note Bh 

which would have had the modal determinant 15, though she did include 
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8· S. H/lntloniutirm oj&hltringn''s ha/7mJnilli. 

Tttr4rhorrl4ljrammNJrlt rbOlW. Churtis from tht 
·(Onjlm(/~hllT7noniai illlJlhith 15 rtplaus 14 art 
IlIJo shwlI/whtrt /lpp/irA bit. 

such prime numbers as 17 and 19 and composites of comparable siz.e such 

as u and 14. O ne would think that the Phrygian harmonia on 14 would 

malc.e more efficient use of the keyboard, unless there are problems with the 

altered tension of the piano strings. This, of course, would not be a lim­
itation with eleCtronic instruments. 

Schlesinger was fortunately able to enlist the composer Elsie Hamilton 

from South Australia in these efforts. Hamilton composed a number of 

works in the Dorian diatonic tuning between 1916 and 1919. In 1935, 

Hamilton trained a chamber orchesera in Stuttgart to perform in the bar· 

monia.i. Although seven.1 orchestral and dramatic works were composed and 

performed during this period, it has been impossible to find further infor­

mation about the composer or discover whether the scores are still extant. 

From the excerpts in The Greek Au/OJ, it would appear that Hamilton 

employed a conservative melodic idiom with straightforward rhythms (8-

6). Schlesinger comments that such a simplification was necessary for both 

"executant and listener." The quotations from the score of Agave, brief as 

they are, seem quite convincing musically in a realiution on a rerunable 

synthesiz.er. 

Hamilton's hannonic system is of considerable interest. Although 

familiar chords are scarce in cllls system, virtually any interval larger than 

a melodic second is at least a quasi-consonance. Rather than attempt a 

translation of tertian hannonic concepts to this tuning, Hamilton instead 

chose to use the teerachordal frameworks of the modes as the basic con­

sonances (8-5 and 8-6a). In the Dorian mode, this chord would be n 16 

14 II ( Ih 1 1/8 11/7 111), with 15 ( llh 5) as an alternative tone. 

A melodic line may be supported by a succession of such chords talc.en 

from all seven of the mooes. Hamilton augmented this somewhat sparse 

DISJUNCT CONJ UNCT 

MIX OI.VDIAN 28:n:l0:14 18:11 :16:14 

LYOL4.N 16:10:18:13 16:1 0: 1~1 3 , 16:10:1f I 3 

PHRYGIAN 14:18:16:11 24:18:13:11 

DORIAN 11:16:14:II, 11 :16:1 5:II 1l : 16:u:1I 

flYPO LVDIAN 20:1 5:13:10, 10:14:1 3:10 10: I 5:1 1:10, 20:14=11:10 

HYPOPH RYGUN t8:q:U :9 18:13: 10:9 

HYPODOIlJAN 16:u:tI :8 16:11 :9:8 



8·6. &urpttfrom Agave by FJ.rit lI4mi/fmI, with 

riltio rrumIm7. 

(6) TttrtUhonliJ frllmnmri dJords (,Sunrin -j. 
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vocabulary with chords formed by the union and intersection of chords 

from two related hannoniai (8-6b. 8-6c. and 8-7). In the latter case, the 

chords are resolved to their common dyad. 

She also discovered that parallel transposition results in changes of 

modality which are musica lly exploitable (8-6d), although the given exam­

ples are stated to have been approximated to the piano intonation. 

One would characterize her hannonic techniques as essentially poly­
tonal and polymodal, rather than "diatonic" or ~chromatic. " 

It is a pity that more examples of Hamilton's use of the hannoniai are 

not extant. From this limited sample, it appears that Schlesinger's system 

succeeds as a "new language of music." 

Schlesinger's hannoniai have inspired other composers, including 

Harry Partch and eris Forster. Partch devoted a large part of his chapter 

on other systems of just intonation to her work, citing it as a justification to 

proceed on to ratios of 1 3 (partch (1949] 1974). He correctly identified her 

hannoniai with his Utonalities, with the addition of the Secondary Ratio, 

1611 S. Forster has constructed several instrWnents embodying the ratios 

of 13 in a Partch tonality diamond context. He has also composed a con­

siderable body of music for these instruments (Forster (979)' 

Extensions to Schlesinger 's system 

Although Schlesinger'S system suffers from internal inconsiStencies and 

omissions, her scales fonn a fascinating system in their own right, inde­

pendent of their questionable historical status. The most obvious of the 

corrections or enhancements is to f1I.tionalize her enharmonic and chro­

matic forms so that all three fonns of each harmonia are distinct. The next 

step is the definition oflocal aitai synemrnenon in each of the tonoi so that 

correct hypo-modes and conjunct hannoniai may be constructed. Finally, 

new harmoniai based on modal detenninants not used by Schlesinger are 

proposed. These new modal determinants range from IS to 33. 

Rationalization of the hannoniai 

The first and most obvious extension to Schlesinger's system is to furnish 
distinct chromatic and enhannonic forms for her diatonic harmoniai. This 

may be done by katapyknosis of the diatonic with the multipliers 1 and 4. 

To obtain the corrected chromatic versions, the fi rst interval of each 

tetrachord of the diatonic harmoniai is linearly divided into two parts. The 

two new intervals are retained while simultaneously deleting the topmost 



note of each tetrachord to create the characteristic interval of the genus. 

By this process, the old diatonic first intervals become the pykna of the new 

chromatic forms. 

The enharmonic is created analogously by uupylcnosis with four. The 

first two new interv:als are retained, leading to pykna which consist of the 

chromatic first intervals. This procedure is equivalent to perfonning 

katapyknosis with two on the chromatic genera resulting from the oper­

ations above. 

Wilson has suggested performing katapyknosis with ] to produce tri­

thrtrm4tit forms (personal communication). Ptolemy used the same tech­

nique [0 generate his shades. This operation produces two fonns, a 1 + I 
form in which the two lowest successive intervals are retained and a I + 1 

form in which the lowest and the sum of the two highest Ire used. The 

pykna of the I + 1 and I + 2 fonns are thus different and the I + I fonn tends 

to melodicaUy approximate the enharmonic. A third fonn, the 2 + I, 

potentially exists, but would violate Greek melodic canons (chapter ]). 

In an analogous manner, lcatapyknosis by 5 and 6 are possible if the 

interval to be divided is large enough. These divisors generate what may 

be caUed pmlllchr011Ultit, pmtmharmonic, htxarbromlltit, and htxtnbarmon;t 

genera. The forms of the rationalized harmoniai including the two tri ­

chromatic as well as the pentllchromatic geneN, created from a 1 + ] divi­

sion of the pylcnon, are shown in 8-8. 

If one generates aU the forms of a harmonia which do not violate 

accepted melodic canons by katapyknosis with the numbers I through 6, 
nineteen genera result. The Hypennixolydian or "basta rd Hypodorian" 

provides a good example of this process because the first diatonic interval is 

the comparatively large septima! tone 8/7 (231 cents). The nineteen kata­

pyknotic genera of her "bastard Hypodorian" :a rc shown in 8-9. 

Local nitai synemmenon 

Although all of the diatonic harmoruai can be represented as octave species 

of the Dorian harmonia (plus trite synemmenon) by choosing different 

notes as modal detenninants, in the homonymous tonoi the central octave 

is occupied by the notes of the corresponding harmoniaj, Since all of the 

tonoi are structurally:as well:as logically equivalent, the argument which 

demanded that IS replace 14 in the hypo-modes of the Dorian requires 

th:at :a loc:al trite synemmenon be defined in e:ach tonos. Otherwise, the 
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8·8. ~titmltJiztlJ bllf7MPlU1i. nm b_ilti IhtnJd Ix amlpnu/ "' Sdlltsingtri D'IIm v signifiant tliffirmm uin HNtm 
thm ,nd Jlmft (lfbtn "' tbl cln_tk lind rnhtmmmic grnml. 1}y" "rtIIlmtrll It,., lib, prwilkJ; tbu, It", btuttlllllll:ltUJ1J!rr.­
IUby J ,nJ S instutl(l/lIntl~. TUlIDitl/mnifms,_, "lIIfIkrsbllwbtm diJuhlltl. ln prirldplt, l~ rMybtsWnitIJllJfor IS in 
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HypgdtJri4n m tltriutJ fr- [ht "hitsurJ- lutrmtmill. n , forms (If tht kwtr tttTMhllrtls (lfSthksingtr's priftmJ h~ 

'IIOUldbt J1J1 J(I ~J~' n~6 J6J~'~7~JJ6,lInd807'7J 60 .. 

Mholydian TIICHIOMATIC t .I)IrI'ACHROMAT IC 

OIATONIC )635)4 171 4 I) n IS 504845 ]56563 301 5 

141)111110p87 TRICHROMATIC 1 
Hypophrysil n 

CHIIO~IATIC 363513 1714131118 
DIATONIC 

18171611 10 19 18 14 EN'IUIIMONIC 
1816t51}1l11109 

TIIICHIIOMATtC I 48474636p}1 ]014 
CHROMATIC 

4 J 4 1 40H)01PI8U .tt.rrACHIlOMATtC 
1817161)111}119 

nlCHIOMAnc 1 6058SS45403SH}0 
T I ICHROMAT IC I 

4141)9)3]01PI711 
Dori~ 54 52 SO 39}6]5 34 17 lNltAlMONIC 

DIATON'IC TI'CHIIOMATIC 1 
S6 SS 5444 40 }9 )S 18 

1110987'3611 H51 4 8 3P}6]5]] 17 UlIITACHIIOMATIC 
CHIOkAnc INHAIMONIC 

70 6865SS 504845 H 
II JI 10 16 14 17 13 1 I 36 3534161447 1 3 18 

Lydian TlICHIOMATIC I PlNTACHIIOJU.TlC 
DIATONIC 13)13 ' 14 U 4'40 ]) 90 86 80 6560 5& SS 45 

13 IJ II 10p& 7 '} TIllCHIOWATiC 1 
Hypodorian CHaOMATIC l3 P 1014Ji 10}P33 

1615141018171613 
DIATONIC 

IlNKAaldONIC 
161S ' 3 11111098 TlICHIIOMATIC I 144341 3118SS17U 

}p}8)730171615 39 
CHIIOIdATIC 

.000ACHIIOMATIC 
31 301814 Jl 1I 10 16 TIIlCHIIOMAT1C I SSSl50 40 ]5 ]46555 

}9}8}6]017 16143P 
T11 ICKIIOMATIC 1 

Hypol)'dian 4S 46 44 36 33 ]1 )1 '4 IlNItAIMONIC 
DIATONIC T11ICHIIOIlCATiC 1 

51 51 5040}6 3S ]416 
109871}6 115 4 8 4 6 '41 )611]l }014 'ENTACHIIOMATIC 

65636oS0454} 4065 
On.OMATIC INHAUlON'IC 

101P18141]151110 64 61 60 48 44 'I) 41 }1 
PhryJian TlICHROMATIC , 'L'IIT.\CHIOMATIC 

DIATONIC }019 1811 }9}8 37 15 80 76 7060 55 Sl 50,,"0 
1l1l 10p 8 7 1}6 TlICHROMATIC 1 

CHIIOMATIC 30191711}9}83615 
'4'}U 1816 1S 14n lNKAIMONIC 
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three hypo-modes in each tonos would be merely cyclic permutations of 

the original sequence and would therefore lack modal distinction. These 

tritai synemmenon are also needed to to fonn what Schlesinger would 

probably term conjunct harmoniai. 

The new tritai synemmenon may be supplied by analogy through bt­

apymosis of the disjunctive tone by 1 . These additions, of course, increase 

the nwnber of possible scale forms, as the new notes may alternate with the 

lesser of their neighbors as 15 alternates with 14 in the Dorian prototype. 

This alternation generates fairly wide intervals in the range of augmented 

seconds and gives the hannoniai containing them a chromatic or harmonic 

minor flavor not present in the corresponding modes of the Dorian 

hannonia. 

NO. DIVISION MULTIPLIER SPECIU 

DIATONIC 

D' 161413 Illl 10 98 " '" 
CHJ.OMATIC 

" t6 IS 14111111 108 " '" 
TRlClIROM,\.nC 

T> J4 I) 1118 B }l31 11 JX '" n 14131118333130 n JX '" 
INHAIlWONIc/CHROMATIC 

u p )1)0141143 n 16 'IX '" 
u 31) 12914114341 16 'IX '" 
'J 3131181411.103 20 16 'IX HJ 

PENT ACJUIOMATIc/Pr:J(tRNHAIlMOH1 C 

" 40)9)83055 1753 10 5X '" 
" 4°)937 ]0 55 17 1610 p: '" 
'J 40)9)630SS 17 51 10 5x HJ 

'. 40)935 3055 17JS JO 5X H, 

'5 40 38)6)oSS 53 SIlO 5X '" .. 4o)8)S 30 SS 53 So 10 5X HJ 
H£XACHROMATIclmx!tJHAIlMON!C 

H' 4847463633 65 ]I 24 6x '" 
H' 484745 )633 65 63 14 6x '" 
HJ 484744 ]6 33 65 61 24 6x "J 
N4 484743 )633 65 6t 14 6x ". 
H5 48474136])65)014 6, H5 
H6 4846433633 646114 6x "J 
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8~10. CtmjUNt r.ti()NIliud htlmKJ1I~i. nUt hlll'mlmi.i Ut flmud in .""iIJt;J UJ tht 

~juNt DorW" of&hlui1l&rr. 111, Hypodorilnr forms 1m htutd (}11 ,ht -/MJfA,.,r 
hU7tNIII;'. Tht klwtr ttrr.chM-t/s ~&hJui1lgrr7 prrfand form 1m 11 1010 14, '18 47 

46 )6, 48 f7 4516, ,,111 80 78 7f 60. 

Mixolydian TKICHII.OhlATlC I 

DI",TO"'IC ]6H34171625]918 

14 1) HIIH 9 8 , n ICHRONA.TIC 1 
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4141 )9 B ]1 ]0 '4 11 Don.... 
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56 SS 54 44 4341 }1 18 
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11109815 1}611 

CHROM..+.TIC 

706865 55 53 SO 4 0 H 111l10 16J5141111 

Lydian TlICHIOM.\TIC I 

OI",TONIC B P }I 14 1) U 18 H 

I ]U III O I 9 8 71) T)tJCHIOK4TlC 1 

CIlIOMATIC 13P)0141} 2I18 33 

161514101918 14 I ) INHA RM ONIC 

TaIClllOM",TIC t 444)41 Jl)I)01 4 U 

39)8)1)019 1821)9 'ENT",CHIOM..+.TIC 

TIICltaO M",TIC I 5S B 5040H B JOSS 
]938]6]019171 1 )9 

Hypolydim 
lNNAUIONtC 

DI",TONIC 
51 5 1 5040]9]8 1816 
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656] 60 SS So 48 4S 65 
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1019181514 I ) 1110 

'IvrJU· T IU CHROM..+.TlC 1 

DI",TONIC 605856454] 41 H ]0 
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141] 11 18 17 16 1311 4 039]830 191811 10 

'5' CH",.'TIR 8 

nNT"'CHltOhlATlC 

50 48 4575 65 65 SS 50 
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DI",TOllllC 

1816 IS 1]15 II 109 

CH.ONA.TIC 

181 7 161]15 11109 

TalCHROWATlC 1 

545150 39}8}7]017 

TRICIfIOMATlC 1 

545148 ]9)8]6)0 17 
lNltAANONIC 

]6)51416SI151018 

rlNT",CHtoK4TIC 

9086 80 6S 6) 60 So 45 
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OL<l.TONIC 

16151)111]1098 

ClfIOM.O.TIC 

31)018141)11 ,816 
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48 46 44]63534 1 7 14 

nlCHROMloTlC 1 

4 8 46 4 1 36 35 H 17 14 

1.NHoUW0NIC 

646160 48 4 7 4 6 }6 Jl 
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8-11. SppJiJ of tht rwtitmlJ/iud Irmo;. Tht tonoi 
lire trlmsfHJJitirm.l rf the DerUsn modIlI stqut1Itt JtJ 

tbQt tbe ".odJJl MtttminOTlt of t"cb blmmmiQ foils 
1m bypAtt ".U01I. A /IJCIJI trite syrtmr71lmlJt/ bill bem 
tkfintd in tMb uJtbm bll171Ummi.ln the 
Hypolyditm, I J .htmllttlwith 14. When mlIt fQIls 
011 14, tritt syntmmtnfm iI 17 (17h1). Tht 
HypoJoriQn Qiso hQI Q "'btuurd-form wbim runs 

from prolUzmiH1nommos tD "'lIt in the DcwiIJn ttmDl. 

Theftrtt tttr'tldNtnluI6 '4 I] 11. 

N~' • ~ HM • n • ~ 
MIKOLYDIAN 44 40 " " u ' 0 '4 
LYDIAN 40 )6 ,6 ' 0 '. " ') 
PIIJlVGIAN )6 l' '4 " '7 .6 " DORIAN l' " " .6 ., '4 " 
HVPOLVDIAN " ,6 ' 0 I Sh 14 .) '0 
HVPO'HaVGIAN ,6 '4 ., .) ISh " • HYfOOOlUAH '4 " ,6 " 23h " 
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New conjunct forms 

The new tritai synenunenon combine with the remaining tones to yield 

conjunct fonns for each of the harmoniai. In order to preserve genera­

specific melodic contours, a variation on the usual principle of construction 

was employed in the derivation of these scales. The procedure may be 
thought of as a type of inverse kaOlpyimosis utilizing the note alternative to 

the local trite synemme.non in some cases. These conjunct harmoniai are 

listed in 8 - 10 in their diatonic, various chromatic. and enhannonic fonns. 

The tuning of the principal structural notes of the rationalized tonoi is 

summariud in 8-11. 

New modal determinants 

As mentioned previously, one of the most noticeable inconsistencies in 

Schlesinger's system is the lack of a harmonia whose modal determinant is 

15. Similarly in the new conjunct hannoniai, modal detenninants of 17. 19, 

11,13, and 25 are implied by the local triOli synemmenon of the ration­

aliud tonoi. Schlesinger herself stipulates the existence of hannoniai on 2 I 

and 27 as later modifications of the Dorian and Lydian harmoniai. She 

claimed that these harmoniai were created by shlfting their modal deter­

minants one degree lower. 

Additional hannoniai on modal determinants 19 and 3 I may be added 

without exceeding the bounds of the Perfect Immutable System. To these 

may be add~ a harmonia on 33, whlch, though it exceeds the boundaries 

of the Dorian tones, is included in the ranges of the tonoi of 8-12 and 8-

13. The normal or disjunct forms of these new hannoniai are shown in 8-

Il and the conjW'lct, which use their local tritai synemmenon, in 8- 1). A 

summary of these new harmoniai is given in 8-14. 

8-:u. (nen page). Nt'IJJ bll171Umitti. Tbtlt bQT'1M7lu,i wert &rea/ttl to jiP in the gtlfJI in 
&hksinger't symm, Q/tbougb SDml, JWh III frmoi-l J. -11, Qnd -17, IJn implitd in her tat.. 
Thm new gmtr'll /Jrt Qho prwidtd; that.", hIlItd 1m !IJwpymtJJiJby ] rnd J insttllli ~ ~ Qnd 4· 

In prindple, l~ m4J be submtuud for 1 J in thm hgrmrm;IJ, Uvt for IlmM-I J 1I1brrt tht 
Mixolydilm bQT'1M7lm 'I1XJUtd rou/t. Simillv1y, 111114) rtpltut II tttul17, 16, Impt whm eking 
so Wtnltd cbIJngt Wt modtU dttrrmirul1It.ln thr dilJtlmic gtnw1I1bm the fim intnwJ Qbwt tht 
modill tktmni1Ul1lt it rcughly IJ lemitlmt, tbF'OmlltitIJ/ttmlltilm with tht nut bighut dtgrtt 
'WOuld be nulodiully Muptllble. 
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Harmonizing the new harmoniai 

The new harmoniai may be harmonized by methods analogous to those 

Elsie Hamilton employed with Schlesinger's diatonic harmoniai. The tet­

rachordal framework chords of both the disjunct and conjunct forms of the 

new harmoniai are shown in 8-15. 

The framework chords from the new conjunct forms are particularly 

interesting harmonically as they provide a means of incorporating the new 

harmoniai with the older system. Because many of the modal determinants 

of the new harmonia are prime numbers, their tetrachordal framework 

chords do not share many notes with the ones from the older scales. eer-

rain chords, however, from the new conjunct harmoniai do share nOtes with 

the framework chords of the older forms and thus allow one to modulate 

by common tone progressions. These chords may also be used in pro-

gressions similar to those in 8-6c and 8 - 7. 

Moreover, these chords may be used [0 harmonize the mesopykna of the 

chromatic harmoniai and [he oxypykna of the enharmonic which seem-

ingly lay outside of Hamilton's harmonic concerns. 

Hannoniai with more than seven tones 

Although it is quite feasible to define harmoniai with modal deter-

minants between 33 and 44 (the limit of the Mixolydian tonos), it becomes 

increasingly difficult to decide the canonical forms such harmoniai might 

take because of the rapidly increasing number of chromatic or alternative 

tones available in the octave. 

Rather than omit the extra tones in these and the harmoniai with smaUer 

modal determinants, one may define harmoniai With more than seven [ones 

and utilize the resulting melodic and harmonic resources. 

DISJItNCT 
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8-16. HtmnmlK forms of rht Phrygum h,zmumia. 
Ftlr t«h oftht di/mlllk httrm(1llui, the hamumit 
forms /ll'e obtAintd by 'ding tht lii t(lfllpinnt:nr of 
tJl(h ra,io or intmJaL 

PIIIST V1:RSION' OF THE IN'VERTI!D 'KllYGlAN 

DIATONIC 

n I] 14 16 18 10 n 14 

CtfaOMAnC 

Il 14 15 1618 11 I) 14 

ENHARMONIC 

14 30]1 ]136464748 

SECOND VlII$ION 0 ' TIll 1NVJ.1tnI) .HItYOIAN 

CHlIOMAnc 

141516]1]6]84048 

INH.Ul.MONIC 

48 49 5064 71 7476 96 

8-11. Hilrnumit forn.suf fbe tl)njuna Phrygian 
hllTmDflu. For udJ of the amjuna diiltonic hil,... 

mtmill~ thl h/l111lMk fm.", if obtllinld by tIlking 'he 
V I wmpkmmrujtath,."t;o{)rinmwJ. 

fiRST vnSION o . THE INVERTUI COto{JON'CT 

'HRYGIAN HARMONIA! 

DIATONIC 

n 13 1417 18 10 11 14 

CHROMATIC 

11 13 161718111] 14 

ItNlLU).{ONIC 

1416]4 35 ]646 4748 

SEcorm VUSION 0' T HE IN'VRRTI!D CONltrWCT 

PHRYGIAN HAllMONlAl 

CHROMAnc 

14161718 ]6]840 48 

ENHAJ.MONIC 

48 51 53 5471 74 76 96 

Another source of new hannoniai has been suggested by WUson. One 

might insert pylma above notes other than the first and founh degrees of 
the basic diatonic modal.sequence. Interesting variations may also be dis­
covered by inserting more than two pylcna, or any number at any location. 

The fual result of this procedure is to generate "close-packed" scales with 
many more than seven notes. 

Harmonic forms of the harmoni:U 

Schlesinger's original hannoniai and all of the new scales generated in 
analogy with hers are 1- or z-octave sections of the subharmonic series. 
These musical struCtures may be converted to sections of the harmonic 

series by replacing each of their tones with their lit complements or 

octave inversions. 
The resulting harmonic fonns may be used in enctly the same way as 

the originals, save that the modalities of the chords (major or minor) and 
the melodic contours of the sca les are reversed , i.e ., the intervals become 

smaller rather than larger as one ascends from the lowest tone. 
In genera l, chords from the harmonic series are more consonant 

than those from the subharmonic. However, the tones of the harmonic 
scales are more likely to be heard as arpeggiated chords than are the 

salar tones of th e subhumonic forms. 

There is only one form of each of the inverted diatonic harmoniai, 
but the chromatic, enharmonic and other katapyknotic forms (8-9) 

have twO versions. The first forms are the octave complements of the 
corresponding subharmonic originals and these forms have their pylena 

at the upper end of each tetrachord. The second versions are produced 
by dividing the initial intervals of the two tetrachords of the inverted 

diatonic forms as in the generation of the chromatic and other kata­

pyknotic forms of 8-9. An example which illustrates these operations 
is shown in 8-16. The Phrygian harmonia, of modal determinant 11, 

is inverted and then divided to yield the diatonic, chromatic and 
enharmonic forms. Both versions of the chromatic and enharmonic 

harmoniai arc listed, and the other katapylcnotic forms may be 

obtained by analogy. 
Conversely, the second of the new harmonic forms may be inverted 

to derive new subharmonic harmoniai whose divided pylcna lie at the 

top of their tetrachords. These too are listed in 8-16. 

Conjunct hannoniai may also be inverted to generate harmonic 

151 SCHLISING2R ' S HARMON IA I 
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nvo inlkpmdtnutu ofnodts /lnd crmjuncri(lrlj. The serond is symho/iztd by t f g h. 

, . • , 7 • 
• , h, d 
(3 /1 . 'II) 

,. " " ' 0 • 8 
" , d h 
()h . 'II) 

J. ,8 '7 
,. 

'j '. , J " , , h,d 
()h . 'II) 

•• H '0 '. " '7 
,. 

' j , , d 
(311 . 4/): 10/7' 715) 

j. '. 'J H H '0 '. ,8 

" , h 
(3 h . 4/3) 

•• '7 , . 'j '. 'J " " , , 
(311 . 'II) 

7· 3° .......... 18 ........ .. JI '0 , , d h 
(3/1 ' 4fJ: 10/7' 715) 

8. JJ p .......... 14 .. · .. · .... · ll 

• , d h 
(3/1. 413; 16/11 . 1118) 

•• 36 ........... ]1 .......... 17 ........... 14 

" , " d h 
hh . 4/3) 

10.39 ........... 36 .......... 17 16 

• , d h 
(]h ' 4/3, 1319' IS/13) 

II . 41 ........... 4° .......... 3° ........... 18 

• , d h 
(3h '4/3: 10/7' 715) 

'. h 

'7 

'0 

11·45 44 .......... 40 ........... )) .......... 3° 
/I " , d' h, d 
(3h ' 4/3; IlhS' iShl) 

,. 
d 

'. ,8 
b, d 

13· 48 ........... 44 .......... )6 ........... 33 31 
/I,' , d' d h 
()h . 'II); 16/11 . il lS) 

14 · 51 ........... 48 .......... 36 ........... 34 
/I , d h 

(Jh ' 4/3; 17hl .14 /17) 

15· 54 .......... 51 .......... 48 ........... 39 .......... 36 
/I " ( d' h,d 
(]h . 4/3: 13/9 ' IS/I) 

16. 57 56 .......... 51 ........... 4' .......... 39 )8 
1/, , d' dh 
(]h . 4/ ) ; 191I4' 18119; 19113' 16/19) 

'7· 60 ........... 56 .......... 41 ........... 4° 
• ( d b 

(3h . 4/3: 10/7' 715) 

IS. 63 ........... 60 .......... 56 ........... 45 .......... 41 
/I " , d' h,d 
(Jh . ¥]; 10/7 . 715) 

19· 66 ........... 64 .......... 60 .. ........ 48 .......... 45 44 
II " ( d' dh 
(J11 . 4/); uhS ' 15/11 ; 16/11' 1t /8) 

l O. 69 68 .......... 64 ........... 51 .......... 48 ........... 46 
II'" d'd b 
(3h. 4/3; 1]/16. pll): 1]117' H1l3) 

11 . 71 ........... 70 .......... 68 ........... 64 .......... 51 50 49 48 
/I log , , d' h f b,d 

(311. 4/3; 10/7' 71S: 14h7' 17/11) 

11. 75 ........... 68 .... ...... 51 So 
/I , Ii h 

(311. 'II]; 15h7 ' 34115) 

I]. 78 ........... 76 .......... 57 ........... 51 
1/ , Ii h 

(311. 'II) ; 16119' 191r]) 

14· 81 80 .......... 77 ........... 60 .......... 56 55 54 

/I ',' g Ii h 1 h 



S-19. DiluyflUtm loll}. Thut diMycltlaln be 
ttmSt1Wtttitm stringt 1}IIOllnd lOll} ilp4r't. 

40 ]9 ••• ]6 ...... ........................ ........ ]0 ... 1716 

iI t.' g ti f b,b 
(loll] . 1]110;]12 . 0/]; 1]/9 ' IS/l]) 

60 ... 56 ... 52 ......................... .. . ...... .... 41 .. 4° ]9 
lI,tge f,bdb 

(1 01r ] . t)/Io; ]12 . 0/]; 10/7' 715) 

80 .. 78 ... 76 ............ .................... 60 ... 57 ........ 51 

IIf,lg df b,h 
(10/t] • J ]lto; ]12 . 41]; 16/19 ' 1911]) 

100 99· .. ¢· .. · 9J .. • .... • .......... · 72· .. 70 ..... 66 65 
IItge bdfb 
(10/13' J JlIo; 10/7' 7/5; ]11. 4/]; J6/I I' 11/8) 

8-10. Triilphtmiund rttrllpboniceycill tm 'II} lind 
514. (I) moybeamstrJl(ttdoPl tbm nringtnmtd to 
III, ,pJ • .nJ Jil. (2) ~iru strings tlPItd to III, 
,pJ, tmd J/2. (J) mllYbtrtRliudfm four mingt 
nmtdto Ill, 6IS.147IIootmd4111S. 

. 0 

" 
'9 , 18 17 

J 

(4/ ] . 514 . 6/5) 

., 
b, 

'l 
f 

18 27 ..................... 14 ............................... 1 I 

lI,e, d b,f 

(4/) . 716 . 9/ 7) 

SO 49 48 .......................................... 41 ...... 40 
II t l,g f,h h,d 

(5/4.615 ' 716. 8/7) 

forms as shown in 8-17. In this case, the disjunctive tone is at the 

bottom with the two tetrachords linked by conjunction above. 

These oper:ltions may be applied to all of the hannoniai described 

above. Similarly, the other musica l structures presented in the 

remainder of this chapter may also be inverted. 

Other directions: Wilson's diapbonic cycles 

Ervin WLison has developed a set of scales, the dillphonic cycles, which 

combine the repeated modular structure of tet12chordal sca les with the 

linear division of Schlesinger's harmoniai (Wilson, personal commu­

nication). 
The diaphonic cycles, or less formally diacydc, may be understood most 

easily by examining the construction of the two simplest members in 8-18. 

In diacycle I , the interval )12, which is bounded by the nodes a and b, is 

divided linearly to gene12te the subhannonic sequence 9 8 7 6 or III 9/8 

9/7 )Il. Subtended by this 312 is the linearly divided 4 /) bounded by the 

nodes, and d. This segment fonns the sequence 8 7 6 or III 8/7 4/). 

Five-tone scales may be produced by joining these two melodic segments 

with a common tone to yield 1/1 9/89/7 31z n/7 111 (a - b on III, then 

c-d on 312) and III 8/7 4 /3 )h 12/7 111 (r-d on III , then a-b on 4/3): 

987(6) 'nd 87(6) 
(8)76 (9)87 6 

The tones in parentheses are common to the two segments. 

Diaphonic cycle 1 generates two heptatonic scales which are modes of 

Ptolemy's equable diatonic genus: fir n / l1 6/541) 16/11 815 1619 111 
and III n / u 615 +') 312 18/ 11 915 l / I. The two fonns are respectively 

tenned the conjunctive and disjunctive or tetrachordal fonn. 

As the linear division becomes finer, scales with increasing numbers of 

tones are generated. At number 4, a new phenomenon emerges: the exis­

tence of another set of segments whose conjunction produces complete 

scales. The nodes a,d and c,b define a pair of diaphonic cycles whose seg­

ments are 10/7 and 715. 

These diaphonic cycles can be implemented on instruments such as 

guitars by tuning the intervals between the strings to a succession of 3h's 
and 4/)'s. The fingerboards must be refretted so that the frets occur at 

equal aliquot parts of the string length. Wilson constructed several such 

guitars in the I!2rly 19605. 
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8·11. DivisionJofthtfiftb. (I) udtsmhedtu 1m 
~tlui41-lrIlit (Phrygitlfl, rurmlt'nlcud by KS) · m 
Sibltsmger 1933. (J) ilflnother ''IIui41·/ftllt (HJf»­
ionim), ~ idmtifitdwirh tlllother rm1ll1med Pilit of 
ATinumos (Mtibomiw 16SJ, 7~). 0) isllll Ullll/4J· 
Jelllt (Mixolydian)," idmrijird witb IIl1()tblT 
WlnQ71lldJeIlI, o!AriItumos. (4) is idmlifodwirb 
ytt ilnotbtT sttlleDf ATUrO¥tnOS. (5) sptzllS lin /lug­
mmud fifth Rnt/ ilppUtrS IIlso in hl1' mltrprerRti(11l of 
IhtJpo1fdlioll. (6) u the ·si"plttrmlljoT"ofSaftyu­
d-Din (D'EriIl"gtT 1938, ~81). Tbdsl4micgmtJ'1l 
Rrt from ROlllmtZ 19 U . (8), Jifllhiln, IJ!1l1lJ only the 

413. (,9) islilbtled ·Zinlftmd Bo/uol'rl:. ~ ROUillltt:r 

lim gmw it idtlltua/ to Snjiyu-d-Din:r Jelllt oftht 
S/I11fI M71U. 

SC HLESINGU'S DIVISIONS 

I. 141l} · 13/ 11 ' 11/9' 918 

1. 161rS' IS/l4 ' 7/6. 918 
l 18h7 ' 9/ 8 .8/7 ' 9/8 

4· 11/10' [0/9 ' 9/8.8/7 

S. I lira· 10/9' 9/8 .8/7 

ISlAMIC GIENDLl 

6. 14"3.8/7 ' IJ / Il . 14/t 3 ' 117/111 

7· 13/11 . 14113 ' 13/u· 1871lP 

8.1)/11.14/1)· ISIr 4 ' 1611S 

9· 141t 3·13/n·36/]S·9/8 . 10/9 

'Wilson has also developed a set of simpler scales on the same principles 

under the general name of "Helix Song." They consist of notes selected 

from the hannonic series on the tones III and 4"3. These have been used 

as the basis of a composition by David Rosenthal (RosenthaI1979). 

Triacycles and tetncycles 
For the salte of completeness, some new diacydes have been con­

struCted on the interval pair 10113 and I31l o. These are listed in 8-19. A3 

lair 3 is slightly larger than 31z, some new diacycles on 31z are generated 

incidentally too. 

Larger intervals and their octave complements might be used, but the 

increased inequality in the sizes of the two segments would probably be 
melodica.lly unsatisfactory. This asymmetry may be hidden by defining 

three or four segments instead of merely two. A few experimental three­

and four· part structures, which may be called trillt:yr/u and utrllt:ydu, are 

shown in 8-20. 

Linear division of the fifth 

As a fina l note, it must be menti oned that both Schlesinger (1933) and the 

Islamic theorists 3150 recognized scales derived by linear division of the 

fifth instead of the fourth or octave (8-11). Not surprisingly, Schlesinger's 

are presented as support for the authenticity of her harmoniai. 

It is likely that the Islamic forms had origins that are independent of the 

Greek theoretiCII.I system. The genus from Safiyu-d-Din (D'Erlanger 

1938) may be rationalized as being derived trom the permuted tetra chord, 

14" 3 . 8/7 . 13" 1 , by dividing the disjunctive tone, 918, of the octave sale 

into two unequal parts, 141r J and J 17" I 2. Characteristically, all 24 per­

mutations of the intervals were tabulated. 

Rouanet's scales deviate even more from Greek. models, though the 

tetrachordal relationship may still be seen (Rouanet 1912). 
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9 The Catalog of tetrachords 

THIS CATALOG ATTEMPTS a complete and definitive compilation of all the 

tetrachords described in the literature and those that can be generated by 
the straightforward application of the arithmetic and geometric concepts 

described in the previous chapters. While the first of these goals can be 

achieved in principle, the second illustrates Ari stoxenos's tenet that the 

divisions of the tetrachord are potentially in finite in number. It seems 

unlikely. however, that any great nwnber of musically useful or theoretically 

interesting tetrachords has been omitted. Figures 9- J through 9~6 show that 

the two-dimensional tetra chordal space is nearly filled by the tc:trachords in 
the Catalog. The saturation of perceptual space is especially li1cely when one 

considers the finite resolving power of the ear, the limits on the accuracy and 

stability of analog and acoustic: instruments, the quantizing errors of digital 

e1ecttOnics, and our readiness to accept sufficiendy close approximations to 

ideal tunings. 

N~ertheless, processes such as searches through large microchromatic 

scales (chapter 1) and proprietywcu1ations (chapter s) will occasionally tum 

up new genera, so perhaps one should not be too complacent. The great 
majority of these new tetrlllchords, however, will resemble those already in 

the Catalog or be interchangeable with them formost melodic and hannoruc 

pu'J'O'<'. 

Organiz.a.oon of the Catalog 

The tetrachords in the Main Catalog are listed by the siu of their largest 

interval, which, in lieu of an historically validated term, has been called the 
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characteristic rntcl'V2l (C!). The tenn apymon would have been used except 

that it has been traditionally employed to denote the sum of the two lower 

inte~ls of the diatonic genera. In diatonic tetrachords, this sum is gruter 

than onc half of the fourth. 

Those tetrachords with CIs larger than 415 cents are classed as 
hyperenharmonic (after Wilson) and listed first, Nen come the enharmonic 

with their ;,uomporitt CIs approximating major thirds. Chromatic and 

diatonic genera fo llow, the latter beginning when the CI falls below 250 

cents. 

For each CI, the genera derived from the 1: I , 1 :2, and 2:1 divisions of the 

pyknon or apyknon are listed 6rst and followed by the other species of 

tetrachord with this CI. References to the earliest literature source and a 

brief discussion of the genus are given below each group. 

In addition to the genera from the literature, the majority of the Main 

Catalog comprises tetrachords generated by the processes outlined in 

chapters 4 and 5. Both the 1:2 and 1 : 1 divisions are provided because both 

must be examined to select "strong," mosdy superparticular forms in the 

Ptolemaic manner (chapter 1). If strict superparticularity is less imporunt 

than convenience on the monochord or li near order, the 1 : 2 division is 

preferable, but recourse to the 2:1 may be necessary to discover the simplest 

fonn . For example, the threefold division of the J 61r 5 pylmon yidcls the notes 

484 7 4645' PtOlemy chose to recombine the 6rst twO intefV1lls and reorder 

the third to obtain his enharmonic, 46/45 ' 1411) . 514. 
In general, only the simplest or mostly superparticulaf divisio ns are 

tabulated in this section; occasionally a theoretically interesting teO'achord 

without any near relatives will be found in the Miscellaneous lis t. Such 

isolated tetrachords are relatively uncorrunon. There are cases, however, in 

which all of the other divisions of a tetrachord's pylcnon or apylcnon have 

very complex ratios, and so closely resemble other tetrachords already 

tabulated that it did not seem fruitful to list them in a group under the CI 

in the M ain Catalog. 

"Miscellaneous" is a very elastic category. It consists of a collection of 

genera of diverse origin that I did not think interesting enough to list in the 

Main Catalog. 

The order of intervals within each tetrachord is the canonical small. 

medium, and large in the case of the historical genera and their analogs. 

The new theoretical genera are generally listed in the order resulting from 
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their gener:ating process. It should be remembered, however, that all six 

permutations o f the non-reduplicated genera an d all three of the 

reduplicated are equally valid for musical experimentation. 

With the exception of the Pythagorean 256/243 . 9/8 '9/8 andAl-Farabi 's 

10/9 ' 10/9' 1711 5, the genera with reduplicated intervals are given in the list 

of Reduplicated tetra chords. 

Those tetrachords defined in either in "'parts" of the tempered foum 

or which consist solely of temperM intervals are to be found in the Tempered 

list. Needless to say, these tetra chords are a diverse lot, coverin g 

Aristoxenos's divisions, Greek Orthodox litu rgical genera (in two systems 

- one of 28 parts to the fourth, the other of 30), and those derived from 

theoretical considerations. As some of the latter contain rational intervals 

as well, a separate list of Semi-tempered tetrachords is included. 

No attempt has been made to cattlog the very numerous tetrachords and 

tetrachord-like structures found in the no n- zero modul o 11 equal 

temperaments of 4-17. 
An index of sources for those tetrachords of historical provenance is 

provided. 

Uniformity of sampling 

In order to show the unifonnity with which the set of aU possible tetrachords 

in just intOllation has been sampled in the Cata logs ofdUs chapter, the genera 

from the Main, Reduplicated, and Miscellaneous lists have been plotted in 

9"1,9-2 and 9-3. In 9-1 , the sma1l~t interva1s are plotted against the largest 

intervals or CIs. Asone may see, the area delineated by the two oblique lines 

is more or less uniformly filled. H owever, diagonal zones corresponding to 

genera with roughly equal and 1:1 divisions are evident. The tables are 

deliberately deficient in genera with commatic and sub-commatie inrervals, 

as these are oflittleuse melodically. The few examples in the tables are taken 

mostly from Hofmann's list of superparticular divisions (Voge l 1975) or 

generated by theoretical operations such as the means of chapter 4. 

9"2 is a plot of the first versus the second intervals of the same tetra chords. 

Although the graph has a different shape, the same conclusions may be 
drawn. 

9-3 is a third representation of the same data. In this case, cumulative 

rather than sequential intervals have been plotted. This mode reflects the 

Greek classifi C1ltion of tetrachords in to primary gene ra (enharmonic, 
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chromatic and diatonic) and shades or nuances ((hrolli) of these genera. The 

primary distinction is based on the size of the uppennost interval, usually 

the cr except in Archytas's and Ptolemy's diatonics (18117 . 8/7 . 9/8 and 

16II 5 . 918 . 1019). The exact nuance or sh2de is then defined by the size of 

the first interval. The position of parhypate is eqwVlIlent to the size of the 

first interval and the position oflichanO$ is an inverse mea.sure of the CL 

This graph also reveals the relative unifonnity of coverage and the excess 

of genera with 1: 1 and 1:2 divisions. 

The tetrachords in the Tempered and Semi-tempered lists were 2dded 

to the set graphed in 9-1-), and the entire collection replotted in 9-4-6. 

The largest empty spaces in the plots 2re thus filled. In a few cases, the gaps 

could be filled amy by creating new genera specifically for this tulc. These 

have been marked in the Tempered teulchord list. 

The Main C2talOg 

HYPER ENHARMON I C TETRACHORDS 

HI. CHAlACTEil ISTI C INTEaVAL I)h o 454 CENTS 

80/79 . 79/78 . 13110 12 + 11 +454 

60/49 . II 81l 17 . 1)/10 29+ 1 5+454 

uo/1l9 ' 1191117 ' 1)/ro 14 + 29 + 454 

100199 . 66/65 . 1 )ho 17+ 26 +454 WILSON 

The I)II o would appear to be the upper limit for a genus·defining CI simply 

be~use the pyknotic intervals become tOO small to be melodic2lly useful, 

however perceptibl e they might remlin. In general, tetnchords with 

intervals less than 10 cents or with overly complex ntios will be relegated 

to the Miscellaneous listing at the end of the Catalog proper, unless there 

is some compeilingrelson, such as historical or literary reference, illUSttation 

of theory, or the liL:e, to include them. The pylmon of this hyperenhl nnoruc 

genus is the 40/39 (44 cents), which is very close to the Pyth2gorean double 

comml of )2~hJ a. Number 4 is from the unpublished notes of Ervin Wilson. 

See also Miscellaneous. 

H2 . C HARACTERISTI C INTERVAL 35117 

7U71 . 71/70' ) sf:7 

!0811ery . 1071105 . 35117 

54"53 . 1061105 . 35117 
64"6) . 81/80. 35117 

164 CHUTU 9 

24+ 15+449 

16+33+449 

)1+16+449 

27+ 12 +449 

449 CENTS 
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This genus divides the 36/35 (49 cents), an interval found in Archytas's 

enhannonic and Avicenna's chromatic. Number 8 is found in Vogel's tuning 

for the Perfect Immutable System (Vogel 1963. 1967)andErick!lon's (1965) 

analysis of Archytas's system (see chapter 6). 

H3 . CKARACTERlSTI C 

68167 · 67'66 . 111r7 

INTI!J.VAL 11117 446 

16+16+446 

CENTS 

10 51/50' 100/99' Hlr 7 35 + 17 + 446 

IIIO:UIOI · IOI/99· 111r 7 17+35 +446 

11 85184' 56/55 ' l1h7 10 +]I + 446 WILSON 

The pylmon of this hyperen harmonic genus is ]4/33 (51 cents) , a 

quartertone. The intervening genera with pykna between 39/38 and ]5134 

have not so Dr yielded melodically interesting, hannonically useful, nor 

mathem2tically elegtnt divisions, but see Miscellaneous for examples. This 

genus is replete with intt.rVa.ls of 17. 

H4· C HARACTERISTI C INTERVAL 118 / 99 445 CENTS 

13 66165 . 65164 ' Il8199 16 + 17 + 445 

14 99198 , 4914B . 118199 18 + 36 + 445 

15 99'97' 97/96. 118/99 35 + 18 +445 
The pyknon ofthis genus is 33/3! (53 cents), the oct::ave·reduced thirty-third 

hannonic and an approximate quarter-tone. 

H 5. CHARACTERISTIC INTI.RVAL p h 4 44 3 CENTS 

16 64/63 . 63/61 . ,ph4 17 + 18 + 443 

17 96/95 ' 95193 ' 31114 18+37+443 

18 48/47' 94/93 . ph4 36 + 19 + 443 
This hyperenhannonic genus divides the p /3 1 (5 5 cents), an interval used 

in Didymos's enhannonic. 

H6. CHARA CTI!RIST IC INTERVAL 40/31 441 C ENTS 

19 61 /61,61 /60· 4°/3 1 18 + 19 + 441 

10 93/91' 46/45 ' 40/31 19 + 38 + 441 

U 93/ 91' 91/90 ' 40/3 1 38 + 19 + 441 

The pyknon of this genus is 3 t/30 (57 cents), an interval which oceurs in 
Didymos's enharmonic. 

H7 . CHAUCTUISTI C INTERVAL 58 / 45 439 CE NTS 

" 60/59 . 59/58 .58/45 19 + )0 + 439 

'3 90/ 89 . 89/87 . 58/45 19 + 39 + 439 

'4 45/44 . 88/ 87. 58/45 39+ 10+439 
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,6 

'7 
,8 

'9 
30 

3 ' 
3' 

33 
34 

3S 

36 

37 

14'" 44 + 439 

The pymon of this hyperenharmonic genus is )0129 (59 cents). 

H8. CHARAC TERISTIC INTERVAL 9 ' 7 435 CENTS 

56/55 . 55/H ' 917 )1 ... )2 +435 WILSO N 

42/41 ·81/ 81 . 9' 7 42 + 11 +435 

84/ 8)·8)/81 ' 917 11+41 +435 

64 /63 . 49/48 . 917 17'" )6+435 

70 / 69 ' 46/45 . 9' 7 15+)8+435 

40 /39' 9 1/90 ' 9/ 7 44+ 19+435 
I ull II . 37/)6 . 917 16 ... 47 + 435 

81/ 80 . 214°11187 ' 9/7 11 +41 +435 

917 ' 119/1I? ' 51 /51 435+ 1 9+]4 
The pyk::non of this prototypical hyperenharmoni c genus (Wilson , 

unpublished) is Archytu's dlesis. 18/17 (6) cents). Melodially, this genus 

bears the same relation to Aristoxenos's soft chromatic as Aristoxenos's 

enharmonic does to his syntonic (intense) chromatic. Number 16 is Wtlson's 

original "hyperenharmonic" tttlachord. Divisions 19 and 31 are interesting 

in that their first intervals make, respectively, 20n 8/7 and a ISh 3 with the 

subtonic5 hyperhypate (d iato n ic lichanos meso n) and mese. and 

proslambanomenos and diatonic pannete diezeugmenon IS well. Tetnchord 

number 3 2 is a good approximation toa hypothetical I + 3 + 26 partS, 17+ 50 

+433 cents-Seealso number 25 above. Number 33 occurs in VOgel'S(I¢3 , 

1967) PIS runing. Number 34 is a summation tetrachord from chapter 4. 

H9 . CHAJlACTEal sTI C INTERVAL 10 4 /8 1 433 CENTS 

54/5) . 53 /52 . 104 /8 1 31 + 33 +433 
81 / 79. 79 /78 . 104/81 43 + 22 +433 
81 / 80 .40/39. 104/ 81 21+44+433 
The pyknon of this genus is 27126 (65 cents). This division is melodically 

similar to the 917 genus, though not harmo nically. Number 37. when 

rearranged, generates a I5ft3 with the subtonic. 

HIO . CHARACTERISTIC INTERVAL 50/39 43 0 CENTS 

38 51/51. 51 /50 .50/39 34+)5+430 

45 + 23 + 430 
12+46 +430 

39 39138 . 76175 . 50 /39 

40 78/77 . 77 175 . 50/39 
The pyknOR is :612 5 (68 cents) and is inspired by Kathleen Schlesinger'S 

(1939.214) enhamlonic Lydian harmonia. 
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HII. C1UJ.ACTERlSTI C INTERVAL )212S 427 CENTS 

41 SO/49 ' 49/48 . Pl2S 35 +)6 + 427 
42 7517). 7Y72. phS 46 + 24 + 427 

4) 75174 ' )7/36 . pll5 2) + 47 + 427 
nw genus divides the 15124 minor semitone (71 cents). The JlIlS is the 

)/2's complement of 75164. the S-limit augmented second (514 . 5/4 . 514' 

)h, reduced to one octave). 

ENHARMONIC TETRACHQRDS 

48/47 ' 47/46 . 23!t8 

)6/)5' 7°/69' 2)ltS 
36 +)7 + 424 
49+ 25+424 

72/71 . 71/69 ' 2)lt8 24 + 50 + 424 

SC HLESINGER 

W I LSON 

)o!:z9 ' 116hIS ' 2)lt8 59+15+424 WILSON 

60/59 ' lIS/1I5' 2)lt8 29 + 45 + 424 
This genus divides the 2¥2) (74 cents) and lies on the boundary between 

the enharmonic and hyperenhlnnonic generlil. It is analogous to the 9/ 7 
genw but divides the hemiolic chromatic rather than the soft or intense 

diesis. Numbers4S and 47 are from Wilson. Number44 (Schlesinger 19)9, 
214) is the lower tetrachord of her enharmonic Phrygian harmonia. 

E2. CHARA CTERISTIC INTERVAL 88 / 69 421 CEN T S 

49 46/45' 45/44 . 88/69 )8 + 39 + 421 
50 69167.67/66 , 88/69 51 +26+421 

51 69168. )4/ )) , 88/69 25 + 52 + 421 
The prlmon of this enharmonic genus is 2)/22 (77 cents). 

E) . CHARACTERlSTH:: INTUVAL 50/41 421 CENTS 

52 )10/)1).)1)/)06 ' 51 /40 )S+39+421 

5) 4S0/47) . 47) /459 . 51140 25 + 52 + 4lJ 

54 24012)3' 466/459' 51/ 40 51 + 26 + 4lJ 
The pylmon is 160lts) (77 cents). The 51 /40 is the )12's complement of 

20lt7' 

E4. CHARACTERISTI C INTERVAL 14ft I 4,8 C ENTS 

55 44/4) ' 4) /4J ' 14ltI 40 +41 +418 

56 n / )2 ' 64/63 ' 14/1I 53+ J 7+418 

57 66165 . 6S16) . 1¥I1 26+ 54+418 

58 88/87 ' 29118 . 14ltl JO+61+4 18 

59 )6135 ' SSI54 ' I41t I 49+ Jl + 418 
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60 50/49' 77/75 . t4h I 35+46 +418 

418 + 37 + 44 61 14/ 11 . 143h 40' 40/39 

6, 

6J 
6, 

This is a new genus whose pyknon is ll./ll (8 I cents). The 1411 I is a 

supramajor third found in the harmonic series between the fourteenth and 

eleventh partials. It occurs in the Partch diamond and other extended 

systems of just intonation. 

E S' CHA.RACTERISTIC INTERVAL 80/6] 4'4 C ENTS 

'P /4f ' 41/40' 80/63 41 + 41 +414 
6]/61 . 6J/60· 80/63 S6 + 18 +414 

63162 . 31/30.80/6) 17+ 57+ 414 
The pylmon of this enharmonic genus is 11110(84 cents), a common interval 

in septimal just intonation. 

E6. C HARA CTERISTI C INTERVAL ]J1z6 41 ) CENTS 

65 108h03' l o)h 98 . 3]h6 41 + 43 +4 1 J 

66 ]Il/307'307h97'Bh6 18 +57 +413 
67 311/301 ' 3o:h97' ]J1l6 

68 51/51' ]4/3]' ]3116 
56 + 19 +413 

34+51+4 13 
68 + 18 +413 

11+63+413 

69 16115 ' 100/99' 33126 

70 78/n' 18h 7' 33/16 

7' 
7' 
7J 
74 

The characteristic interval of this genus is the )/z. '5 complement of I)II I 

and derives from the 11:16:33 triad . The pylcnon is 104/99 (8 5 cents). 

E7. CHAJlACTEJltsTTC INTEJl VAL 19lrS 40 9 CENTS 

40/)9' 39/38 . 19II S 44+45+409 ERATOSTHENES 

)0119 ' 58/57 ' 19ltS 59 + 30 + 409 
60159' 59157. 1911 5 19 +60 + 409 

18117 ' l)SII H ' 19115 63+ 16 +409 
The pyknon, 10/t9 (89 cents), of this historically important genus is very 

close t o the Pythagorean limma , 1561143. Number 71 is a good 

approximation toAristoxenos's enharmonic of 3 + 3 + 14 "'parts," and,in fact, 

is both Eratosthenes's enharmonic tuning and Ptolemy's misinterpretation 

of Aristoxenos's geomemcscheme (Wallis 1681, 170). The next two entries 

are 1 : I and 1 :1 divisions of the pylmon in analogy with the usual Ptolemaic 

and later Islamic pra ctices. Number 73 is a hypothetical Ptolemaic 

interpretation of a (pseudo-)Aristoxenian 1 + 4 + 14 parts. An echo of this 

genus may appear as the sub-40 division found on the fingerboard of the 

Tanbur of Baghdad, a stringed instrument (Hdmholtz. [18n ] 1954,517), 
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75 
76 

77 
78 

79 
80 
8. 
8. 

Tbe last species is an andog of Archytas's enharmonic and the first makes 

a 15 11) with the subtonic. 

E8 . CHAIlACTERISTIC INTERVAL 81/64 408 CENTS 

5u/499' 499"4B6 . SI/64 45 +46 +40S BOETHIUS 

)84")71' 742/719.81/64 60+)1+408 

768/755' 7551729 . 81/64 )0+61 +408 

40/)9' 416/405 . S1/6.t 44+46 +408 

uS/1l5 ' 150/14) .81/64 41 +49+40S EULER 

6.t/6) . 2S/1 7 . SI/64 17 + 6) + 40S WILSON 

)241z)8 . 246/)29.81/64 47+4) +40S 

)6/)5 . 2240/u87 . 81164 49+41 +40S 

In these tunings the iimma, 156h4) (90 cents), has been divided. Number 

75 is the enhannonic of Boethius and is obtained by a simple linear division 

of the pyknon. It represents Aristoxenas's enharmonic quite well, but see 

t he preceding 191t5 genera for a solution more convenient on the 

monochord . In practice, the two (numbers 71 and 75) could not be 

distinguished by ear. Numbers 76 and 77 are ttiple divisions of the pyknon, 

for which Wilson's division is a convenient and hannoniow approximation. 

Number 78 is an approximation to number 75, as is Eulers "old enharmonic" 

(Euler [17391 '960, 170). Wilson's tuning (number So) should also be 

compared to the Serre division o f the 161t 5 (s14 genus). When number 80 
is rearranged, the 28h7 will make a 716 with the subtorucs hype:rhypate or 

mese. In this fonn, it is a possible model for a tuning transitional between 

Aristoxenos's and Archytas's enhannonics. The purely Pythagorean division 

(number 81) is obtained by tuning five fifths down for the !imma and 

twenty-fourupforthedoublecomma. Number8: is found in Vogel's tuning 

(196), 1967}and resembles Euler's (number 79). 

E9 · CHARA CTERISTIC INTERVAL 241t 9 404 

)8/)7' )7/ )6. 141t9 46 + 47 + 404 

57155 . 55/54' 241t9 62 + )2 + 404 

57/56. 28127' 24/ 19 

76/75 . 251:4' 141r9 
) 1+ 6)+40 4 

2)+71 +4°4 

CENTS 

WILSON 

87 40/ )9'JI7/9S'241r9 44+50+ 404 

The pyknon is I9ltS <94 cents). The interval of 241r9 derives from the 

16: 19:24 minorttiad, which Shirlaw attributes to Ousley (Shirlaw 1917. 434) 

and which gene rates the corresponding tritriadic scale. It is the 3/z 

complement of 19!t6. 
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88 
89 

9° 
9' 

9' 
93 
94 
95 
96 

97 

98 

99 
>00 
' 0' 
' 0' 

Elo. CHARA CTUISTIC INTERVAL 34h 7 399 CENTS 

36tH' 35/)4 , HI: 7 49+ 50 + 399 
17116 . 52151 ' ]4117 65 + 34 + 399 

54' 5] ' 53/51 ' 34127 31 + 67+399 

14h.] · 69/68 . 34117 74+ 25 + 399 
This genus divides the 181r7 semitoneof 99 cents, used byVincenzoGalilei 

in his lute fretting (Barbour J 953; Lindley 1984). These genera are virtually 

equally-tempered and number 88 is an excellent approxim2tion to 
Aristoxenos's enh1tmonic. It is also the 6f'St trichromatic of Schlesinger's 

Phrygian hannonia. 

Er I , CHARACTERISTI C holTERVAL 11) / 9 0 394 CENTS 

240113].2331116.11)/90 51 + 53'" 394 
18011 73' ]46/ 339 ' I1) /90 69 + 3S + 394 
)60/353 ' 353/339 ' 113/90 34 + 70 + )94 

30119' tJ61I13 ' 113/90 59+45'" )94 
40/39 ' Il7/1I3' It3/90 44+ 60 + ]94 
60/59' I rSh J 3 . I J ) / 9 0 19 '" 75 + 394 
These complex divisions derive from an attempt to interpret in Ptolemaic 

terms iii. hypothetical Aristo:r:eniangenus of 7 + 13 parts. The inspiration came 

from Winnington. lngram's 1931 article on Aristoxenos in which he 

discusses Archytas 's 181:7 ' 36/35 ' 5/4 enharmonic genus and its absence 

from Aristoxenos's genen , despite the somewhat grudging acceptance of 

Archytu's other divisions. In Aristoxenian terms, Archytu's enlunnonic 

would be 4 + 3 + 13 parts, and the first division is 3·5 + 3·5 + 13· Nwnber 95 

is the 4 + 3 division and 93 and 94 are z: I and I :Z divisions of the complex 

pyknon of nbO I l air 13 (104 cents). Numbers ¢ and 97 are simplifications, 

while number 96 generates an ekbole of 5 weses (15h3) with the subtonics 

hyperhypate and mese. 

Ell . CHARACTERISTI C INTEltVAL 64 / 5 I 393 CENTS 

H /l) . l) / p . 64/51 51 + 53+393 
51/50 . 15124 . 64/51 34+7 1 +393 

49/48 . 51/49 , 64/51 36 + 69 + 393 
68/65 . 65/64 ' '-115' 78 + 17 +393 
68/67.67164 . 64 /51 16 + 79 + 393 
The pyknon of this enharmonic genus is I 7!t6 (105 cents), the seventeenth 

harmonic and a basic interval in ItptmrkcimAl just intonation, 
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' °4 
' °5 
,06 

'°7 
' 08 
' 09 
"0 

'" 
'" 
"3 
"4 
"5 
,,6 

EI) . CHARACTUISTIC INTERVAL 5/4 386 CENTS 

)2/)l' )1/)0' 5/4 55+57+)86 DID YMOS 

46/45 ' 24h )· 5/4 )8+74+)86 PTOLI!;MY 

4S/47' 47/45 ' st4 )6 +75 +)86 
18h7' )6/35 ' 514 6)+49+)86 A. CHYTAS 

56155 . u / u . 5/4 )1 +81 + 386 PTOLEMY? 

40/)9' 16h5' 5/4 44+ 68 +)86 AVI CENNA 

15/24' u 8/u5' 5/4 71 +41 +)86 SAUNAS 

11/20.64/6) . 514 84+ 17+)86 PACHYMf,RES 

156h4)' 81/80' 514 90+ 11 + )86 POX-ST"ANGWAYS? 

76/75' 1011 9' 5/4 1) +89+)86 

96/95' 19IJS . 5/4 18+ 94+)86 WIL.SON 

1)61135 ' 181r7 ' 5/4 13+99+ 386 HorMANN 

1561155 ' 17h6 . 5/4 7 + 105 + )86 Hor MANN 

68/65 . 5/4' 51/5 1 78 + )86+ 34 
These tlmings are the most consonant of the shades of the enhannonic 

genera. Although Plato alludes to the enhannonic, the oldest tuning we 

acruaUy have is that of Archytas ()90 BCJ!). This tuning, number 106, cleuly 

formed part of a larger musical system which included the subtonic and the 

tetrtchord synemmenon as well as both the diatonic and chromatic genera 

(Winnington-Ingram 19)1; Erickson 1965). Didymos's tuning is the 1:1 
division of the 16/t5 (II 1 cents) pyknon and dates from a time when the 

enharmonic had fallen out of use. Number 104 is undoubtedly Ptolemy's 

own, but the surviving manuscripts contain an extra page which lists number 

107 instead. Wallis believed it [0 be a later addition, probably correctly. 

Numbers 104 and 105 are the 1:2 and 1:1 divisions, given as usual for 

i1Iustrttive and/or pedagogial purposes. The Avicenna tuning (D 'Erianger 

1935,154) has the 5/4 first in the original. following the usual practice of 

the Islamic theorists. In this form, it makes a 15") with the subtonic. 

Number 109 is Euler's enhannonic (Euler [17) 9] 1960, 178); Hawkins, 

however, attributes it to Salinas (Hawkins [1776] 196), 17). D anielou gives 

it in an appro:rimation with 46/45 replacing the correct 1 28h 15 (Danielou 

194), 175)' The Pacbymeres enharmonic is attributed by Perrett to Tartini 

(perrett 1916. 16), but Bryennios and Serre also list it. 

Nwnber III is given as lUig rod; by Fox-Strangways (1916, 1 ll) and as 

Gunl1bJi by Danielou (1959, I )4- I) 5). The divisions with extraordinarily 

smaU intervals, numbers 114 and II 5, were found by Hofmann in his 
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computation of the 16 possible superparticular divisions of the 4/3 (Vogel 

1975)' 

E14 . CHA)lACTE'lISTlC INTE)lvAL 8 191 / 6561 384 CENTS 

4374/4235' 4135/4096.8191/6561 57 + 57 + 384 
6561 /6183 . 628)/6144 . 8191/656 1 75+39+384 
6561/64U . JZ 11/3071 .8191/6561 37+77+)84 
324/:18 • 221/311.8191/6561 47 + 68 + 384 
The interval 8192 / 6561 is Helmholtz's tlthism;, major third. which is 

generated by tuning eight fifths down and five octaves up (Helmholtz [1877] 

1954.4)1). The pylcnon is the apotome, 2187/:048 (u4cents). It has been 

linearly divided in the first three tetrachords above, but a purely Pythagorean 

division is given as number 120. 

E15 ' CHARA CTERISTIC INTUVAL 56/45 379 CENTS 

301:9' 19118 . 56/45 59+ 60 +379 PTOLEMY 

45/4)' 43/41 ' 56/45 79+41 + 379 
45/44 ' u / ll . 56/45 39+53+379 
15114' 36/35 ' 56/45 71 +49+)79 
So/ 77 . 33/31 . 56/45 66+ 53 + 379 

60/59' 59/56 . 56/45 19+ 90 + 379 

40/39' 117h 11 ' 56/45 44+ 76 + 379 

161:5' 375/ )64' 56/45 68 + 51 + 379 
The pylcnon is 15h4 (119 cents). Number III is Ptolemy's interpretation 

of Aristoxenos's soft chromatic. 4 + 4 + 12 pans. Number 115 is a Ptolemaic 

interpretation of a hypothetical 4.5 + ) .5 + U parts, an apptorimation [Q 

Archytas's enharmonic (Winnington-Ingram 19)2 ). Number 114 is a 

simplification of the former tuning. and numbers III and 123 are the 

familiar threefold divisions. Number 118 is a summation tetrachord. 

E16 . CHAIlA CTERISTlC INTERVAL 41 / 3) 376 CENTS 

88/ 85 . 85/ 81' 41/33 60 +62+376 

41/41 . ll/ll . 41/33 4 2 + 81 +376 

44/43' 43/41 . 41/43 39+ 81 +376 

This genus is an attempt to approximate a theoretical genw. 6: ,5 + 62.5 + 

375 centS, which would lie on the border between the chromatic and 

enharmonic genera . Number 129 is quite close, and numbers 130 and 1)1 

are I :: and 1:1 divisions of the complex 44/41 ( 112 cents) pyknon. 
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CHROMATIC TETRACHORDS 

CJ. CHARA CTUISTIC INTu'VAL 36h9 374 CENTS 

131 1911S · 18h7 ' 3612.9 61 + 63 + 374 

I]] 87/85 ' S5/ 81. 36h9 40 + 8] + 374 

134 87/8] . 83/ S1 ' 36119 81 + 42 + 374 

IJS 
136 

'37 
138 

'39 
'40 

'4' 
'4' 
'43 
'44 
'45 
'46 

This genus is also an approximation t061.5 + 62.5 + 375 cents. The 36h9is 

from the 24:29:36 triad and tritriadic scale. The pylcnon is 29h7 (124 

cents). 

C2. CHARACTEUSTI C INTERVAL 26h 1 370 CU<lTS 

2SI17 . 171z6 . 26/ 11 63 +65 + ]70 SC HLESINGER 

21/10 . 40/ 39 . 26/2 1 85 +44+ 370 

42/41 ' 41/39 ' 26h I 42 + 87+370 

24123 ' I61h56 , 26111 74 + 55 + ]70 

This genus divides the pylmon, 14ft] (u8 cents) and approximates 

Aristoxenos's soft chromatic. Number 135 is from Schlesinger (19]]) and 

is a first tetrachord of a modified Mixolydian hannonia . 

c], CHA1UCTERISTIC INTERVAL 211t 7 366 CENT S 

1]611]1 ' 131/ u6, lIlt7 65+67 +]66 

102/97 .194'189 ' 21/17 87 +45+]66 

2041I99 ' 1991t89 . 1I/ 17 43+ 89+]66 

64/6] , 17h6 · lIh7 27 + 105 + ]66 

]4/ ]3 , 12/ 1l . 2111 7 52 +81 + 366 

40/]9 ' UI/ U O' 1I1t7 44+ 88 +]66 

24/'2]' 391/ 378 . 1I1t7 74+59+366 

ISI27' 51/49 ' ult7 6]+69+]66 

The pyknon is 68/63 ( I] 2 cents). Number 139 is a very close approximation 

of Aristoxenos's soft chromatic, 4 + 4 + 22 "parts," as is number 146 also. 

Numbers 144 and 146 malet: intervals of 151t 3 and 7/6, respectively, with 
their subtonics. 

C4. CHARACTBRIST IC INTERVAL 100 /81 365 CBNTS 

147 2712.6· 26125 • 100/ 81 65 + 6S + 365 

148 81/ n ' 77/ 75 . 100 /81 87 + 46 + 365 

149 81/79' 79/75 . 100/ 81 

ISO 81/ So · 161t5 ' 100/ 81 

151 51/50 ' 181t7' 100/ 81 

151 ]6J]5 ' 1Iho· 100/81 

45 + 88 + 365 
22+112+365 

]4+99+]65 

49+ 85 + 365 
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15) 40/39. 105JItOOO . 100/81 44+ 89+365 

9: + 41 + 365 

74+ 60 +365 

154 I 35/n8 . u8/115· 100/81 DANlho u 

155 :4113 . 107h oo· 100/81 

The pylmon is the great limma or large chromatic semitone, :7h5 (133 

cents). Danielou listed his tetra chord in approximate form with 46/45 

instead of the correct 118/125. (Danielou 1943, 175). Number 147 isa close 

approximation to Aristoxenos's soft chromatic, but the rest of tbe divisions 

are ratber complex. 

C5. CHARACTU.ISTIC 

80/77' 77 /74 ' ]7/30 

: 0119 ' 38/]7 . ]7130 

40/]9.39/37 . 37130 

INTERVAL 37 / ]0 363 

66+69+ 363 

89+46 +363 

44+91 +363 

CENTS 

PTOLEMY 

159 30119. I16/ uI · 37/30 59+ 76+ ]63 

160 60159 · 118hll · 37/30 :9+106+363 

,6, 
,6, 

,6) 

,64 
,65 
, 66 

, 67 
,68 

,69 

This complex chromatic genus divides the 40/37 (135 cents). Nwnber 156 

is Ptolemy'S linear interpretation of Aristoxenos's hemiouc chromatic, 4.5 

+ 4.5 + 1I "parts," with its characteristic neutral third and 3/4-tone pyknon. 

This division closely approximates his soft chromatic, indicating that 

Ptolemy's interpret:ation in tenns of the aliquot parts of a real string was 

erconeous and that Aristoxenos really did mean somet:h..ing conceptuaUy 

similar to equal temperament. However, Ptolemy's approach and the 

resulting tetra chords are often interesting in their own right. For e.rample, 

number 157 could be considered as a Ptolem aic version o f Aristoxenos's 

III + 1/4+ 1 3/4 tones,6 + 3 + 1I "parts," a genus rejected aswune10dicbccause 

the second inteml issmallerthan the first (Wtnnington-Ingrun 19J1). The 

remaining genen are experimental. 

C 6. CHAIlACT£RISTIC INTERVAL 161J 3 359 CENTS 

:6115 ' :5/:4 ' 16h3 68+7 1 +359 

39/37 ' 37/36 . 16h3 91 +47+ 359 
39/38 . 19h8 . 16h 3 45+94+359 
65164 . 161t 5 . 16/ I] :7+ 111 +359 

5:151 ' 171t6 . 16h3 34 + 105 + 359 
40/39 ' 169h60. 16h] 44+95+359 
:8117' 1I7h Il . 16h 3 63+76 +359 
169h68· 14h3 ' 16h] 11+1:8+359 

n/ll . 91/ 88 . 16h3 81 + 58+ 359 
The pylmOD of this genus, which lies between the so ft and hemiolic 
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chromatics of Aristoxenos, is I]h 1 (1]9 cents). Number 169 is a sununarion 
tetrachord from chapter 4. 

C7 · CHARACTERISTIC INTERVAL 271z2 35 5 CENTS 

1']0 176h69 ' r69h61 . 27/ n 70 + 73 + 355 

17 1 13 2/12 5' 250124] ' 17121 94 + 49 + 355 
171 1641157' 157114] ' 17121 47+ 97 + ]55 
17] 18h7' 11121· 27122 63 + BI + 355 

174 55154' 16h5 ' 17121 ]2 + III + 355 

175 40/3 9 ' 143h35 ' 27/12 44+100+355 

'76 

'77 
'78 

'79 
,80 
,8, 
,8. 
,8J 

The W0.rt4 rifZAIZIlI, a neutral third of 3 55 cents, is exploited in this hemiolic 

chromatic genus wh~ pylmon is BB/BI (t43 cents), an interval found in 

certain Islamic.scales (D'Erlanger 1935). 

C8, CHAII.ACTEJUSTIC 

14"1].13/ 11' 1119 

IBIr 7' ]4/33 . 11/9 

36/ ]5 . 351]] , 11/9 

45/44 ' t6h5' 11/9 

56155 . 151r4 ' 11/9 

78/77 ' 14"13 ' 1 1/9 

20h9 . 57155 . 11/9 

]0119' SB /55 . I r/9 

INTERVAL J r /9 347 

74+77+347 

99 + 51 + 347 

49 + 1 02 + 347 

39 + 1 II + 347 

31 + 119+ 347 

U + I1B + 347 

89 + 61 + 347 

59+91 +347 
6] + 88 + 347 

CENTS 

WINNINGTON'-INGIlAM 

185 40/39' II 71110 . 11/9 44 + 107 + 347 
This genus is the simplest ~ali:ution of Aristoxenos's hemiolic chromatic. 

Vlinnington-Ingnmmentionsnumber 176inhis 1932 article onAristoxenos 

but rejects it, despite using 1211 I • 1119 to construct his spondeion SC2le in 

an earlier paper (Wmnington-Ingram 1928). In view of the widespread use 

of ]l4-tone and neutral third intervals in extant Islamic music and the use 

of I III 1 by Ptolemy in his intense chrom.atic and equable diatonic genera, 

I see no problems with accepting AristoIenos's genus, 4.5 + 45 + 2 I "parts," 

as recording an actual tuning. traces of which lire still to be found in the 

Near East, Ptolemy, it should be remembered, claimed that the intense 

chromatic, n12 1 . nltl . 716, was used in popular lyra and lcithara tunings 

(Wallis 1682, 84,178,108) and that his equable diatonic sounded rather 

foreign and rustic. Schlesinger identifies it with the fi~t tetrachord of her 

chromatic Phrygian hannonia (Schlesinger I9Bi Schlesinger 1939,114). 
The pylmon of this chromatic genus is t21t I (1St cents). Number 176 may 
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be written as 5 ... 5'" 10 Ptolemaic "pnts" (1l0 115 1109°), rather than the 
4.5 + 4.5 + 21 of Aristru:enian theory. Anumberofotherdivisions are shown, 

including the usual 1:2 and 1: 1, as well as the neo-Archytan 28117 and 

40/39 types. 

e9. CHAR AC TER IS TI C INTERVAL 39 / ]1 342 CENTS 

r86 1561:45 ' 1451234 ' 39/31 ,6 ... 80 + 342 

187 3841373 ' 373/ ]5 1 . 39132 50 + 105 + ]41 

t88 1911181. 362 /35 1 ' 391]1 WI + 53'" }41 

t89 64 /63' 14h3 ' 39/31 17 + 128 ... 341 

This genus employs the 312'$ complement of 16h 3. the ttidedmal neutral 

third, found in the 16:)1:39 mad. The unusually complu pyknon is 

128ft I 7 (156 cents). 

CIO. CHARACTERISTIC 

1)/21 . 1112 I . 18h 3 

69/65 . 6516 ] . ISh 3 

69167.67/63' ISh ] 

INTERVAL 18h3 341 CENTS 

76 + 81 +]41 

103 + 54'" HI 

51 + 10 7+341 

WILSO N 

193 461.'45 ' 15"4.:8/13 38+119 +341 

'94 
'95 
'96 

' 97 
'98 

'99 
, o0 

>0' 

' 0' 

, oJ 

' °4 
' °5 
' 06 

This neutral third genus is from WLlson. The pylcnon is 1]/11 (157 

cents). 

CI I . CHARACTERISTIC IN T ERVAL 17h 4 33 6 CENTS 

J n lto7 ' 1O'JItOl . 171t4 79+ 83+3)6 
168hS8. I 58h5) . 17h4 106 + 56+ 3)6 

168h6] · 16]/153' qh4 51 + lIo +))6 

51/5 1 ' 141I]· 17"4 34+ 118+))6 

28h7' 18h7' 17/14 6) + 99 + 3)6 

)5/]4' 161I5 ' J711 4 50 + 111 +3)6 

40/]9' 91/ 85 ' 171t4 44+ I18+ 3)6 

17/14' 56/SS' 55/5 1 3]6+]1+1]1 

17h 4 ' 56/5) . 5)/SI ])6 + 95 + 67 

This chromatic genus uses EUis's supnminor third, I 7/1 4 (Helmholtz. [18n] 

1954, 455), which occurs in hi s septendecimal interpretation of the 

diminished seventh chord, 10: 11: 14:17. The pylmon is 56/51 (161 cents). 

C ll . CHAII.ACTE R IST I C INTUVAL 40 / ]] J33 CENTS 

11/11 . lIho· 40/]) 81 + 85 + 333 
] )/]1 . 31/]0 . 40/]3 108 + 57+ 333 
])/]1 . t61r 5 . 40/)) 5)+rIl+])) 

55/54 ' 17h 5' 40/33 31 + 1]3 + 333 
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107 66165' 13/ Il '40/33 

l OS ISh7 ' IS7hSo. 40/33 

26+ 139+333 

99 + 66 + 333 
The pyknon of this genus is 11/10 (165 cents), an interval which appears in 
Ptolemy's equable diatonic and elsewhere. Number 108 is a summation 

tetrachord from chapter 4. 

CI 3. CHARACTERiSTIC 

64/61 .61/58 . 19114 

INTUVAL 291:4 318 CENTS 

83 + 87 + 318 

110 16h5 ' 30119. 19114 III + 59 + 318 SCHLESII'IGER 

lit 31/P . 31/19' 19114 55 + 115 + 318 SCHLESINGI.R 

"3 

". 
"5 
,,6 

"7 
,,8 

"9 
" 0 

"3 

". 
"5 
,,6 

"7 
,,8 

"9 
'30 

The interval 19h4 is found in some of Schlesinger's harmoniai when she 

Dies to correlate her theory of linearly divided octaves with G reeknotation 

(Schlesinger 1939.517-8). The results agree neither with the commonly 

accepted interpretation of the notation, nor with the canonical forms of the 

hannoniai given elsewhere inber book. The 19/14 is also pan of the z~19:36 

triad and its 311's complement generateS the 36119 genus. The pyknon is 

32119 (170 cents). 

C14. CHAUCTE1USTIC 

10lr9' J9h8 . 615 

18117 ' 15lr4 ' 615 

30119' 19117 . 615 

16h5 . 15114 . 615 
40/39' 13/ Il . 615 

55154' n/ll . 615 

65163' 14113, 615 

11/11 • 35/33 . 615 

11110 . 100h89 . 615 

156/143 ·6/5' IH/n8 
60159 . 59154 ' 615 

801n' 77171 .615 

10/13' 115/108· 6/5 

88/81· 45/44.615 

46/45 .615 ' 1511 3 

51/51 ' 8517S, 615 

100/99' I lira· 615 

34/33.615 ' 55151 

615' 35/31 . 64 /63 

INTtRVAt. 615 316 CEI'ITS 

89 + 94 + 316 EJl.A.TOS'TH£N!S 

63 + II9 + p6 PTOLEMY 

59+ u 3+3 16 

111+71+316 D1DYMOS 

44+139+316 BIJtBOUIt 

31+151+316 .... u ou .. 

54 + uS + )16 

81+101+3 16 

85 + 97 + p6 PEl.UTT 

90 + 316 + 91 XENAJCIS 

19+ 153+316 

66+II6+3 I6 

74 + 109 + ]16 

14] + 39+ 316 

38 +3 16 + 144 
34 + 149 + 316 WILSON 

17 + 165 + )I6 HOFMANN 

51+3 16 + 131 

)16+ 155+17 

)16+41 + 141 
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This genus is the most consonant of the chromatic genera. Number III is 

the chromatic of Eratosthenes and is identical to Ptolemy's interpretation 

of Aristoxe nos's intense chromatic genus. It is likely, however, that 

Aristoxe:nos's genus corresponds to one of the 3Ih 7 genera. Number 11] 

is Pto lemy's soh chromatic and is the 1 : 1 division reordered. Number 114 

is the 1 : 2 division and a Ptolemaic interpretation of a 4 + 8 + 18 "parts." 

Didymos's tuning is probably the most consonant, although it violates the 

usual melodic canon of Greek theory that the smallest interval must be at 

the bottom of the tetnchord. In reverse order. this runing is produced by 

the seventh ofProclus's ten means (Heath 1911). Archytas's enharmonic and 

diatonic timings also violate this rule; the rule may either be lll.teror an ideal 

theoretical principle. Numbers 116 and 21 7 are from Barbour (1951, 13)' 

P errett 's tetrachord, like one of the I Sh t genera , is found to occur 

unexpectedly in his new scale (perrett 1916, 79). The Xena.lcis tettachord 

(number Ill ) is from the article, "Towards a Meumusic," which has 

appeared in different translations in different places (Xenakis 1971). It also 

appears in Archytas's system according to Erickson (1965)' The Ho&nann 

genus is from Vogel (1975)' Numbers 1)0 and 131 are found in Vogel's 

runing (1963, 1967) and chapter 6. The pyknon is the minor tone 1019 (181 
cents). 

CI5. CHARACTU .ISTI C INTERVAL "1 512 I 

56/53' 53/5° '1512 1 97 +99 + 301 

14ft3' 16115 ' 15/u 

18h7 ' 17h 5 ' 15/u 

u8+68+301 

63+ 133+3°1 

)01 C ENT S 

135 uho· 16h5· 15/u 84+111+3° 1 PEJt.R.ETl' 

136 40/39' 273h 50 ' 15hl 44+151+302 

'37 
'38 

'39 
'40 

'4' 
'4' 

This genus whose pyknon is ISh5 (1g6 cents) is inspired by number 2]5. 

a tetrachord from Perren (1916, 80). Number 231 is virrually equally 

tempered and number 234 is an excellent approximation to AriStolenos's 

1/3 + 1/3 + I Ih tones, 4+ 8 + 18 "parts." 

C t 6. C HARA CTI!JlISTI C INTER VAL 191I6 '9 8 C ENTS 

U8/1l1 ' 12Ih I4 ' 19h6 97 + 10) +198 

96/89' 178h7I. 19h6 131 + 69 + 198 

1911185 ' ISSh7! . 19h6 ~+1]6+198 

1011 9 ' 19h6. 16115 89 + 198 + III KORNEIlUP 

156/143 .81/76. 19116 90+ 110+198 BOETHIUS 

96195 . 1019' 19h6 18+1 81+198 WI LSON 
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243 60/63' 2I1r9 ' I91r6 27 + 173 + 298 

244 40/39' J04/95 ' I91r6 44 + 157 + 298 

The chanr.cteristic ratio for this genus derives from the 16: t 9: 24 minor triad 

(see the 241r9 genus). The pyJmon is the complexinterval64/57 (WI cents). 

Number 241 is from 80ethius (r83 8, 6). The Kornerup tetrachord (193 4> 

10) also corresponds toa Ptolemaic interpretation oEone of Athanasopoulos's 

(1950) Byzantine runings, 6 + 18 + 6 "parts." As 191r6· 201r 9 ' 16/l 5, itis one 

of the "mean" tetr.llchords. 

C t 7. CH ..... A. CT2 1U STlC 

18117' 171r6 . )2127 

27125' 25/24 - 32/27 

INTUVA.[. 3 2h 7 29 4 C ENTS 

99 + 105 + 294 .ARlSTIDES QU INT. 

1)3+71 + 294 

247 27126'13/12' 32127 65 + 139+ 294 BARBOUR? 

248 28/27.2431224 ' P 127 63 + t41 + 294 ARCHYTA.S 

249 2561243 ' 1I8712048 · P127 go +114 + 294 GAUD ENTIUS 

150 81/80' 10/9' P127 22 + 182 + 294 BARBOUR? 

251 33/)2 . n /ll . p h 7 53 + 1St + 194 BAlUIOUR? 

lSI 45/44 + nllo · 32127 }9+ 165 + 194 IlAJUlOVR? 

253 21120· ISIr4' )2127 84+ II9+ 194 PERRETT 

254 13511 18 · 16h 5 . )2127 91 + II2 + 294 

lS5 36/)5' )5/ )2.. 3112 7 49+ 155 + 294 W ILSON 

156 49/48 . 54/49 ' 3212 7 36 + 168 + 294 W ILSON 

157 243h30' 230/216. 32127 95 + 109 + 294 PS.-PHIl.OLAUS? 

258 243/229' 229/ 216 . )2/27 103 +101+ 294 

259 20h9 ' 17Ih60 · ]2h7 89 + Il S+ 194 

260 23/ 22 ' 99/92 ' }2127 77+ 127+ 194 

161 141:3.69/64' )11: 7 74+ 130+ 294 

161 40/39 + 351/3 20' 321:7 44+ 160+ 294 

16) 141t3 'I I 7/t t2 ' ]l1:7 128+76+294 
These chromatic genen are derived from the traditional .. Pythagorean" 

tuning (perfect fourths, fifths, and octaves) , which is actually o f 

Sumero-Babylonian origin (Duchesne--Guillemin 1963, 1969; Kihner 1960), 

by changing the pitch of the second string, the parhypate or trite. Number 

245, the t:I division of the 9/8 pyknon (204 cents), is from from the late 

classical writer, Aristides Quintilianus (Meibomius 1652, 12.3). Tunings 

numbers 246 and 2. 54 are of obscure origin. They were constructed after 

reading a passage in Hawkins «(1776] 1963, 37) which quotes Wallis as 

crediting Mersenne with the discovery of the 271l 5 and 13Slt28 semitones 
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,64 

,65 
,66 

,6, 
,68 

,69 

and their 918 complements. However, the discussion is about diatonic 

genera, not chromatic, and it is unclear to me whether Mersenne reaUy did 

construct these twO chromatic terrachords. Archytas's chromatic, number 

148, has been identified with Arinoxenos's I/J + I/J • I III tones by 

Winnington-Ingram (19Jl) and number 147 is a good approximation to 

his rll + III • I III tones. Number 149 is the unaltered Pythagorean version 

from Gaudentius. The Barbour tetrachords derive from his discussion of 

different superparticular divisions of the 9/8 (Barbour 1951, 154- 156). 

Although tetrachords are mentioned, it is not clear that he ever actually 

constructed these divisions. Perrett discovered number 25J,like number 
2 J 5 a bove, in his scale after it was constructed. Both Chaignet (1874, 2 J 1) 

and McClain (1978, 160) quote (Ps.)-Philolaus as dividing the tone into 17 

pans, 13 of which go to the minor semitone, and 14 to the major. Nwnber 

157 is the result of this division and nwnber 158 has the parts taken in reverse 

order. It would seem that number 245 and number 258 are essentially 

equivalent to Arisroxenos's theoretical intense chromatic and that numbers 

254,157,159, and probably 15] as well, are equivalent to Gaudentius's 
Pythagorean tuning. The presence of secondary ratios of 5 and 7 in number 

253 and number 2 54 suggests that the equivalences would be melodic rather 

than hannonic. The last tuning is a summation tetra.chord from chapter 4. 

C 18 . CHAllACTUlSTiC INTERVAL 45/J8 29J cuns 

3041187.1871270. 45/J8 roo. 106.293 

456/4J9 . 4J9/405 . 45/J8 66+ 140 + 193 
12812 I 1 . 411/405 . 45138 134+7 1 + 29J 

191I8· 161I5' 45/38 94+ 111 + 193 

76175' 1019 . 45/J8 IJ+J81+193 

38 / ]5. 18/17' 45 /38 141 + 63+ 293 
This genus uses the 45/38, the 312'S complement of 191I5' The pyknon is 

1511135 (105 cents). Number 264 is a reasonable approximation to the 
intense chromatic and number 169 is similar to Archytas's chromatic, if 
rearranged with the t812 7 first. 

C19. CHARACTERISTIC INTERVAL IJIrI 189 CENTS 

170 88 / 8J' 8J/78 . lJ1r1 10J + r08 + 189 

171 6616I ' U2hI7 · 13/ n 136+71+189 

171 132h17' t271I 17' 13ht 

173 141I3' Hlzi . 13hl 

174 40/J9' lIlIo · I3hl 

ISo CHA'TU, 9 

67 + t41 • 289 
118.8r +289 

44 + 165 • 189 

• 

J 



175 66/65.10/9' 13/ Il 16 + 181 ... 189 W ILSON 

176 27126 . 88/81' 131l I 65 + 143 + 189 
177 18h7·99/91 . 131r1 63+146+289 

This experimental genus divides a pylmon of 44/39 (209 cents), an interval 
a1soappelringin WilliunLyman Young's diatonic lyre tuning (Young 1961 ). 
The 1311 I is a minor third whlch :appears in i3-limit tunings and with its 

31l's complement, 331:6, generates the 11:16:3) tritriadic scale. 

CI 0. CHA.ACTE.ISTIC INTtRVA L 3) / 18 184 CENTS 

178 1141111 ' 1I11r98. ))/18 

179 n6/p) . P 31197 . JJh8 
180 1681rSS' )loh97 ' nh8 

104 + 1I0 + 284 

68 + 145 + 184 
1)9+74+ 184 
Jl + 181 + 184 

,84 
,85 
,86 
,87 
,88 

,89 

'90 

'9' 
'9' 
'93 
'94 

'95 

161I5 ' )5/)1 . Hh8 III + 101 + 184 
)4/ 3] . Hh8. 56151 51 + 184 + 161 
The characteristic interval of this genus is the )h's complement of 141I I, 

n1l8. The pylmon is Ul/99 (114 cents). 

ell. CHA .... CT!RISTIC INTERVAL 10ft 7 .181 CENTS 

17II6 . 16II5' 201I7 105 + I II + 181 

51/47' 47/45 ' 101I7 142 + 75 + 181 

51/49 ' 49/45' 101I7 69 + 147 + 181 

341J)' 1I1J0· 101I7 51+165+181 

51/50' 10/9 ' 101r7 )4+ 181 + 181 

40/39 . 111/100 . 101r 7 44+ 173 + 181 

18117 ' 15Y140' 10/17 63+ 154+ 181 

2Iho ' 101I7 · 68/63 85+ 181 + 131 

68/65' 13/11 ' 101I7 78+139+181 

30/31 ' 31/30' 101I7 J60+57+ 181 

68/61 . 61 /60· 101r7 188+Z9+ 181 

68/67 · 67/57·191I7 z6 + 180 + 193 
296 68/67.67/60' 101I7 16 + 191 + 181 

The pyknon is 171I5 (117 cents). Intervals of 17 are becotning increasingJy 

common in jusdy-intoned music. This would appear to be II metaphysical 
phenomenon of considerable philosophical interest (po lansky, persona l 

communication). 

Cl1. CHARA C TEI.I ST I C INT~RVAL 17 / 1) :178 CENTS 

197 t841I7J· J731r61. 1711) 

198 176h65' z651143' 17/1) 

107 + JJ4 + 178 

70+ 150+ 178 
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199 138/ 117 ' 1S411 43 ' 2711 144'" 77 ... 178 

300 28117' 13111 ' 17113 63 ... 1S7 ... 278 

301 23/21 , 88/8 1 ' 17113 77 ... 143 ... 178 

302 46/45' 1019' 27113 38+181 ... 178 

T his genw exploits th~ 3/1'5 compl~m~nt of 13h8, which is d~rived from 

the 18:13:17 mad, The pyknon is 92/81 (110 cents). 

C13' C HARACT£RISTIC 

511/481 . 481/45°' 75164 

768 /737' 7371675' 75164 

J84/m . 7061675 ' 7S/~ 

INTERVAL 75164 175 CENT S 

108 ... lIS '" 175 

71 + 151 "'175 

146 "'78 "' 1 75 

JOJ 

J04 
JOS 
J06 16115'7SI64 ' 16115 111"'275"' 111 HELMHOLTZ 

Th~ pyknon is 15612 15 (113 cents). The 75164 is th~ 5-linut augmented 
s~co nd, which appears, for ~x;mple , in [he harmonic minor scale, 

Helmholtz's t~trachord is from (H~lmholtz [1877] 1954,163), 

C1 4 , C H.UACTERISTIC INTERVA L 7/6 267 CENT S 

J0 7 
J08 

30 9 
J'o 
J" 
3" 
l'3 

16h S' 15114 '7/6 111 "'119'" 167 

n / 21 · nh!· 7/6 81 ... 151 + 167 

14"13, 13111 . 7/6 74'" IS7 ... 167 

10119' 38/]5' 716 89'" 141 + 267 

10/9' 36/]5 . 716 181 + 49 + 167 

64/63' 9/8. 716 17'" 104 ... 167 

]14 156/243' 1431114 ' 716 

315 40/39 ' 39/]5' 716 

316 18117'7/6.68163 

317 50/49 ' 716 ' 18115 

JI8 14h3 . 7/6. 51/49 

319 46/45' 180h61· 716 

p o :8127' 54/49' 7/6 

]11 n oh 13' 113/105' 716 

)21 60159' 118h05 ' 716 

313 30129' IJ61t05 ' 716 

314 88/81,81/77' 716 

)25 1l01219'1711 S'7 /6 

)26 17115 ' 7/6. 1001r89 

)27 16125' 7/6.100191 

181 CHA'TER 9 

19 ... 111+167 

90'" 141 ... 167 

44 ... 187 ... 267 
99 ... 167 "'1]1 

]5+ 167 ... 196 

128 + 167'" 103 

38 ... 193 + 167 

63 ... 168 ... 167 

104 ... u 7+ : 67 

19 + 101 ... 167 

59 ... 171 ... 167 
143 + 88 + 167 

14+ 11 7 ... 167 

133"' 167"'98 

68 + 167 + 163 

AL-f ARABI 

PTOLEMY 

PTOLEMY 

AVI CENNA 

BARB OU R 

HIPKINS 



]28 716'I,Ol¥94S'13Slt28 267+139+91 

The pyknon of this intense chromatic is the septima! tone, 8/7 (131 cent:5). 

Number 307 is given by Al-Farabi (D'Erlanger 19)0, 104) and by Sachs 

(194), 182) in rearnnged fonn as the lower tetnchord of the modem Islamic 

mode, Higll%. The Turkish mode, Zirguk, has also been reported to contain 

this tetnchord, also with the 7/6 medially (palmer 1 967?). Vincent attributes 

this division to the Byzantine theorist, Pachymeres (Vincent 1847). This 

tuning is also produced by the hannonic mean operation. Ptolemy's 6rst 

division (number 308) is his intense chromatic (Wallis 1681, 171), and his 
second (nwnber )Io) is his interpretation of Aristoxenos's soft diatonic. 6 

+ 9 + IS "parts", In this instance, Ptolemy is not too far from the canonical 

100 + 1 SO + 250cent:5, thoughHipkins'ssemi-Pythagorean solution (number 

314) is more realistic (Vogel 196) . His tuning is also present in Erickson's 

(1965) interpretation of Archytas's system, The Avicenna tetrachord, 

nwnber 3 I 1, (D'Erlanger 19)5, 151) sounds, surprisingly, rather diatonic. 

Barbour's (195 I, 13-24) tuning(nwnber) 1 1) is particularly attr1lctive when 

arranged as 9/8 . 6+,6) . 7/6. It also generates the 16:1 1:14 aitriadic and its 

conjugate. Vogel (1975, 207) lists it also. Number]28 is found in Vogel's 

runing (chapter 6 and Vogel 196), 1967). The remaining divisions are new 

tetnchords intended as v:r.riations on the soft diatonic-intense chromatic 

genus or as approxim:r.tions of various Byzantine teuachords as described 

by sevenl authors (XcnaL::is 1971 ; Savas 1965; Athanasopoulos 1950). 

C1S. CHA_ACT£_ISTIC INTERVAL 1)6II 17 161 CENTS 

)19 78/73·7)/68·136Irq IIS+u3+ 161 

330 1I7II Il. 56/51' 1)6/t17 76+ 162 + 161 

331 I171r07' IOJlIo1 ' 136/117 155 + 8) + 161 

331 51151' 9/8. 1)6/tt7 34+ 104 + 161 

The pyknon of this complex genus is 39/)4 (138 cents). Number 331 

generates the 16:34:39 tritl'iadic, 

C16. CHARACTERISTIC INTERVAL 36 / )1 159 CEN T S 

333 )1119 ' 19117'36/31 115+ 124+159 
334 93/ 89.89/81' 36/)1 76 + 163 + 159 

3359)/85.85/81+36/31 156 + 8)+159 
The pyknon is 3111 7 (139 cents). The )6/3 I is the )11 '5 complement of 

) 1124. which defines a hyperenhannonic genus. 
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I 

JJ6 
lJ7 
JJ8 
Jl9 

C17. CHARAC TERISTIC INTERVAL 80/69 , 56 CENTS 

46/43' 43/4°' 80/69 117+ U 5+ 156 

13/u . uho·80169 157+ 85+ 156 

13/u . I litO ' 80/69 77 + 165 + 156 

46/45 ' 918 . 80/ 69 38 + 1.04+ 156 

The genus derives from number 339 which generates the 10:13:30 and 

46:60:69 tritriadics. The pylmon is 13/20 (141 cents). This and the next few 

genera are realiutions of Aristoxeoos's soft diatonic. 

C18. CHARACTEltIST I C INT'.VAL IllI9 154 CENTS 

340 76171 ' 71/66. l21t9 Ir8 + 116 + 154 

159+ 85+ 154 

78+ 167 + 154 

94+ 1 51 + 154 

51 + 191 + 154 

)41 57/p . 104/99' l2ltg 

)41 I 141I09 . 109199 ' nlI9 

343 191t8· u/lI . IllI9 SCHLESINGER 

344· 34/33 ' 191I7' 2l1I9 
345 40/39 ' 1.471I10' 111t9 44 + 100 + 154 

346 
347 

348 

349 

J5° 
JS' 
lS' 
JSJ 
JS4 
JSS 
JS6 
157 
JS8 

This genus is a good approximation to thesoftdiatonic.Number343 is from 

a folk scale (Schlesinger 1939, 197)' Tetrachord numbers 344 and )45 are 

close to ) + 11 + 15 ~parts" . a neo-Aristoxenian genus which mixes 

enhannonic and diatonic intervals. The pylmon is 38/33 (144 cents). 

C19 . CHARACTUlISTI C INTERVAL 51 / 45 ' 50 C ENTS 

ISIt4' 1411 3' 51/45 I19 + u8 + 150 

45/4 1 ' 41 / )9 ' p/45 161 + 87 + 150 

45/4) ' 43/ )9 ' 51/45 78+ 169+ 15° 

14/23 . 1151I04 ' 51/45 74+ 174+ 150 

40/39 ' 9 /8 . 51/45 44+ 104+ 150 

18h 7.85/ 78 . 51 /45 99+ 149+ 150 

45/44' 44 /39 ' SZ/45 39+ 109+ 150 

6516 ).18115' 51/45 54+ 196+ 150 

55/P ' 11/11' 51/45 97+ 1 51 + 150 

60/59 ' 59/45 . 51/45 19+ 119+ 150 

l olt9' 5"/45' 57/51 89+150+ 149 

17116. 10/9 ' 51 /45 66+181+15° 

Ilho· I solt4) . 51/45 165 + 8) + 150 

This genus lies on the dividing line between the chromatic and diatonic 

genera. The pyknon of 15h 3 (148 cents) is virtually identical to the CI which 
defines the genus. The first three subgenera are the 1:1,1:1, and 1:1 divisions 

respectively. Number 350 generates the 10: I 3: 15 tritriadic scale. 
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359 
360 
36, 
36, 

363 
364 
365 
366 

367 
368 

369 

370 

DIATONIC TETII.ACHORDS 

01. CHAlI.ACTERIST(C INTIRVAL ISh3 148 CENTS 

104197' 97190' t Sll3 114 + 126 + 148 

78/71' I41h]5' ISh3 163 + 86 + 248 

1561149' I491t35' ISh 3 79+ 1 71 + 148 
J6hS' ISh3 . 13/1l 112+148 + 139 SCHLI! SINGER 

26115' 10/9' ISh3 68+181 ... 248 

256/243' ]51/31°' ISh3 90+ 160+ 148 

20119 . 247112 S · 15h 3 89 + 161 + 248 

11110· 15113' 104/99 165+148+85 
11/II . I Sit 3 . 14 3h 35 151 + 148 + 99 
46/45.2611] ' ISh] 38+211+248 

40/39 ' 169ItSO' ISh 3 44+ 106+ 248 

18/27' 391]5' ISh3 63 + 187 + 148 

37191190·8/7·lS!t3 19+231+148 

This genus is the firstindubit:lbly diatonic genus. A pyknon,ptr!t, no longer 
exists because the 52/45 (250 cents) is larger than one·half the perfect fourth, 
4/3 (498 cents). The large composite interval in this and succeeding genera 
is tenned the "apyknon" ornon-<:ondensation (Bryennios). Nwnber 362 is 

the first ~ttachord of Schlesinger's diatonic Hypodorian harmonia. Many 
members of this genus are reasonable approximations to Aristoxenos's soft 

diatonic genus, 100 + ISO + 250 cents. Others with the ISft3 mediaUy are 
similar to some Byzantine tunings. Some resemble the theoretical genus 50 

+ 100+250 cents. 

02. CHARACTE RI STIC INTUVAL 38113 144 CENTS 

37144"41 ' 41/38 ' 381]] 113+ 131 + 144 

373 I litO' 101I9 . 38/3] 165 + 89 + 144 

374 Uhl·1tII9·38/33 81+173+ 144 
This genus divides the 1.2h9 (154 cents). 

03. C HARA CTU.lSTIC INTERVAL 13110 , 4' CENTS 

375 r601t49' I49!t38 . 13120 113 + I]] + 241 

376 Iwh09' 118/207 . 13/z0 166+90 + 141 

377 140/229.1191207 ' 23/z0 81+175+ 241 

378 8/7 ' 70/69' 2]120 23 1 + 15+ 141 

379 40/39' 16/z3 ' 13/20 44+ 111 + 242 

380 24/z3 ' 23120' 10/9 74+ 142 + t 82 SC HLESINGER 
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)81 18h7' 180!t61 .1)ho 6J + 19) + 141 
This genus is derived from the 10:13: JO triad. The apylcnon is 80169 (156 

cents), Number )80 is (rom Schlesinger (19J1) and is described as a 

harmonia of "artif1cid fonnu la, Phrygian". Numbers 379 and Jal make 

intervals of ISh J and 716 respettivelywith their subtonics. These intervals 

should be contrasted with the incomposite 13110 in the tetrachord. 

04 . C HAR.ACTER. I STIC INTERVAL Jth7 1J9 CENTS 

71/67.67162' 3th7 115 + 134 + 2J9 
1081I0J ' 103/93 ' ) 1117 

54/49'98/93' 31h 7 

82 + 177 + 139 
168 + 91 + 1)9 

p/)I' 918. ) 1117 55+ 104+ 1)9 
The apyknon of this genus is J6117 (159 cents). Number 385 generates the 

14:JI ;J6 trioiadic. 

05. CHARACT!RlsTIC INTUVAL )9/J4 ZJ8 CENTS 

)86 271hSJ ' 1SJh34' 39/34 115 + 1)5 + 138 
387 408/)89 ' )89/ ]51 ' 39134 83 + 178 + 138 

388 204lt8S'37013SI'39134 169+91+1)8 

389 40/39·39/34·17hS 44+ 13a + 11 7 
The apyknon is 1361I 17 (161 cents). The 39/)4 interval is the 311 's 

complement of 17h 3 and derives from the 16:34:39 triad. 

0 6. CHARACTUtSTTc INTEllVAI. 8/7 131 CENTS 

390 14h) · '3 / 1l ' 817 118+139+ 13' AVICENNA 

39' 19h8 . lIh9' 8/7 94+ 173+ 231 SAFlYU-O~OfN 

39' 1lho · 10/9 . 8/7 84+ 181 + 1) 1 PTOLEMY 

393 18h7 . 8/7 . 9/8 63+ 131 + 104 AR. C HYTA$ 

394 49/48 . 8/7 . 8/7 )6+ 131 + 1)1 AL-'ARABI 

395 )5/)3 . IIltO · 8/7 101 + 165 + 131 AVIC !NNA 

39· 77/71 . Ilh, . 8/7 116 + 151 + 131 AVI C£NNA 

397 16/15' )5/)1. 8/7 111+ 155 + 131 VOGEL 

398 )5/34 ' 171tS' 8/7 5° +117+ 131 

399 15h4' 8/7' 18h5 71+131+196 

40 0 15h 4' 8/7 ' 49/45 119 + 13' + 147 

40
' 40/39 - 91/80. 8/7 44+113+ 131 

40
' 46/45 - 105191 - 8/7 38 + 119+ 131 

40 3 18h 7' II9lt08 . 8/7 99+ 168+ 1)1 

40 4 17h6· 8/7' 56/51 105 + 1)' + 161 

40 5 34/)3 . 77/68 . 8/7 51+ 11 5 + 131 
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406 256/243' 567/512.8/7 90+ 177 + 2Jl 

This genus divides the 7/6 (267 cents). The Avicenna and AJ·Farabi 

references are from O'Erlanger. Number ]90 is also given by Pachymeres 

(D'ErJanger 19)5, 14S refelTing to Vmcent 1847). Vv'hen arranged as 

1311 2 . 14h] . 8/7, it isgenerated by taking two successive aridunetic means. 

Number 394 is especially interesting as there have been reports that it was 

usedonorgans in theMiddleAges (Adler 1968; Sachs 1949), but more recent 

work suggests that this opinion was due to a combination of transmission 

errors (by copyists) and an incorrect assessment of end correction (Barbour 

1950; Munxelha\ls 1976). With the 49/48 medially, it is genet'2ted by the 

twelfth of the Greek means (Heath 1921). The scale is obviowly constructed 

in analogy with the Pythagorean 2561143 . 9/8 . g18. Similar claims pro and 

con have been made for number 393 as well. This scale, however, appears 

to have been the principal tuning of the diatonic in pt'2ctice from the time 

of Archytas{Jgo BCE) through that of Ptolemy (ca. 160 CE). Even Aristoxenos 

grudgingly mentions it (Wumington· Ingnm 19]2). Number 397 is from 

Vogel (1963) and approximates the soft diatonic. leis also found in Erickson's 

(1965) version of Archytas's system. Entry 399 corresponds to 3/S + I l IS 

+ I tones of Aristoxenos. The Safiyu·d · Oin tuning is one of his "strong" 

forms (2:1 division) and has 2IIz9 replacing the 10/ 9 of Ptolemy. 

Tetrachords 403, 404, and405 exploit ratios of 1 7 and are dedicated to Larry 
Polansky. 

07' CHARA CTERISTIC INT!RVAL 256/]15 113 CUlTS 

407 150/139' 139/12S ' 156/225 13 1 + 143 + 223 

40S u5h14' 107/96 . 156h2 5 87+ 188+ 123 

409 215h03' 203h91 ' 256/225 78 + 96 + 223 

410 25124' 9/ S . 2561225 71 + 204 + 22] 

The apyknon is the augmented second, 75/64 (175 cents). Number 410 is 

the genet'2tor of the 64:75 :96 triuiadic and a good approximation to 

Aristoxenos's 3/ 8 + I 1/ 8 + I tone when reordered so that the 918 is 

uppennost. 

OS. CHARA CTtRISTIC INTERVAL 25122 ~~I CtNTS 

4II 176h63 ' 163/r50 ' 25/11 13] + 144 + 221 

411 I3vU9' 238/u5 ' 25hz 179 + 97 + 221 

413 264h51 ' 251/u5 ' 25111 
414 16115' uho · 15122 

415 88/ SI· 27/25' 25/22 

87+ IS9+ 221 

02+ 165+ 111 

143 + 13] + 111 
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416 n/ll' 25/U' 28h5 SI + HI + 196 

417 18h7' 1981175 . 15/H 63 + 114 + HI 

418 16115' 44/39' 15hl 6S + 109 + 211 
This is an experimental genus whose apylmon is 88/75 (177 cents). Number 

416 is a fair approximation of Aristoxenos's 3/8 + I 1/8 + I tones, and number 

4II is close to a bypothetical II/l6+ 11/16+1 1/8 tones. 

D9. CHARACTERISTIC INTERVAL 92/S1 210 CENTS 

419 17hS' ISh3' 92/S1 133 + 144 + 120 

420 81/77' 77/69' 91/S1 S8 + 190+ 110 

41 I 81/73 . 73/69 . 92/81 

412 141l3' 9/8. 91/81 

180+98+ HO 

74 + 204 + HO 

423 27h6· 161l3' 92/S1 66 + III + 110 
This genus divides the 27113 (17S cents) and is derived from the 18:23:17 

Diad. Number 422 is the tritriadic generator, and is an approximation to 

Aristoxenos's 3/8 + I l/S + I tOnes (4- 5 + 13.5 + I 1 "parts,,) when reordered. 

4'4 
4'l 

010. CHARACTERISTIC INTERVAL 76/67 liS 

67/62.61/57' 76167 134 + 146 + 21S 

CENTS 

426 101/191' 19 11171' 76/67 88 + 191 + lIS 

427 2S61l43' 76/67' 5427/4S64 90 + lIS + 190 EULER 
This complex genus is expanded from number 427. which is called "old 

chromatic" in Euler's text (Euler fl73911960, In). The tuning is clearly 

diatonic, however, and must be in error. It may have been intended to 

represent Boethius's I91I6 (76/64) chromatic. The apyknon is 67/57 (280 

cents). 

OJ I , CHARACTERISTIC INTERVAL I 71x 5 "7 CENTS 

4,8 40/37' 37/34' 17115 135+ 146+ 217 

4'9 10/9' ISII7' I7!tS 182+99+ 217 KORNERUP 

430 20119' 19117' J711S S9+ 191 + 217 PTOLEMY 

43' ISII4' 56/51' 17ftS Il9+ 162 + 217 

43' SO/77' 77/68. 17ftS 66+2IS+ 21 7 

4ll 11/11' SS/51'17I1s lSI + 131 + 1I7 

434 IloIJo9' 109ho1. 17hS 166 + lIS + 1I7 

43l 110ft 13 ' 1131102' 1711S 104 + 177 + 217 

436 24/23' IISII01' 17ltS 74+ 2OS + 1I 7 

437 160hS3' 9/S, 17115 77+ 104+ 11 7 
This genus divides the 10lt7 (18t cents). Number429isKornerup's (1934, 
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10) Lydian. Genus number 430 is Ptolemy's interpretation of Aristoxenos's 

intenst: diatonic, 6 + 11 + J1 "parts" (\Vallis 1681, 171). Komerup refers to 

it IS Dorian. Nwnber 4]1 is a hypothetict.l Ptolemaic interpretation of 4·5 

+ 13.5 + 11 "parts-, a mixed chromatic and diatonic genus not in Ptolemy. 

Number 437 genentes the 34:40: 5 1 uiad and uiuiadic. The remaining 

divisions are experimental neo-Aristoxenian genera with a constant upper 

intetval of 12 "parts." 

012 . CHAJ.ACTtlISTI C INTERVAL 112 / 99 214 CENTS 

438 66161.61 /56 · 11l/99 1]6 + 148 + 114 

4]9 99194 . 47/42. I 11/99 
440 99/ 89. 89/ 84 . I u /99 

90 + 195 + 114 
%84 + 100 + 114 

441 1019 . 2971180. lu/99 181. + 102 + 114 

442 22/ 11 . 9/8 . 1 u/99 81 .. 204 + 114 
This very complex genus divides the ]]I1S (284 cents). Number 442 

generates the 22:28:33 trittiadic and its conjugate. 

013 . CHAUCTUISTI C Il'lTJ:RVAL 44 / ]9 20 9 C ENTS 

443 n / II · 'yu . 44/39 lSI + 1]9 + 209 YOUNG 

444 39/]5 · ]5/33 · 4+'39 187 + 10 2 + 109 

445 39/37·37/ ]] · 44/39 91 + 198 .. 109 

446 W]9· 9/8 . 10+'99 109 + 204 + 85 
The fin t division is William Lyman Young's "exquisite 3/4-tone Hellenic 

lyre" (Young 1961, S). The :apylcnon is 131t I (189 cents). Number 446 
genentes the 2l : 16: 13 aitti.die scale. 

014. CRAI.ACTEltISTIC INTJ:RVAL IS2/I35 l OS C El'lTS 

447 go/ 83· 8]/76 . IS1ltlS 140 + 153 + 205 

448 1]5/128 . 64/57 . 151/ 1]5 91 + 201 + 205 

449 13Slt21 . 1211t14 · rSllr]5 19° +103+105 

450 10lr9· 918. I51lrlS 89 + 104 + 105 

This genus derives from the ]0:38"45 mad and divides its upper intervll, 

45138 (193 cents). Number 4So genentes the 30:38:45 tritriadic Ind its 

conjugate. 

015. CH A .... CTE.ISTI C INTBRv ... L 9/8 '°4 CENTS 

45' 64/59 ' 59/54' 9111 14% + 15] +204 SAFJYU- D - DIN 

45' 48/4] · 86/81 . 918 190 + 104 + 204 SAFIYU - D-DfN 

453 96/91' 91/81 .9/8 9] + 102 + 104 

454 156124].9/8.9/8 90+ 104+ 104 PYTHAG O.AS? 
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455 

456 

457 

458 

459 

460 

46, 

46, 

46J 
44 
465 

466 

467 
468 

469 

470 

47' 

16hS' 9/8. 10/9 

1187/:048 ' 65536/59049 . 9/8 
9/8 . n / lI . 88/8 I 

131n -9/8· u8hl7 

1.v13· 9/8. lo8h89 

9/8 . 11/10 . )1oh97 

9/8. ISh4' 448/405 

9/8· 17h6 · 511/459 

9/8. I8h7' 171114] 
9/8.19118 . 64'57 

56/51' 9/8.68/63 

9/8.1001189.18115 

184ft71 '9/8. 76169 

32119 ' 9/ 8, 1912 7 
11I1ro8· 9/ 8. u8ltu 

9/8. 4096/3645 ' 1]5/n8 

9/8. 7168 /6561.1431224 

Ill'" 10 4'" 181 PTOLEMY, DIDYMOS 

1J4'" 180 ... 204 ANONYMOU S 

104 + lSI ... 143 AVI CENNA 

139'" 1°4'" 156 AVlCEh"NA 

118 ... 104'" 166 AVICENNA 

104'" 165 + 119 AL- FARAlII 

204+ 119+ 175 

104'" 105'" 189 

104+99+ 195 
10 4+94+20 1 

161 + 104'" IJl 

1°4+98 + 196 

117'" 104 + 167 
170 + 104 + 114 

197+ 104+97 FoUTCH 

104 + 101 + 91 

104 + 153 + 141 

471 35/3 1 . 1014'945 ' 9/8 10 4 + 139 + 1 0 4 
The apyknon of this genus is ]lh7 (294 cents). Numbers 451 and 451 are 

Safiyu-d-Din's wegk and strong fonns of the division. respectively. The 

attribution of the tetrachord number 454 to Pythagoras is questionable, 

th ough traditional-the diatonic scale in "Pythagorean" intonation 

antedates him bya millennium or so in the Near &st(Duchesne-Guillemin 

1963, 1969). The earliest reference to this scale in a European language is 

in Plato's TimtltuS. Number 45 5 is attributed to both Ptolemy and Didymos 

because their historically important definitions differed in the order of the 

intervals. Ptolemy's is the order shown; Didymos placed the 9/8 at the top. 

Ptolemy's order generates the major mode in just intonation. Its retrograde, 

ro/9' 9/8 . 1611 5. yields thenaNral minor and new scale of Redfield (r9l8). 

Number 456 is a "Pythagorean" form extracted &om the anonymous treatise 

in D'Erianger (1939). In reverse order, it :appears in the Thrkish scales of 

P:almer (1967?). Numbers457-460 areako &om D'Erlanger. Numben457 

and458 generate the 18:11:27 and 16:)1:39 O'iuiadics and theirconjugJteS. 

These and the tetrachord from Al-Far:abi, number 459. resemble modem 

Islamic tunings (Sachs r943, 283). Numbers 464 and 465 generate the 

16:19:14 and the 14: 17: 21 tritriadics. In theory, any tetrachord containing 

a 9/8 generates a tritriadic and its conjugate, but in practice the majority 
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are not very consonant. Examples are numbers 467 and 468 which generate 

the 38:46:S7 and 24:19:36 tritriadics with mediants of 23!t9 and 19124. 

Number 469 is an adventitious tetrachord from Partch (1974, 16S)' 

Numbers 470-472 are from chapter 4. The last two resemble some of the 

Islamic tunings of the Middle Ages. The remaining tunings are proposed 

approximations to Islamic or syntonic di.atoruc tetrachords. 

D16. CHARACTERISTIC h<lTEllVAL 160h 43 194 CE NTS 

473 IllrO ' 13/ n . 1601I43 16S + 139+ 194 ..u.·FARAlII 
This tetrachord is from AI·Farabi (D'Erlanger 1930, Ill). It did not seem 

worthwhile to aplore this genus further because the ratios would be complex 

and often larger than 16olr43 itself. 

D17 . C HAllACTlllSTIC INTERVAL 10/9 181 CENTS 

474 n / lI· IIlrO ' 1019 lSI + 16S + 181 PTOLEMY 

47S 10/9 ' 10/9 ' 1711S 181 + 181 + 133 AL-FAlLUI 

476 10/9' I3lrz. 72/6S 182+139+ 177 AVICENNA 

477 
478 

479 
480 
48, 
48, 

48J 
484 
48S 
486 

!be apylcnon is 6/S .and the majorityofpotential divisions have intervals larger 

than the 10/9. Number 4 74 is Ptolemy's hom don or equable diatonic, a scale 

which has puzzJ.ed theorists, but which seems closely related to extant tunings 

in the Near East. Ptolemy described it as soundingl'llther foreign and rustic. 

Could he have heard iter something similar and written itdown in the simplest 

ratios available? It certainly sounds fine, perhaps a bit like 7-tone equal 

tempel'llment with perfect fourths and fifths . The Aviceru12 and AJ·Farabi 

references are from D'Erlanger (193 5), and Ptolemy (Wallis 1681). 

Reduplicated tctraebords 

These genera are arranged by the reduplicated interval in descending order 

of size. 
111I0 · I IlIo · 400/ 363 16S + 165 + 168 " u / u . 12/ 11 . n Ih08 lSI + 151 + 197 AVICENNA .. 
I3II1' I3IIZ'I911r69 139+ 139+ 221 AVlCENNA RJ 
14II3' 141r3 • 169/r47 Il8+u8 +14 I AVICEIIINA R4 
15II4 ' ISIr 4 ' 784/675 1I9+I19+159 AVlCENNA RS 
1187/1048 . t6777216/ 14348907' 1187/1048 

JI4+171+IJ4 PAL."IER R6 
171r6. 171t6 '1014 /867 l OS + l OS + z88 R7 
18ft 7' 181r 7' 189h43 99+99+ 300 R8 
lS61z43 ' lS61143' 19688116384 90 +90+ 318 '9 
11/11 . 1471t 11 . n/z I 81 + 337'" 81 "0 
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487 
488 

489 
490 
49' 
49' 

15/24' 15/24 ' 768/615 71 +7 1 "'357 an 

18h7 ' 28h7 ' 1431t96 63+ 63+371 au 

)4/33 ' 34tH' 3631189 51'" 52+ 395 at) 
36/) 5' ]6/15' 1 12-s'971 49+49+401 at4 
40/39' 40/39' 50 7'400 44+44+4 IO at5 
46/45' 46/45 .675/529 J8+ 38 +411 at6 
While a number of other small intervals could be used to constructanalogous 

genera, the ones given here seem the most important and most interesting. 

Number 477 is an approximation in just intonation to the equally tempered 

division afme 4' ] . See number 7IJ for the st:mi-tempered version. The 

Avic:enna ~er:a art from vol. l , page! 111-113 and page 151 ofO'Erlanger. 

Th.e Palmer genus is from his booklet on Turkish music (1967?). This genus 

isveryclosetoHelmholtt'schromatic 16hS ' 75164.16115. The ISh, genus 

is also nearly equally tempered and is inspired by Vincenzo G2lilei'slute 

fretting (Barbour 1951. 57). Number 486 is nellirly equal to lit W] ¥x 

4/3, a theoretical genus using intervals of 1 I to approximate intervals of x. 

Numbers 487 and 488 come from Winnington-Ingram's (1931) suggestion 

that Aristoxenos's soh and hemiolic chromatics were somewhat factitious 

genera resulting from the duplication of small, but known, intervals. The 

remaining tetnchords are in the spirit of Avicenna and Al-Farabi. 

MisceUaneous tetrae.hords 

The teuachords in this section are those that were discovered in the course 

of various theoretical studies but which were not judged to be of sufficient 

interest to enter in the Main Catalog. Many of these genera have unusual 

Cis which were not thought worthy of further study. The fourth and fifth 

columns give the ratio of the pyknon or apyknon and its value in cents. 

493 1761r7S· I7SIt74 ·1sV21 10+ 10+ 478 88/87 10 MI 

494 lSh9 ' 9P/91S' 1481r47 47S+ Il+1l 76/75 13 Ml 
This tetrachord is generated by the second of the sununation procedures 

of chapter S. 

495 ug1t17' 117/116. nlt6 14+ 14+471 64"6) ' 7 "') 

4¢ 1I1t6· 6561651. Jl¥I23 471 + 13+ 14 64"6) '7 "'4 
Another summation tetrac.hord from chapter 4. 

497 ro.V103 · 1031t01 . 171I3 17+ 17+464 52/51 J4 "'5 
4?i 17ft 3 . 4191415 . ICXlI99 464+ 16 + 17 51 /51 J4 ",6 

Another sununation tetrachord from chapter 4. 
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499 98/97 . 97/96 . 64"49 18.18+ 461 49i4i J6 M7 
500 91/ 91 . 91 /90 ' ]011) 19 + 19 + 460 46/45 J8 .8 
5°' 9"189 · 89188· ' 76/']5 19+ 10 +459 45/44 J9 "9 
50' 88/87 . 87/86 . 4J/ JJ 20 + 10+458 4+'4J 40 .'0 
50J 86/85 .8Y84· 56/4J 10 +10 +457 43 /41 4' ." 
504 8",8J . 8J/8, · 8,16J 11+11+456 41/,P 4' ." 
5°5 81/8 . ·8I/So · HSoI I23 H+1l+455 41/40 4J .'J 

These genenl contain intervals which are probably too small (or use in most 
music. However, Harry Partch andJuli4n Drrillo, among others, have used 
intervals in this range. 

506 l)ltO. 1501147 ' 76/74 454+11 +1] 40/J9 44 ·'4 
Another summation tctrachord from chapter 4. 

5°7 78 /77 . 77' 76 . I ph 17 11+1)+453 J9/J8 45 · '5 
508 76/75 ' 76/75' W57 1)+1)+451 J8/J7 46 .,6 

5°9 74/73 ' 73 /71 • 48/3 J 14+ 14+45I 37/ J6 47 ·'7 
5'0 70/69.69/ 68 . 1) 611 05 15+ 15+ 448 ]5/J4 5° .,8 

5" lllt7' 357/351 . 64/63 446 + 14+ 27 J41n 5' ·'9 
Another summation tetra chord from chapter 4. 

5" 58/57 ' 57/56 . 111/87 )0+ 31 +437 19h5 6, .'0 

5'J 87/80 ' 43'41 ' IIIIS, 10+4 1 +437 19118 6, ." 
5'4 87/ 8S ' 85/ 84 ' 111/ 87 40 + 10 +437 19118 6, ." 

The preceding are a set o(hyperenhannonic genen wruch divide the dieses 

between 40/)9 and 18h7. Similtr but simpler genen will be found in the 
Main Catalog. Small interwls in this range are clearly perceptible, but have 
been rejected by most theoreticians, ancient and modem. 

5' 5 68/5)' 5) /51' 51/51 4)1+3) +)4 5)/51 67 .') 
5'6 1)61133' 1)3h30 ' 65/51 34+)4+410 68/65 78 ·'4 

5'7 68/67 .67/65 · 65/5' 16 +5 1 +410 68/65 78 ·'5 
5,8 J4/Jl . 66/65 . 65/5' 51+ 16 +410 68/65 78 M,6 

5'9 68/67 . 67154 ' 1811 7 16+ 373 +99 71/ 76 "5 "'7 

5'0 15h 4 ' p I ) I • Jill 5 71 + SS + 371 100/93 ,,6 ",8 

5" 68155 ' 55/54' 18/17 )67 + P +99 SSlp 'J' " ' 9 

5" 68/67' 67 /63 . 11 /1 7 26+ 107 + 366 68/6J ' J' "Jo 

5'J 68/65 . 65163 ' u ll7 78 + 54+ )66 68/6J 'J' M) , 

5'4 )6/35 ' 1561z 4)' )151156 49+9° +359 1014/945 ' J9 MJ' 

5'5 64/6) . 16h 5 ' ) 151156 27 + 111 +35 9 10 24/945 'J9 MJJ 

Numbers 514 and 515 are from Vogel's PIS tuning of chapter 6. 
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5'6 64 /6] . u 87ho48· 896/719 17 + tt4 + 357 243/u 4 ' 4' M34 

5'7 36/35' 135/IZS , 896/719 49+91 " 357 143/214 '4' M35 
This tuning is a close approximation to one produced by the eighth mean 

(Heath 191 I) of chapter 4. It also occurs in Erickson's analysis of Archytas's 

system and in Vogel's runing (chapter 6 and Vogel 1963. 197)' 

5'8 28117 ' 1187h792 .2561143 6) .. 345 +90 7168/6561 '53 M36 .. 
il This tt trachord appears in Erickson's commentary On Acchyus's system 
'I :! with trite synemmenon (1Il/8r, ~-) added. 

5'9 16/t 5-u4012 r87'1 18711791 112+41+345 7168/6561 '53 M37 

530 18h. 7' 1181toS' J 35II 28 6) .. 343" 91 35/31 '4' M3 8 

Numbers 518-530 are from Vogel's PIS tuning of chapter 6. 

5J' I 71r 6· p./) I .61/51 10 5 + 55 + 3)8 30/3' , 60 M3 9 

5l' 10119 ' 57'47' 47' 45 89"]34" 75 IS8h7 ! ,64 M4° 
Number Sll is a possible Byzantine chromatic. 

5ll ]60/349' 3491317' 109'90 54+ 113 +)32 Iloho9 ,66 M4' 

" 534 Iih 3 ' 1151109' 109'90 74+94+33 1 1101109 , 66 MO' 
Number 534 is a hypothetical Ptolemaic interpretation of 5 + 6 + 19 Mparts" I 

after Macran (1901). 

5ll 240/u9' 12911 IS· 109190 81 +S5+ 332 120/r°9 ,66 M43 

536 19lrS.2412 3· 23h9 94+ 74+33° 76/69 ,67 M04 , 
ISIr4 ' 361]5 ' 98/8 1 54/ 49 ,68 , 

517 119+ 49+])0 M45 
Number S370ccurs in Other Music's gamelan tuning(Heruy S. Rosenthal, 

, 
" 

personal communication). 
~ !' 538 28127' 16hS' l )Sh u 6]+ 112 + 313 448/4°5 '75 M46 

539 24123 . lISI96. 16lrS 74+313 + 112 !l8/11 S ,8S M47 

A Ptolemaic interpretation of X~akis's 5+ 19+6 Mparts" (1971). 
'. 

540 2561143 . 24311 3°' 1l5/SJ6 9O+9S+ ] 13 !l8/11 S ,85 M08 

54' 68/67 . 671S6 . S61S 1 26+]10+162 2141101 88 M49 

54' 68/57' 19lr8· 18/17 30S+94+99 I9lr 7 '93 M5° 

543 15114 ' 166/2SS ' 68/S7 119+73+30 S 19h 7 ' 93 MS' 
544 2S6h4]' 2431229' 229h 92 90 + 10] + ]05 256/r92 '93 M5' 

545 ]2/31 ' 1]/u · 31126 5S +139+3 04 104/93 '94 M53 

546 240/217 · 217121 4 ·l07/90 96 + 102 +]00 IIOho7 ' 99 M54 

547 360/347' 347/32 I' 107/90 6.t+ 13S +]00 120h07 ' 99 M55 
This genus is related to (ps.)-Philolaus's division as 6,5 .. 6,5 + J 7 Mparts". 

See also chapter 4. 

548 7168/6561.]6 / ]5 . 1115h014 153 +49+ 196 4096/3645 ' 0 ' M56 
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549 

55° 

55' 

55' 
55J 
554 

555 
556 

557 

558 

559 

560 
56, 

161IS ' llIS/J014 ' :tS6h43 112+296 +90 40 96/3635 >0> "57 
18h7 ' 1014/945 . 121511014 63+ 139 + 196 40 9613635 '0' "58 
Numbers 548-550 are from Vogel's PIS tuning of chapter 6. 

nolII3' 1131106 . 53/45 10 4+ IIJ'" 183 60153 "5 "59 
ISolIn '173II S9 ' 53' 45 69+ 146 + 183 60/53 "5 ,,60 

90/8] '1661159 ' 53/45 140+75'" 183 60/53 "5 M6, 

24113 ' tISho6. 53/45 74+ 141+ 28J 60/5) "5 M6, 

Number 554 is a hypothetical Ptolemaic interpretation of 5'" 9" 16 "parts." 

The others, numbers 551, 551. and 553 are 1:1, 1 : 1 and 1:1 divisions of the 

pyknan. 

3412 9' 58/57 ' 1911 7 175+30 + 193 58/5 1 "3 M63 

10/9 ' II 7h oo . 40/39 181 ... 1]1 +44 400/35 1 ,,6 M64 

110hl3 . 113/97 ' 97190 104+ :64+ 1]0 388/ JJ9 '34 M65 
This genus is a Ptolemaic interpretation of Xenakis's 7'" 16+ 7 "parts." 

13hz . 55/52 . 64'55 139+97 +161 55/48 '36 M66 

This genus is generated by the second uria mean of chapter 4-

68/65 . 65156. 56 /51 78+258+16: 114h 95 '40 M67 

l11I 1 • 1971256 . 1561243 lSI + 157+90 1014/ 891 '4' M68 

181:7 . 81 /7°' 1019 63 + 153 +181 1801:43 '45 M69 
This tetrachord is also found in Erickson's article on Archytas's system with 

trite synemmenon (1 11181, ~.) added. It also occurs in Vogel 's PIS tuning 

of chapter 6. 

81/70 ' 21401:187'918 153+41+2°4 1801:43 245 

81 /7°' 2561143 ' 35/ P 153+90+155 1801:43 145 
IH /n8. 7168/6561 , 81/ 70 91 + 153 + 153 1801:43 145 

These three tc:trachords are from Vogel's PIS tuning of chapter 6. 

60159'59151' 171r5 19+152+117 68159 246 

'47 

M7° 
M7' 

"7' 

M73 

M74 
This is a Ptolemaic interpretation of Athanasopoulos's 9 + 15 + 6 "pam." 

567 16!t5' 2801243 . 1431:24 111 + 145 + 141 81 170 153 M75 

568 }6/35' 9/8 . 1801243 49 + 104 + 145 81/7° 153 M76 

569 8/7' 81 /So '180/143 131 + U + 145 8t/70 153 M77 
These three tetrachords are from Vogel's PIS tuning o f chapter 6. 

570 # 45·IJlhI5·15/ u 38+239+11 1 115199 159 M78 

571 16/15' n / lI· 55/48 lIB 151 + 136 64155 261 M79 
This is an approrimation to the soft diatonic of Aristoxenos, III + 3/4 + 

II/ 4 tones,6+9+ 15·parts." 
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57' 10/9.63/55' HIli 181 + 235 +8J u oll89 ,6J MSo 

This is another tetnchord from Partch ([ 1949] 1974. 165), presented as an 

approximation to a teo-aebard of the "Ptolemaic sequence," or major mode 

in 5-limit JUSt intonation. 

S7J ]0129 ' 116110] ' 103'go 59+ 206 + 134 1101103 ,64 M8, 

574 ]601341 ' 34]/309' 103'go 84+ 181 + 134 noll03 ,64 M8, 

575 40139' 143II 15 . 15121 44+133+ 121 50014 19 ,65 M8J 

576 68/65 . 65157 • 19/ 17 78+ 12 7+ 193 76165 '7' M84 

S77 156/143' 71916.to .10/9 90+ US + 181 156011187 '7J "85 

578 30/19' 58/51' '7h S 59+ 21 3+ 11 7 J""9 '75 "86 

579 23/ 11 . 1+,13 .26113 IS8+u8+1Il 46/J9 ,86 M87 

580 23/11 . 44'39. 2611 ] 77+ 109+ 111 46/39 ,86 "88 
58, 14h 3'16oh3"IIIrO 118 + 105 + 165 77165 '9J M89 
58, 4096'3645' ]SIp. 143/114 201 + ISS + 14' 1115110 24 '96 M9" 

From Vogel's PIS runingof chapter 6. 

58J )8/J5' lS/p '64'57 141 + 155 + 101 19f16 '98 "9' 
584 Igl t 7'171r6 '6+'S7 193 + 105 + 101 19116 '98 M9' 

585 11110'95/88 .64157 165+135+10 1 I91I6 '98 "9) 
The apyknon of genel"2 numbers 583-585 is l!)It 6. The 1:1 division is listed 

as 0 I 5 (9/8), number 4~-

586 '401211 - uIllol - 101/90 143+ 156 + 100 Uo/ IOI '98 "94 
587 I 5h4 - I I llI OI - 101/90 IJ9+ 179+ 2oo nohOI '98 "95 

588 n o/1 13 ' 1131I01 ' 101/90 104 + 194 + 100 noltOI '98 "¢ 
589 533/483' 5751533. 2811 5 171 + 131 + 1¢/ 2Shl )0' "97 

A mean tecrachord of me first kind from chapter 4-

59" 19II, · 8S'76·16hS 193 +194+ III 3041155 )04 "98 
59' 1()l17 -115611083' 19117 193 + 1I3 + 193 68157 ) °5 "99 

Two tetrachords from Thomas Smith (personaicommunication, 1989)-

S9' 68/63'lIh9-rr)lI7 I3l + 173 + 193 68/57 )°5 ""'0 

59) 10/9 - 108197 -971(}O 182 + 186 + 130 97/9" )68 Mlor 

Tetracbords in equal temperament 

The tetrachords listed in this section of the Catalog are the genera of 

Aristoxenos and other write~ in this tradition (chapter 3)- Included also are 

those gene" which appear as vertices in the computation<l of Rothenberg's 

propriety function and other descripto~. and various neo~Aristoxenian 

genen_ These are all divisions of me tempered fourth (soocents). 
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594 
595 
5¢i 
597 
598 

599 
600 

601 
60, 

603 
604 
605 
606 

607 
608 

609 
610 
611 
611 
61 3 
614 

The "parts" of the fourth used to describe the sCllles of Aristoxenos are, in 

fact, the invention of Cleonides, a later Greek writer, as AristOXenos spoke 

only of frictional tones. The invention has proved both useful and durable, 

for not only the later classical writers. but atso the Islamic theorists and the 

modem Greek: Orthodox church employ the system, though the fonner have 

often doubled the number to avoid fractional parts in the hemiolic chromatic 

and a few other genera. 
Until recently, the Greek-church MS used a systemo( 18 pans tothe fourth 

(Tiby 1938),yieldinga theoretical Oct3veof68 (18 + 12+ 18) tones rather dun 

the 71 (30 + 11 + ]0" 71)or 144(60+ 14+60 E 144 in thehemiolicchromatic 
and rejected genera) of the AristOXeruans. The 68-tone equal temperament 

ius a fourth of only 494 cents. 
Note that a nwnber of the Orthodox liturgical tetrachords are meant to 

be permuted in the formation of the different modes (echoi). This operation 

may be applied to the historical and neo.-Aristoxenian ones as well. 

ARISTOXENIAN STYLE TETRACHORDS 

2+1+26 33 +]] +4]] CKAPTIIR4 n 

1·5 + 1·5 + 15 41 +41 +417 CHAPTER 4 n 

1+3+ 15 ]]+50 +417 CHAPTER 4 T3 
]+]+14 50+ 5°+400 Al.ISTOXI!NOS T4 
2+4+ 14 ]]+67+400 CKAPTIIR4 T5 
1+5+ 1] ))+8]+383 CHAPTER 4 T6 

7/3 + 1+'3 + 2) 39+78 +383 CHAPTI!R4 T7 
4+3+ 13 67 + 50 + 38) CHAPTI!R) T8 

305+3.5+ 2] 58 +58 +383 CHAPT£R4 T9 
1+6+22 33+ 100 +]67 CKAPT£R4 TIO 

4+4+ 12 66+66+367 A.lUSTOXENOS Til 

8/) .. 1613 .. 11 44+ 89+367 CHA.PT£Il4 Til 

3-+5+ 12 50 + 83-+)67 CltAPTER4 TI3 
4·5 + 3.5 + 11 75+58 -+]67 Al.ISTOX£NOS n4 
2"7+ 1I H+ lJ 7+35° CtiAPTU4 TI5 
3+ 6 + u 50 + 100 -+]50 CHAPTER 4 n6 

4·5 + 4·5 + 21 75 +75+ 350 Al.ISTOXWOS TI7 
4+5+ 11 67+83" ]50 CHAPT£R4 n8 
6+]+11 100+5°+]50 AJUSTOXENOS n9 
6+10 +4 100-+333+ 67 SAVAS no 

10/3 + 101] + 20 56 + IU -+3]] CHAPTER 4 Til 
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6'5 5+5+ l0 83 +83" 334 CHA7TER4 T" 
6,6 5.5 +5.5 + 19 92 +9 1 +3 1 7 CHAPTER 4 "J 
6'7 1I/ ] .. n / ) -+ 19 61 +111+]17 CHAPTU4 "4 
6,8 5 -+ 19" 6 83+3 17+ 100 XEHAIOS "5 
6'9 5+ 6 + 19 83" 100+ 317 MAC,,", ,,6 

6'0 1+ 10+ 18 3)+ 167+)00 CHATTER. 4 "7 
6" 3'" 9" 18 50+ 150 +)00 CKAYTER4 ,,8 

6" 4+ 8 .. 18 67+ 1 33+300 ARISTOXEWOS "9 
6'J +5+7-5+ 18 75" 115 +]00 CHAPTtR4 TJO 

6'4 6 .. 6 .. 18 100 .. 100 + )00 ARISTOXENOS TJ' 
6'5 5 + 7" 18 83+ 11 7+300 CHAPTER. 4 TJ' 
6,6 6+ 18.6 100+ 300+ 100 ATH.AWASOPOUL05 TJJ 
6'7 1)/) .. 161) .. 17 71" 144+ 183 CHAPTER 4 TJ4 
6,8 6'5" 6'5 .. 17 lOS .. 108 .. 183 CHAPTER 4 T]5 

6'9 1+16+11 33" 167 -+ 100 CHAPTER 4 TJ6 
6Jo 10/] -+ 18/ ) .. 16 78+156+167 CHAPTER 4 TJ7 
6J ' 5 + 9" 16 83 +15° +167 WINNINGTON-ING RAM TJ8 
63' 8+ 16+6 133+ 167+ 100 SAVAS TJ9 
6JJ 7'" 16 .. 7 1l7+ 167+ I1 7 XENAKI$i CHAP. 4 T4° 
6J4 1+13+ 15 ]]+ ZI 7+ 1 5° CHAPTER 4 T4' 
6]5 )+11+15 50+ 100+150 CRAPTER4 T4' 
6J6 4+ 11 + 1 5 67+ 183+ 15° CHAPTER 4 T4J 
637 5+ 10 + 15 83+ 167+ 1 5° CHAPTER. 4 T44 
6J8 6+9+ 15 lOCH 150+ 1$0 ARISTOXENOS T45 
6J9 7+ 8+ 15 I17 .1 33" ISO CKAl'TER 4 T46 

~ 7·5 " 7·5" 15 J25+ Il5+ 1 5° CHA7TER4 T47 
64' 9+ 1 5+ 6 150+150+ 100 ATHANASOPOULOS T48 

64' 2+14+14 3]+2))+133 CHAPT!R4 T49 
64J 4+14+I1 67+ 133+ 100 A.JUSTOXENOS T5° 
644 5+ 11 + 14 8)+ 183+ 13] WINNL"IGTON-INGRAM T5' 

6<5 16/) + )2/3 + 14 89+ 178 + 13] CHAPTER 4 T5' 
646 8 + 8 + 14 1)3+ 133+ 133 CHAPTER 4 T5J 
647 4.5+1) .5 + 11 75 + u5 + 100 ARISTOXENOS T54 
648 5+ 11 + 1) 8) +100+117 CHAPTER 4 T55 

6<9 4+ 1)+1) 67+ lJ 7+ 1I 7 CHAPTU4 T56 

650 1]/) +)0/) + I) 94+ 189+ 11 7 CKAPTER4 T57 
65' 8.5+ 8.5+ 1) 141 + 141 + 117 CKAPTEIl4 T58 
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651 6+ 12+11 100+200+100 ARlttOXIl.NOS T59 

SaV2S, Xenakis and Athanasopoulos all give pennutations of this tetr3chord 
in their lists of Orthodox church £onns. 

653 11+11+7 100+183+117 XENAJOS TOO 

Xenakis (1971) permits several permutations of this approximation to 
Ptolemy's intense diatonic. 

654 10+8+11 167+133+100 SAVAS T6r 

The form 8 + 11 + 10 is Savas's "Barys diatonic" (Savas 1965). 
655 11+9+9 100+150+ 150 AL-FARAllli CH. 4 T61 

656 8+II+Il 133+183+183 ClIAP'TER4 T6) 
This tuning is dose to 17h5 . 10/9' 10/9. 

CllAJ>T£R4 

to + 10 + 10 166 + 167 + 167 Al.- fARABI T6S 

Tiby's Greelc. Orthodox tetra chords of 18 parts to the fourth of 494 cents. 

11+1)+) 111+229+53 T IBY T66 

12+5+ Il 111+88+194 

HI + 159+ 124 

TIOY 

TIBY 

661 9+I1+7 159+111+114 TISY 

See TibY(I 938) for numbers 659"'""'661. 

TEMPERED TETRACHORDS IN CENTS 

66) 11.7 +11 .7+ 454.5 

664 37·5+)7·5+ '4l5 
665 61,5 + 61·5 + 375 

CHAPTER 5 
CKAPTER 5 

CHAYrU 5 
Tetnchord numbers 663- 665 are categorical limits in the classification 

scheme of 5-9. 

666 95+ 115+190 
This tettt.chord was designed to fill a small gap in tetrachordal space. See 

9-4> 9'"5. and 9-6· 
667 89+ 189+ 121 CHAPTER 5 
668 87·5 + 187·S + uS CHAPTEIl5 

669 83·3 + 183.3 + 13].] CKAPT!1l 5 

670 75+ 175+ 1SO CHAPTER S 

67' JOO+17S+ u 5 CKA.PTER 5 

67' 55 + 170 + 175 
This tetrachord was designed to fill a small gap io tetrachordal space. 

67] 66·7+166·7+J66·7 

674 133·3 +J6·7+2SO 
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T74 
T75 
T76 

T77 
T78 

T79 
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675 
676 
677 
678 

679 
680 

68, 
68, 
68) 
684 
685 
686 
687 
688 
689 
69Q 

69' 

115+ 15+ 150 CHAPTU 5 T8, 

66·7+ 183_}+150 CHAPTER 5 T8) 

75+17$+150 CHAPTU 5 T84 
I1s+nS+1So CHAPTUS T85 

roS'" 145'" 150 T86 

110 +140+ 1 50 T87 
Tetrachord numbers 679 and 680 fill possible gaps in tetnchordal space. 

87-5'" IJ7.S'" 175 CKAPTU 5 T88 
Ij].J+ 166.7+ 100 CHAPTER 5 T89 
lu·S·61·S+u5 CHArrU 5 T90 
21 5+75+ 100 CHAPTERS T9' 
115"'175+ 100 CHAPTER 5 T9' 
87'5+ 187'5+ 115 CHAPTER 5 T9) 
111 .$+161.5+ 115 CHAPTE' 5 T94 
100+ 187-5 '" 111.5 CHAPTU5 T95 
112 .5+ 1 37.5+ 15° CHAPTERS T96 
200+ 115+ 175 """""'5 T97 
145'" 165+ 190 T98 
This tetrachord was designed to fill a small gap in tetrachordal space. 

Semi-tempuc:d tetr.illcbords 

The tetnchords in this section contain both justlnd tempered intervals. Two 
of these genera are literal interpretations of late eJassical tuning theory. A 

number are ba~d on the assumption thatAristoxenos intended to divide the 

perfect fourth (.v] ), a nther doubtful hypothesis. The remainder are mean 

tttrachords from chapter 4 with medial91'S. Fonnally, these lattertetrachords 
Irc generators of aitti;dic scales. In all cases they span a pure +'3 . 

692 16l(sr/3)·I6I(srJ3) ·81/64 45 +4S't 408 Sl 

Number 692 is Barbera's (1978) litenl interpretation of Nicomachos's 
enhannonic as II: semitone + II: 5emitone+ ditone, where the III 5emitone 

is the squue rootoh 561243, also written as 16· "3 / 17. 
6sI31.26376 · I.0S3 21 · I.O()l60 405 +88+4 52 

nus mean tetrachord of the second kind is genented by mean 9. 
6g4 (+'3)1/10. (+'3)1110 . (+'3)1110 So + So + 398 53 

This temmord is _literal interpretation of Aristo:reno5'5enharmonic under 
Barben's (1978) assumption that Aristoxenos'5 meult the perfect fourth 
¥3 · In Oeonides's cipher, itis 3 + 3 + 24 parts. 
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This temchord is a semi-tempered interpretation of Aristoxenos's soft 

chromatic. In Cleonides's cipher, it is 4 + 4 + 11 parts. 

696 (4"3»)120. (4"3)7'60. (4")tIIU 75 + 58 + )65 s5 

This tetrachord is a semi-tempered interpretation of a genus rejected by 

Arisroxenos. It somewhat resembles Archytas's enharmonic. In Cleonides's 

cipher. it is 4.5 + ).5 + 11 pam. 
697 (4"3)1120. (4"]»)/10. (4"))1110 75+75+349 ,6 

This tetnchord isa semi-tempered interpretation of Aristoxenos's hemiolic 

chromatic. In Cleonides's cipher, it is 4. 5 + 4.5 + 1 I parts. 

698 (4"3)1IJ . (4"3) 1/10. (4"3)7110 100 + 50 + 349 '7 
This temcnord is a semi-tempered interpretation of a genus rejected by 

Aristoxenos. In Qeonides's cipher, it is 6 + 3 + 2. I parts. 

699 1.11677 ' 1.0]861 ' 1.055°5 340+66+9] ,8 
This mean tetra chord of the first kind is generated by mean 9. 

700 (4"3)115. (4"])115 . (4")},/S 100 + 100 + 199 S9 

This tetnchord is a semi-tempered interpretation of Aristoxenos's intense 

chromatic. In Cleonides's cipher, it is 6 + 6 + IS parts. 

701 (4"])l'ls. (4"3)411$. (4"3)l!S 66 + 1]3 + 199 510 

This tetrachord is a semi-tempered interpretation of a genus rejected by 

Aristoxenos. It closely resembles Archytas's chromatic In CJeonides's cipher, 

itis4+S+ 18 parts. 

7013-.12/4'3-.1114')2117 102+102+294 511 
This tetrachord is implied by writers such as Thrasyllus who did not give 

numbers for the chromatic, but stated only that it contained a ] 1/ 17 and a 

1:1 pylcnon (Barbera 1978). The semitones are the square root of9l'8. 

7"3 1.18046. 1.06685' 1.0587) 187 +1U+99 su 
This mean tetra chord of the second kind is generated by mean 5. 

7"4 1.05956 '1.0676]. 1.17876 100+11]+ 285 "3 
This mean tetra chord of the first kind is generated by mean 13. 

70 S 1.17867' 1.0676] . 1.05956 185 + 113 + 100 "4 
This mean tetra chord of the second kind is generated by mean 14. 

706 1.1 785 1 ' 1.06771 . 1.05963 184+ II) + 100 "5 
This mean tetrachord of the second kind is generated by mean 17. 

70 7 1.17851 ' 1.06771 . 1.05963 281 + 114+ 101 ,,6 

This mean temchoed of the second kind is generated by mean 6. 
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100+149+ 1 50 "7 
This tetrachord is a semi-tempered interpretation of Aristoxenos's soft 

diatonic. In Cleonides's cipher I it is 6 + 9 + IS parts. 

709 1.07451-1.07457'1.154701 125+125+149 Sl8 
This mean tetrachord of the first Jcind is generated by mean 1. The 

corresponding tetraehord of the second kind has the same intervals in reverse 

order. 

66+23 1 + 199 "9 
This tetra chord is a semi-tempered interpretation of Aristoxenos's diatonic 

with soft chromatic diesis. In Cleonides's cipher, itis 4'" 14 + 11 parts. 

7II I.IJ847,I.1l50·I.0410 225+204+70 SIO 

This mean tetrachord of the third kind is produced bymean 5. 

711 (+1))3120. (<V3)9no. (4"3)215 75'" 124 +199 Sl1 

This tetrachord is a semi-tempered interpretation of Aristoxenos's diatonic 

with hemiolic chromatic diesis. In Cleonides's cipher, it is 4.5 +13.5 + 12 

parts. 

713 1.13371 -1.USC· 1.04540 117+ 204+ 77 S12 

This mean tetrachord of the third kind is produced by mean 14- In reverse 

order, it is generated by mean 13-

7141.13JIS-I.llSO-I.04S95 216+1°4+78 sZ3 
This mean tetrachord of the third kind is produced by the root mean square 

mean 17-

715 I.09tB5 - 1.07803 - I.Jp78 151 + 130+ 116 "4 
This mean tetr:achord of the first kind is produced by mean 6_ 

716 I_09191-I.078p8-I.lJI37 154+ 131+ 1I4 "5 
This mean tetrachord of the fir.it kind is produced by mean 17-

717 1.09301 - 1.07837 - I.l3111 154+ IJl + 1I3 s16 
This mean tetrachord of the first kind is produced by mean 14- In reverse 

order is the tetrachord of the second kind generated by mean 13-

71B 1.09419-1.07874-%.12950 156+131+211 s17 
This mean tetrachord of the first kind is produced by mean 5-

719 1.1195°'1.115°-1.04930 111+2°4+83 $1B 
This mean tetra chord of the third kind is produced by mean 6. 

710 1.08866'1.125°-1.08866 147+ 104+ 147 $19 
This mean tetra chord of the third kind is produced by the second or 

geometric mean. 
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721 (+'3)1IJ'(+'3)l/5'(O/3)Zlf 100 + 199+ 199 530 

This tetnc.nord is a semi-tempered interpretation of Aristoxenos's intense 

diatonic. In Cleonides's cipher, it is 6 + 12 + 11 parts. 

71 2 (4'3)11l. (+'3)1n· (4"3)10 166 + 166 + 166 53 1 

Number 721 is the equally tempered division afthe +'3 intO three partS. It 

is the semi-tempered form of Prole my's equable diatonic and of the Islamic 

neo-Aristoxenian approximation 1 0 + 10 + 10. 

71) (+'])2"'(4"))/10 ' (4"3)3/10 100 + 149+ J49 '3' 
Number 713 is the semi-tempered version of the Islamic neo-Aristoxenian 

genus 11 + 9 + 9 parts. 

Source index 

The sources of the tetnchords lis ted below are the discoverers, when known, 

or the earliest reference known at the time of writing. Further scholarship 

may change some of these attributions. Because the Islamic write rs in"a nabl y 
incorporated Ptolemy's t:a bles into their compilations, they are credited with 
only their own tetracbords. Thesamecriterion was applied to other historical 

works. 

Pennutations are not attributed separately except in notable cases such :15 

dut ofDidymus's and Ptolemy's mutual use offonns of 16h 5 .9/8 . 10/9. 
Doubtful attributions are marked with a question mark. 

For more infonnation, including literature citations, one should refer to 

the entries in the Main Catalog. Uncredited tetrachords are those of the 

author. 

AL-F.u.ulI : 307, 394, 460, 473, 475,655,658 
ANONYMOl1S TItUTlsr.: 456 (noM D'ERLANGER) 

AlCHnrTAS: 106, 248, 393 
AJ.ISTIDtS QUIl'rrILIANUS: 245 

AJ..[STOXENOS: 597, 604, 607, 6Jo, 6u, 622. 624, 638, 643. 647 , 651 
ATHANASOPOVLOS:616.641 

AVlCENNA: 108.3 t I. 390. 395. 396, 457,458, 459. 476, 478. 479, 480. 481 

BARBERA: 69 2. 694 
BAIlIIOUR: u6, lJ 7. 147? 2 50? 1 5 I? 2 51? ]11 

BOnlfIt1S: 75. 141 

DANltWU: 154 

DlDYMOS: 103, 115. 455 
ERATOSTHENES: 71. 211 
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